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. t] PREFACE 


This Student Solutions Manual contains detailed solutions to selected exercises in the text 
Multivariable Calculus, Seventh Edition (Chapters 10-17 of Calculus, Seventh Edition, and 
Calculus: Early Transcendentals, Seventh Edition) by James Stewart. Specifically, it includes solu- 
tions to the odd-numbered exercises in each chapter section, review section, True-False Quiz, and 
Problems Plus section. Also included are all solutions to the Concept Check questions. 

Because of differences between the regular version and the Early Transcendentals version of the 
text, some references are given in a dual format. In these cases, readers of the Early Transcendentals 
text should use the references denoted by “ET.” 

Each solution is presented in the context of the corresponding section of the text. In general, 
solutions to the initial exercises involving a new concept illustrate that concept in more detail; this 
knowledge is then utilized in subsequent solutions. Thus, while the intermediate steps of a solution 
are given, you may need to refer back to earlier exercises in the section or prior sections for addition- 
al explanation of the concepts involved. Note that, in many cases, different routes to an answer may 
exist which are equally valid; also, answers can be expressed in different but equivalent forms. Thus, 
the goal of this manual is not to give the definitive solution to each exercise, but rather to assist you 
as a student in understanding the concepts of the text and learning how to apply them to the. chal- 
lenge of solving a problem. 

We would like to thank James Stewart for entrusting us with the writing of this manual and offer- 
ing suggestions and Kathi Townes of TECH-arts for typesetting and producing this manual as well as 
creating the illustrations. We also thank Richard Stratton, Liz Covello, and Elizabeth Neustaetter of 
Brooks/Cole, Cengage Learning, for their trust, assistance, and patience. 


DAN CLEGG 
Palomar College 


BARBARA FRANK 
Cape Fear Community College 
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L] ABBREVIATIONS AND SYMBOLS 


CD concave downward 
CU concave upward 
D  thedomain of f 
FDT First Derivative Test 
HA horizontal asymptote(s) 
I interval of convergence 
UD  Increasing/Decreasing Test 
IP X inflection point(s) 
R X radius of convergence 
VA X vertical asymptote(s) 
' indicates the use of a computer algebra system. 
indicates the use of l'Hospital's Rule. 
i ‘indicates the use of Formula j in the Table of Integrals in the back endpapers. 
= indicates the use of the substitution {u = sin z, du = cos z dr}. 


= indicates the use of the substitution {u = cos x, du = — sing dz}. 
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10 (1 PARAMETRIC EQUATIONS AND POLAR COORDINATES ~ 


10.1 Curves Defined by Parametric Equations | 


c= +t, y=?—t, -2<14<2 


5. c=3—4t, y=2-— 3t 


ele 


b y=t-2 > t=y+2s0s=1-ť=1-—(y+2? = 


x= —(y+2)? +1, or z = —y? — 4y — 3, with—4 <y <0 
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2 © CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


9. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


z—wVty-1l-t 


(a) 
an 3.3 —3 7-4] 
DILE ONES t 


Qeaevi > t=? = wees ndi a Chew Er 


(2, —3) t=4 
So the curve is the right half of the parabola y = 1 — a. 

(a) v — sin 40, y = cos 16, -T LAT. (b) 
z? +y* = sin? 30 + cos? 10 = 1. For —r < 0 < 0, we have 
—1<z<Q0and0 <y <1. For0 <0 < r, wehave0 < z «1 


and 1 > y > 0. The graph is a semicircle. 


1 
=sint, y = csct,0 <t < F. y —csct = — =-. b x 
(a) z = sint, y - O<t<F.y ese SIL " 
: For0 < t < Z, we have 0 < g < 1 and y > 1. Thus, the curve is the 


portion of the hyperbola y = 1/z with y > di (1, 1) 


@e=e* > 2t1—]nz. > t-—iinz (b) 


(a) x =sinht, y = cosht = y? —x? = cosh? t — sinh? t = 1. Since (b) ? 


y = cosht > 1, we have the upper branch of the hyperbola y? — x? = 1. 


e 
«Xv 


xz = 3 + 2cost, y = 1 + 2sint, 7/2 <t € 31/2. By Example 4 with r = 2, h = 3, and k = 1, the motion of the particle 
takes place on a circle centered at (3, 1) with a radius of 2. As t goes from 7 to 32, the particle starts at the point (3, 3) and 


moves counterclockwise along the circle (z — 3)? + (y — 1)? — 4to (3, —1) [one-half of a circle]. 


: n T y 2 2 ZA? 2 : 
zx=5sint,y=2cost => sit = =, cost ©. sin“t+cos*t=1 => (=) + (¥) = 1. The motion of the 


particle takes place on an ellipse centered at (0, 0). As t goes from —7 to 57, the particle starts at the point (0, —2) and moves 


clockwise around the ellipse 3 times. 


We must have 1 < x < 4 and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 
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SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS O 3 


25. When t = —1,-(x, y) = (0, —1). As t increases to 0, x decreases to —1 and y y 
increases to 0. As £ increases from 0 to 1, x increases to O and y increases to 1. 
As t increases beyond 1, both x and y increase. For t < —1, x is positive and 


(71,0) 


decreasing and y is negative and increasing. We could achieve greater accuracy i0 * 


(0,31) 12-1 
by estimating x- and y-values for selected values of t from the given graphs and 


plotting the corresponding points. 


27. When £ = 0 we see that z = 0 and y = 0, so the curve starts at the origin. As t 
increases from 0 to i the graphs show that y increases from 0 to 1 while x 


increases from 0 to 1, decreases to 0 and to —1, then increases back to 0, so we 


arrive at the point (0, 1). Similarly, as ¢ increases from à to 1, y decreases from 1 
to 0 while x repeats its pattern, and we arrive back at the origin. We could achieve greater accuracy by estimating x- and 


y-values for selected values of £ from the given graphs and plotting the corresponding points. 


29. Use y = t and x = t — 2sin zt with a t-interval of [—7, 7]. La 


T 


: 34. (a) z = £1 + (£2 —21)6, y = yi + (yo — 91)5, 0 € t € 1. Clearly the curve passes through Pi (x1, y1) when t = 0 and 
through P»(zo, y2) when t = 1. For 0 < t < 1, z is strictly between zı and x2 and y is strictly between yı and yo. For 


y2—- yt ( 


every value of t, x and y satisfy the relation y — yı = c 
2—21 


£ — z1), which is the equation of the line through 


Pi (21,91) and P2(x2, ye). 


Finally, any point (z, y) on that line satisfies REC = A if we call that common value ż, then the given 
. 2—1 2—21 , 


parametric equations yield the point (x, y); and any (x, y) on the line between P; (a1, yi) and P2(x2, y2) yields a value of 
t in [0, 1]. So the given parametric equations exactly specify the line segment from P; (z1, y1) to P2(x2, y2). 


(b) x = —2 + [3 — (-2)]t = —2 + 5t and y = 7 + (—1 —7)t — 7 — 8tfor0 «t € 1. 

33. The circle x? + (y — 1)? = 4 has center (0, 1) and radius 2, so by Example 4 it can be represented by x = 2 cos f, 
y — 1 + 2sint, 0 < t < 27. This representation gives us the circle with a counterclockwise orientation starting at (2, 1). 
(a) To get a clockwise orientation, we could change the equations to z = 2cost, y = 1 — 2sint, 0 < t < 2r. 


(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cost, y = 1 + 2sin£ with 


the domain expanded to 0 < £ < 67. 
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4 


35. 


37. 


. The case | < 0 < m is illustrated. C has coordinates (r6, r) as in Example 7, 


O CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


(c) To start at (0, 3) using the original equations, we must have sı = 0; that is, 2cost = 0. Hence, t = 5. So we use 
x = 2cost, y = 1 + 2sint, $st< az, 
Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
gz = —2sint,y = 1+ 2cost,0 <t € m. 
Big circle: It’s centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 
l g = 2-F2cost, y =2 + 2sint, 0sSt«2m- 
Small circles: They are centered at (1,3) and (3, 3) with a radius of 0.1. By Example 4, parametric equations are 
(left) ^ z-1401cot, y=3+0.1sint,  O0ctc2r 
and (right) æ — 3-4 O0.1cost, y — 34 0.1sint, 0<t<27 
Semicircle: It’s the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 
"—-— . y —2-41sint, "siam i 
To get all four graphs on the same screen with a typical graphing calculator, we need to change the last t-interval to[0, 27] in 


order to match the others. We can do this by changing £ to 0.51. This change gives us the upper half. There are several ways to 
get the lower half—one is to change the “+” to a “—” in the y-assignment, giving us 


a =2+1cos(0.5t), y=2—IAsin(0.5t),. O<t<2 


()r—0 > t=23 soy =t =r. (bz-i >. t=28 soy =t — zt = 27/9, 
We get the entire curve y = z?/? traversed in a left to Since z = t? > 0, we only get the right half of the 
right direction. curve y = z?/?, 


(c) 2-6 9 (e) [soet = 2/9], 
y= et = te *}? = (zu =e 22/3, 
If t < 0, then x and y are both larger than 1. [ft > 0, then æ and y 
are between 0 and 1. Since a > 0 and y > 0, the curve never quite 


reaches the origin. 


and Q has coordinates (r0, r + r cos(z — 0)) = (r0, r(1— cos @)) 

[since cos(z — a) = cos cosa + sin x sin o = — cos a], so-P has 
coordinates (r0 — r sin(z — 0), r(1 — cos@)) = (r(0 — sin @), r(1 — cos 0)) 
[since sin(z — a) = sin cos a — cosz sino = sin o]. Again we have the 


parametric equations x = r(0 — sin), y = r(1 — cos6). 
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^. 


43. 


4T. 


SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS O 5 
It is apparent that x = |OQ| and y = |QP| = |ST|. From the diagram, 
x = |OQ| = acos0 and y = |$T'| = bsin 0. Thus, the parametric equations are 
xz = acos@ and y = bsin 0. To eliminate 0 we rearrange: sind = y/b => 
sin? 0 = (y/b)? andcos@=2/a = cos?@= (x/a)*. Adding the two 


equations: sin? @ + cos? 8 = 1 = x” /a? + y”/b?., Thus, we have an ellipse. 


C = (2acot 0, 2a), so the z-coordinate of P is x = 2a cot 0. Let B = (0, 2a). y 
Then ZOAB is a right angle and ZOBA = 0, so |OA|:= 2asin 0 and ag 
A = ((2a sin 0) cos 8, (2a sin 0) sin 0). Thus, the y-coordinate of P 
oO ! E 


is y = 2a sin? 0. 


. (a) 4 There are 2 points of intersection: 


(—3, 0) and approximately (—2.1, 1.4). 


-4 
(b) A collision point occurs when vı —.2 and yı = y2 for the same t. So solve the equations: 
3sini = —3--cost (1) 


2cost = 1-rsint (2) 


From (2), sin t = 2cost — 1. Substituting into (1), we get 3(2cost — 1) = —3 + cost => 5cost=0 (x) > 
cost=0 = t= 4% or 3. We check that t = % satisfies (1) and (2) but t = Ẹ does not. So the only collision point 
occurs when t = am, and this gives the point (—3, 0). [We could check our work by graphing xı and xz together as 
functions of t and, on another plot, yı and y2 as functions of t. If we do so, we see that the only value of ¢ for which both 
pairs of graphs intersect is t = 25. 


(c) The circle is centered at (3, 1) instead of (—3, 1). There are still 2 intersection points: (3, 0) and (2.1, 1.4), but there are 


no collision points, since (x) in part (b) becomes 5cos? — 6. = cost — $»1. 


5 
x = t?,y = t? — ct. We use a graphing device to produce the graphs for various values of c with —7 < £ < 7. Note that all 
the members of the family are symmetric about the z-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 


cusp at (0, 0) and for c > 0 the graph crosses itself at z = c, so the loop grows larger as c increases. 
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6 (© CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


49. zr = t +acost, y =t + asint,a > 0. From the first figure, we see that 


51. 


curves roughly follow the line y = x, and they start having loops when a 


is between 1.4 and 1.6. The loops increase in size as a increases. 


While not required, the following is a solution to determine the exact values for which the curve has a loop, 

that is, we seek the values of a for which there exist parameter values ¢ and u such that £ < u and 

(t+acost,t+asint) = (u+acosu,u+asinu). 

In the diagram at the left, T denotes the point (t, t), U the point (u, u), 

and P the point (t + acost,t + asint) = (u + a cos u, u + asin u). 

Since PT = PU = a, the triangle PTU is isosceles. Therefore its base 

angles, œ = ZPTU and B = ZPUT are equal. Since a = t — Ẹ and 
3m bz 


B — 2n — 77 — u = 77 — u, the relation a = 8 implies that 


u-4t- 3 (1) 


Since TU = distance((t, t), (u, u)) = J/2(u — t)? = V2 (u — t), we see that 
STU _ (u-t)/v2 | 
" 


cosa = =— = ,sou—t = VZ a cosa, that is, 


PF 
u—t= V2acos(t — 3) (2). Now cos(t — 4) = sin[Z — (t — £)] = sin(# — t), 


4 

so we can rewrite (2) as u — t = /2asin(2# — t) (2^). Subtracting (2^) from (1) and T a ue U 
2 5 

dividing by 2, we obtain t = 37 — XJagin(3z —t),or -t= NA sin(3£ — t) (3). I — Jai -4——4 


Since a > 0 and t < u, it follows from (2^) that sin(3# — t) > 0. Thus from (3) we see that t < 37. [We have 
implicitly assumed that 0 < £ < 7 by the way we drew our diagram, but we lost no generality by doing so since replacing £ 


by t + 27 merely increases x and y by 27. The curve's basic shape repeats every time we change t by 27.] Solving for a in 
2(3x —t 
(3), we get a = LEA Write z = 37 — t, Then a = = where z > 0. Nowsinz < z for z > 0, so a > V2. 


[Asz — 0t, that is, as £ > (F) ,a > v3]. 


Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 


z- and y-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
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SECTION 10.2 CALCULUS WITH PARAMETRICCURVES O 7 


itself at the origin and there are loops above and below the x-axis. In general, the figures have n — 1 points of intersection, 


all of which are on the y-axis, and a total of n closed loops. 


1.1 2.1 3.1 
CK Bs n=3 (a, b) = (3, 2) (a, b) = (2, 3) 
aw (a,b) = 3, 2) 
a= (a, b) = (2, 1) 
aii fi 21 2.1 -3.1 31 
eii =2.1 —3.1 


10.2 Calculus with Parametric Curves 


dy da dy — dy/dt 204-1 
Nm Lass Pod SU —20b4-1, = = tcost t, and “2 maie Rn 
Lostdnt. gs FEE a EEDRAM Sor TC era 
dy _ dx dy  dy/di . —3t? 
2 3 2 
. c= =f, y= -ft = = 4 — 2t, and — = 
3. 2=1+4t-t, y=2-;¢ m —3t", dt t, p = deja IH -When ¢ = 1, 
(x, y) = (4,1) and dy/dx = —3, so an equation of the tangent to the curve at the point corresponding to t = 1 is 
y—1=—8(2—4), ory = —$2 +7. 
; dy «x, E . dy/dt _ tcost+sint 
TI =tsint; t=r. —— t Z =t Taik c M 
5. x —tcost, y —tsint; t — v dt tcost 4- sint d (— sin t) + cost, m SU = Eid 3 


When t = 7, (£, y) = (—7, 0) and dy/dx, = —1/(—1) = 7, so an equation of the tangent to the curve at the point 


corresponding to t = x is y — 0 = [rz — (—7)], or y = rz + v^. 


dy —9 dx 


dy dx dy  dy/dt _ 2t 
di ° dt 


7. (a 2 — 12-Int, y — t? +2; (1,3). dr dod ME 


jan = 2t. At (1,3), 


x=1+mt=1 > Int=0 = t = Land $4 = 2, so an equation of the tangent is y — 3 = 2(z — 1), 


ory = 22+ 1. 

(b)e2=14+Iint > Int=a2-1 > te}, soy = +2= (71)? 42 — £72 42, andy’ = e772 .2, 
At (1,3), y! =e?) . 2 = 2, so an equation of the tangent is y — 3 = 2(z — 1), ory = 2z + 1. 

9. z = 6sint, y — t? +t; (0,0). É 

dy  dy/dt _ 2t+1 


dr  da/dt  6cost 


. The point (0, 0) corresponds to t = 0, so the 


slope of the tangent at that point is i An equation of the tangent is therefore 


—0-— i(z—-0)ory-— Zz. 
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dy 
dy  dy/d 20141 1 dy bM ) -i/QP) 1 
=: m — — —— = — = — — = =- " 
SSeS C LECT M oC CX ^ d AR 585 6X I 


The curve is CU when £x > 0, that is, when t < 0. 


"ow 7. dy/dt |—te*e*  e*(1— t) = 


-2t4 
dr dz] ^ e  — & dii a s 


13.2=e', y=te 


d (dy 
dy 5 (2) e" (—1)--(1-1)(-2e-?)  e-?t(—1—2--21) 


= m" ; 
ze ‘ee acaGEEEE CHEM" ae (2t — 3). The curve is CU when 
2 
LS 2 0, that is, when t > 3 

15. x = 2sinf, y= 3cost, 0 < t < 2m. 
d s 
—3si dz —3 sec? t 

dy ES dy/dt = —3sint a = tnks dy — dt \ dz = T al = ~ anf. 
dr dz/dt 2cost 2 dz? dz /dt 2cost 4 


The curve is CU when sec?t <0 = sect «0 => cost<0 => $«t«3. 


17. r =t? — 3t, y =t? —3, — =2t,s0 


dt "dt pto ENS 
(x,y) = (0, —3). E ca -3 = 3(¢-+1)(t-1),s0 T? =0 e Eom ll 


t=—lorl 4& (z,y)- (2,—2) or (—2,—2). The curve has a horizontal 
tangent at (0, —3) and vertical tangents at (2, —2) and (—2, —2). 


19. z = cosÓ, y = cos 30. The whole curve is traced out for 0 < 0 < m. 


dy _ dy - 
a = —3 sin 30, T = 0 & sin30=0 & 30=0, mr, 2r, or 3r & 
g- 


0$, Form € (x,y) (11) (3,1), (C1). or (21, -1). 


dz " dx — P M = 

a ~~ 308,80 5 =0 < sinü—0 © 0-—0ormv © 

(x, y) = (1, 1) or (—1, —1). Both ZU and Es equal 0 when 0 — 0 and 7. 

To find the slope when 0 — 0, we find lim 9 — lim mL. £ yj IM. = 9, which is the same slope when 0 = 7. 
Te 0—0 —sinÓ 0—0 —cos@ ; 


Thus, the curve has horizontal tangents at (4, —1) and (—4, 1), and there are no vertical tangents. 
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21. 


23. 


25. 


27. 


.c—20,y21-4—0 > = 


SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES O 9 


From the graph, it appears that the rightmost point on the curve z = t — tf, y = e 5 
is about (0.6, 2). To find the exact coordinates, we find the value of £ for which the m 
graph has a vertical tangent, that is, 0 = dr/dt = 1— 6t? <= t= 1/76. 
Hence, the rightmost point is » 

- = | 
(ve - 1/ (6 36) ,e y - (5 grs, qo) & (0.58, 2.01). t Ü 


We graph the curve z = t^ — 2t? — 22^, y = t? — t in the viewing rectangle [—2, 1.1] by [—0.5, 0.5]. This rectangle 


corresponds approximately to t € [—1, 0.8]. 


We estimate that the curve has horizontal tangents at about (—1, —0.4) and (—0:17, 0.39) and vertical tangents at 


dy dy/dt — 3?-1 
dz da/dt —4t3 — 6t? — At 


about (0, 0) and (—0.19, 0.37). We calculate . The horizontal tangents occur when 


dy/dt = 3t?7-1=0 & t= 75, so both horizontal tangents are shown in our graph. The vertical tangents occur when 


dr/di —2t(20 —31—2) 20 < 2t(2t+1)(t-2)=0 & 1—0,—1 or2. It seems that we have missed one vertical 
— and indeed if we plot the curve on the t-interval [—1.2, 2.2] we see that there is another vertical tangent at (—8, 6). 

z = cost, y —sintcost. dz/dt = — sint, dy/dt = — sin? t + cos? t = cos 2t. 
(z,y) =(0,0) <= cost= 0. e t is an odd multiple of $. When? = $, 

da dt = —1 and dy/dt = —1, so dy/dx = 1. When t = 3£, dr/dt = 1 and 
dy/dt = —1. So dy/dz = —1. Thus, y = x and y = —z are both tangent to the 


curve at (0, 0). 


x — r0 — dsin0, y =r — dcos6. 


de dy 2 dy _ — dsin6 
(a) ^^ land d cos 0 = dsin 0, so er sa 


(b) If 0 < d < r, then [dcos 0| X d < r, sor — dcos0 > r — d > 0. This shows that dz /d6 never vanishes, 


‘so the trochoid can have no vertical tangent if d < r. 


dy  dy/dt  4—2t "dy — 4—2t — 
de da 68 . Now solve 5- = 1 < “a ^! e 


6?--2t-4—0 & 2(31—2)(t--1) 0. & t= Fort =—1. Ift = $, the point is (39, 29), and ift = —1, 


the point is (—2, —4). 
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31. 


33. 


35. 


37. 


39. 


^. 


O CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
By symmetry of the ellipse about the z- and y-axes, 
A=4 fi ydr = af 9 bsin 8 (— —asin 0) d8 = 4ab (7^ sin? 0d6 = dab f"/? 2(1 — cos 20) dé 
= 2ab|0 — à sin 26]7/? = 2ab(7) = rab 
The curve z = 1 + et, y = t — t? = t(1 — t) intersects the x-axis when y = 0, 


that is, when t = 0 and t = 1. The corresponding values of x are 2 and 1 + e. 


The shaded area is given by 


li "ur-u)de- [ be)-de’Ma=Pe-Pea 


z—2 t=0 

= fo te’ dt — f; Pe d= I te’ dt — [ie], + 2 [5 te'dt [Formula 97 or parts] 
— 8 fo te’ dt — (e — 0) = 3 [(£— Le], —e [Formula 96 or parts] 
= 3[0 — (—1)] -e-3-e 

z= r0 — dsinĝ, y =r — dcos0. 

= fi" yde = J?" (r — dcos0)(r — dcos 0) dé = [27 (r? — 2dr cos + d? cos? 6) dé 
= [r^0 — 2dr sin + 1d? (0 + isin20)]?" = 2n? + ad? 

a=tt+e", y= t—e*,0<t<2. dxr/dt= 1 —e™ and dy/dt = 1 + e*, so 

(dz/dt)? + (dy/dt = (1 — e*)? + (1+e7*)? = 1 — 2e™ a +1+2e* +e-%* = 24 22°F, 

Thus, L = f? /(da/aiy + (dy/aly dt = [2 VIF 2679 at «« 3.1416. | 

S —1-—2sint, y = 1—2cost, 0 X t X 4m. dz /dt = 1 — 2cost and dy/dt = 2sint, so 

(dz/dt)? + (dy/dt)? = (1 — 2cost)? + (2sint)? = 1 — 4cost -- Acos? t + Asin? t = 5 — 4cost. 


Thus, L = f° \/(da/dt)? + (dy/dt)? dt = f°" V5 — 4cost dt e« 26.7298. 


e=14+3, y=4+ a, 0 « t € 1. dz/dt = 6t and dy/dt = 605, so (da/dt)? + (dy/dt)? = 362? + 36t* 
=; 2 L 
Thus, se f v/36t? + 361^ a= f 6t y1 Pat =6 | Vu (àdu) [u-14 ?, du = 2tat] 
0 1 
= ET un = 2(23/2 1) = 2(2 V2 — 1) 


x=tsint, y = tcost, 0<t< 1. a = t cost + sint and E = —tsint + cost, so 


dz\*? | (dy\’ 
(x) +(2) = t? cos? t + 2tsint cost + sin? t + t? sin? t — 2t sin t cost + cos? t 
= t" (cos? t+ sin? t) + sin? t + cos? t = £ +1. 


Thus, L= fo VP-E1dt [Seve FT + dEn(tee VET )lo = av2+ 3 In(1 + v2). 
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45. 8 z=e'cost, y=e'sint, 0€ t € m. 
(s + (HF = [e' (cost — sin t)]? + [e (sint + cost)? 
= (e)? (cos? t — 2cost sint + sin? t) ' 
+ (e*)? (sin? t + 2sint cost + cos? t 
= e?! (2 cos? t+ 2 sin? t) = 2e” 


Thus, L = fy V2e% dt = f v2e' dt = 2 [et] = v2(e" — 1). 


47. The figure shows the curve z = sin t + sin 1.5t, y = cost for 0 € t < 4m. 
da /dt = cost + 1.5 cos 1.5t and dy/dt = — sint, so 
(dz/dt)? + (dy/dt)? = cos? t + 3cost cos 1.5t + 2.25 cos? 1.5t + sin? t. 


Thus, L — m V¥1+3cost cos 1.52 + 2.25 cos? 1.5t dt ~ 16.7102. 


49.2=t—e',y=—tt+e’, 6<t<6. 
dey + (HF = (1—et)? + (1+ e)? = (1 2e + e%) + (1 2e e e") = 24 2e so L= f°, VIF 2 dt. 
Set f(t) = V2 + 2e%. Then by Simpson’s Rule with n —.6 and At = 9-658) — 2, we get 
Le 2[f(—6) +4f(—4) + 2/(—2) + 4f (0) + 2/(2) + 4f (4) + f(6)] & 612.3053. 
51. z = sin? t, y = cos? t, 0 < t < 3m. j 
(da/dt)? + (dy/dt)? = (2sint cost)? + (-2costsint)? = 8sin?tcos^t = 2sin? 2t => 
Distance = B" V |sin 2t| dt = 62 fr? sin 2: dt [by symmetry] = —3 4/2 [cos 24] 


T/2 
0 


= —3 V2 (—1 — 1) = 6 v2. 
The full curve is traversed as £ goes from 0 to 7, because the curve is.the segment of x + y = 1 that lies in the first quadrant 


(since x, y > 0), and this segment is completely traversed as t goes from 0 to 7. Thus, L - j ? sin 2t dt = V3, as above. 


53. r = asin 0, y = bcos0, 0 < 0 < 2r. 
(£F + (42. = (acos 0)? + (—bsin 6)? = a? cos? 0 + b? sin? 6 = a? (1 — sin? 0) + b? sin? 9 


2 
= a? — (a? — b?) sin? 0 = a? — cà sin? 9 = a° | 1 — £ sin? 6 = a?(1—e* sin? 0) 
a2 
So L= 4 (7^ a? (1— esin? 0) d. [ry symmey] = 4a fgl? \/1 — e? sin? 0 dd. 


55. (a) z = 1lcost — 4cos(11£/2), y = 11sint — 4sin(11¢/2). 
Notice that 0 < t < 27 does not give the complete curve because 
x(0) Æ x (27). In fact, we must take t € [0, 47] in order to obtain the 
complete curve, since the first term in each of the parametric equations has 


period 27 and the second has period ;25; = 77. and the least common 


integer multiple of these two numbers is 47. 
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(b) We use the CAS to find the derivatives dx /dt and dy/dt, and then use Theorem 6 to find the arc length. Recent versions 


of Maple express the integral ie v/(dz/dt)? + (dy/dt)? dt as S8E(2 V2 i), where E(2) is the elliptic integral 


—_ 212 
p ma. : ——— dt and i is the imaginary number 4/— 


Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x,t)°2+diff(y,t)°2),t=0..4*Pi) ); to estimate the length, and find that the arc 


length is approximately 294.03. Derive’s Para_arc_length function in the utility file Int_apps simplifies the 
integral to 11 f°" ,/—4 cost cos(44) — 4sint sin( 4) + 5 dt. 
57. z = (sint, y=tcost, O X t € m/2. dx/dt = tcost + sint and dy/dt = —t sin t + cost, so 


(dz/dt)? + (dy/dt)? = t? cos? t + 2t sint cost + sin? t + 1? sin? t — 2t sint cost + cos? t 
= t" (cos? t+ sin? t) sin? t + cos? t =t 4 1 


S = f2ryds = E 2nt costy/t? + 1dt ex 4.7394. 
59. r =1+te, y= (t +1)e’, 0«t «€ 1. 


(42) + (BY = (tet +e)? + e + Le’ +e 2t)? = [e* (t+ 1)? + [e (P + 2+1)? 
=e”(t+1) +e” (t +1) = e”(t+1)[1+(t+1)], so 


= f 2nyds= f; 2n(t? + 1)e* yet + 19 (£ + 2t + 2) dt = fo Qn(t? + 1)e*(t +1) Vi + 2t -F 2 dt ~ 103.5999. 
s=, y= P, 0<t<1. (y + (SY = (s? + (2t = 944 + 4€. 
Bes i ruy (EY (80) fa-[ mt Ver va at = an f JPOP +4 dt 
[uvae praat] -vu w^ 


13 z 13 
=z [iu 5/2 _ ai ==: 2 [Suv u 200] 


= 33, [(3- 13? /13 — 20. 134/13) — (3-32 — 20 - 8)] = 2% (247 V13 + 64) 


63. x = acos?0, y — asin*0, 0 « 0 « 3. (#) 4- (ty = (—3acos? 0 sin 0)? + (3a sin? 0 cos 0)? = 9a? sin? 0 cos? 0. 
S = fo” 2r - asin? 0 - 3asin0 cos dO = 6ra? [7 sint 0 cos0 d9 = Sa [sin? g^ = £a? 
65. s = 3t, y=, 0<t<5 > (HF + (4 = (6t)? + (o2)? 2362(1- 2) > 
S= [5 2x y/(dx/dt)? + (dy/dt)? dt = [? 2x(3t^)6t VI FE dt = 187 fo CVI +P 2t dt 
i 26 -2140,| . 26 3/2] 28 
= 187 f; (u—1) /udu b nba | = 187 [25 (u3/2 — ui?) du = 18r [2u - e| 


iof 676 /26 — 2 . "e" (2 — 8)] = Zn (949 26 + 1) 
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67. If f’ is continuous and f'(t) Æ 0 fora < t < b, then either f’(#) > 0 for all t in [a,b] or f'(t) < 0 for all t in [a,b]. Thus, f 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a,b]. It follows that f has an inverse. Set F = g o f~}, 


that is, define F by F(x) = g(f ^ ! (z)). Thenz — f(t) — f (z)-t, so y = g(t) = g(f ^ (x)) = F(z). 


Stan i 9 CERET f- C NE TIS dy | dy/dt y 
=e t ^ wd ua Vas) 7 T+ (ayaa? [at ae) | P ae = dej i 7 
d(dy afi) äi- , dé — 1  (ji—-3)Y ii-i |, i i 
s()-3(5)- E =$ dt^ 14 iy i = page’ Using the Chain Rule, midthe 
t ' 
fact thats = f v (y + (BY at > d» = (F + (4) = (a? +97)”, we have that 
dd  dé/dt (3j—39Y 1 _  $j—39. co, —-|29| .| $8—29 | . lij — ay 
ds ds/ dí i? +Å? (d? + y?)1/2 (a? +PP du (E gnam ~ G+ 93/2" 
" - . dy. dy 
(b z— zand y = f(z) => $—1,$—0andj— 7.9 = 72 
go x — L (du /dx*)— 0+ (dy/dx)| —  |f'y/d?| 


[L-r(dy/dz)]/? [1 + (dy/dx)?]3/2" 


Ti. z—0—sinü => £$-—1-—cosÓ > £E-—sinü,andy —1—cos0 = y=sind = ij = cosÓ. Therefore, 


E [cos 8 — cos? 8 — sin? 6| [cos 8 — (cos? @ + sin? 6) |... |eos8 — 1| 
— [(1— cos0)? + sin? 6]8/2 — (1 — 2cos@ + cos? 0 + sin? 0)3/2 — (2— 2 cos @)3/2" 


iá ET The top of the arch is 


characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 0 — (2n — 1). 


so take n = 1 and substitute 0 = ~ into the expression for x: & = B ms = ma = "n 


73. The coordinates of T' are (r cos #, r sin 6). Since T'P was unwound from P 
arc TA, TP has length rð. Also ZPTQ = ZPTR — ZQTR = įr — 6, 
so P has coordinates x = r cos 6 4- ró cos(3 — 0) = r(cos@ + 0 sin 6), 


y — rsinó — rüsin($« — 0) = r(sin 8 — 0 cos). 


10.3 Polar Coordinates 


1. (a) (2, 5) By adding 27 to $, we obtain the point (2, 4). The direction 


6.3) 


opposite $ is $, so (—2, 5€) is a point that satisfies the r < 0 


requirement. 
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(b) (1, 238) T0: (1, ox + 2m) = (5) 
r « 0: (-1,-% +7) = (-1,4) 

(c) (—1, ) r > 0: (-(-1,£ +m) = (1,32) 
r « 0: (-1, £ 4-27) = (-1, 32) 


3. (a) x —1cosz = 1(—1) = —1 and 
y = lsinz = 1(0) = 0 give us 
the Cartesian coordinates (—1, 0). 
(b) z = 2cos(-25) = 2(—4) = —1 and 
y = 2sin(-35) = 2(-) = -v3 
give us (—1, —3). 
(c) z = —2cos 2 = -2 -2) = V2 and 


gives us (v2, — v2). 


5. (a) r—2andy— 2 => r= ,/2? + (—2)? — 2 VŽ and 0 = tan^! (22) = —S. Since (2, —2) is in the fourth 
Fir a 


quadrant, the polar coordinates are (i) (2 V2, TE) and (ii) (-2 V2, Es 


(b z— —1andy— V3 > r= (1)? + (V3)' = 2 and @ = tan! (33) = 2. Since (—1, V3) is in the second 


quadrant, the polar coordinates are (i) (2, 2€) and (ii) (—2, 22). 
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13. 


15. 


17. 


19. 


21. 


23. 


25. 
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r2]. Thecurver = 1 represents a circle with center 9.0720, 1/4€ 0 € 3n/A.. 
O and radius 1. So r 7 1 represents the region on or 0 = k represents a line through O. 


outside the circle. Note that ô can take on any value. 


"Converting the polar coordinates (2, 7/3) and (4, 27/3) to Cartesian coordinates gives us (2cos 2, 2sin 4) = (1, V3 ) and 


(4cos 22, 4sin 22) = (—2,2 V3). Now use the distance formula. 


d= J(za — 21) + (y — v1)? = y (-2- 1)? + (2V3 - V3) = VFS = V12— 2 V8 


r=5 e a?-- 3? = 5, acircle of radius y5 centered at the origin. 


r—2cos0 => r?-2rcos0 & az? ty? —2r e 2x? —2z-41243? =1 $ (r- 1)? +y? = 1, a circle of 
radius 1 centered at (1, 0). The first two equations are actually equivalent since r? = 2rcos@ =  r(r—2cos0)— 0 = 
r=0 or r = 2cos0. But r = 2 cos 9 gives the point r = 0 (the pole) when 6 = 0. Thus, the equation r = 2 cos @ is 


equivalent to the compound condition (r = 0 or r = 2cos6). 


r^cos20 —1  r?(cos*@—sin?@)=1 «& (rcos@)?—(rsiné)?=1 &  z?— y? = 1, a hyperbola centered at 


the origin with foci on the z-axis. 


y=2 + rsinüd—2 & T" €» r-—2csc0 
sin 0 


y —1-43r 4& rsinü—l--3rcosÜü © rsinü—3rcos0—]1 + r(sin0—3cos0)—-1 & 


1 


ias sin Ó — 3 cos 0 


r? +y —2ez «€» r?-—2crcos0 + r?—2crcosó— 0 & r(r—2ccos0) 20 & r=Oorr = 2ccos6. 


r = 0 is included in r = 2ccos@ when 0 = 7 + n, so the curve is represented by the single equation r = 2c cos 0. 
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27. (a) The description leads immediately to the polar equation 0 = 2, and the Cartesian equation y = tan(£) x = Acids 
slightly more difficult to derive. 


(b) The easier description here is the Cartesian equation x = 3. 


29. r = —2sin@ 


(2, 37/2) 


31. r = 2(1 + cos0) 


3.,7r—0, 020 
35. r = 4sin 30 
37. r — 2cos 40 
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39. r= 1 —2sin0 


41. 7? = 9sin 20 


43. r = 2 + sin 30 


45. r = 1 + 2cos 20 


47. For 0 = 0, 7, and 27, r has its minimum value of about 0.5. For 0 = $ and a r attains its maximum value of 2. 


We see that the graph has a similar shape for 0 € 0 < manda € 0 € 2m. 
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49. z —rcosÓ = (4+ 2sec 0) cos 0 = 4cos0 + 2. Now r => œo => 


51. 


55. 


57. 


Cl CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


(4--2sec0) — oo. = 0+ (£)' orð — (32) [since we need only 


consider 0 < 0 < 21], so lim z = P lim. (4cos @ + 2) = 2. Also, 
3 T—oo —T-/2— 


r— —oo => (4-42sec0)— —o00 > 0 (z)* orð — (32) ,so 
lim «c= n in, „(42080 + 2) = 2. Therefore, lim x=2 = v-2isavertical asymptote. 

T—-—00 —1T zkoo 

To show that x = 1 is an asymptote we must prove lim gpl. 


r—doo 


x = (r)cos0 = (sin@ tan0) cos0 = sin? 0. Now, r + oo = sinütanó — oo => 


dnd NL ee Tey, sin? 0 — 1. Also, r — —oo => sinl tan — —o => 
r—oo —T/2— 

@— (Z)',so lim s= lim  sin6 = 1. Therefore, lim z—1 > z-lis 

; r——00 6—7/2* r—Xoo 


a vertical asymptote. Also notice that z = sin? 0 > 0 for all 0, and x = sin? 0 < 1 for all 0. And x 1, since the curve is not 


defined at odd multiples of Z.. Therefore, the curve lies entirely within the vertical strip 0 € x < 1. 


. (a) We see that the curve r = 1 + csin Ó crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 


negative r-values,) so we solve the equation of the limaçon forr =0 <= csinü— —1 & sin@ = —1/c. Now if 
jel < 1, then this equation has no solution and hence there is no inner loop. But if c < —1, then on the interval (0, 27) 
the equation has the two solutions 8 = sin~!(—1/c) and 0 = v — sin (—1/c), and if c > 1, the solutions are 

0 = v -- sin! (1/c) and 0 = 2x — sin! (1 /c). In each case, r < 0 for 0 between the two solutions, indicating a loop. 


(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 6 = 3r, So we 


d? 
determine for what c-values Ai is negative at 0 = =, since by the Second Derivative Test this indicates a maximum: 


y=rsind=sin@+csin?@ => a a > a 


At 0 = %, this is equal to —(—1) + 2c(—1) = 1 — 2c, which is negative only for c > 3. A similar argument shows that 


= — sin 0 + 2ccos 20. 


for —1 < c < 0, y only has a local minimum at 0 = 7 (indicating a dimple) for c < -i. . 


r=2sind = m-rcosÓ =2sin@cos@ = sin20, y = rsin = 2sin? 0 => 


dy _ dy/dð  2.2sin0 cosð  sin20 _ 
dr  da/dÓó cos20.-2  cos20 =e) 


QE. | El easi Sus à; ; ; 
When 0 = C tan(2 =) = tan p V3. [Another method: Use Equation 3.] 
r—1/0 = «=rcosé —(cos0)/0, y = rsin0 = (sin0)/0 => 


dy  dy/dÓ  sin6(—1/0?)--(1/8)cos0 0? ^ —sin6--6cos0 


dr dsæjdð  cos0(—1/0)) — (1/0)sin8 0?  —cosd—Osind 
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67. 


SECTION 10.3 POLAR COORDINATES O 

r=cos20 = mz -—rcosÓ — cos20 cos0, y = rsin = cos20 sind => 

dy  dy/dó _ cos 20 cos + sin 0 (—2 sin 20) 

dr dæ/dð | cos20(—sin0) 4- cos (—2sin 20) 
Wend =Z, 8.9 09/9) EIR) _ v7 a, 

4’ dx  0(—/2/2) + (V2/2)(-2) -v2 

r=3cos6 = m-—rcosÓ = 3cosÓ cos0, y=rsind=3cos@ sind => - 
dy — —3sin"0--3cos!0 =300s20=0 > 20=Sor8® e O=% or 3. 
So the tangent is horizontal at (3s. 1) and (73. az) [same as (35.-1)]. 
dz — —6sin 0 cos8 = —3sin 20 = 0 = 20—0orm + 60 —0or$.Sothetangentis vertical at (3, 0) and (0, £). 
r-—1--cosÓ = m-—rcosÓ = cosð (1+cos0), y — rsin = sin8(1--cos0) => 
44 = (1 + cos 0) cos0 — sin? 6 = 2cos” 8 + cosó — 1 = (2cos6 — 1)(cos--1) — 0 > cosü— ior-1 > 
0— Z,m,orÓ[* = horizontal tangent at (3, 2), (0, 7), and (3, 37). 
dz = —(1+ cos0)sin6 — cos8sinó = —sin@(1+2cos#)=0 = sinó—O0orcosó— —1 > 
6=0,7,¥%,or > vertical tangent at (2, 0), (4, 2), and (2, ££). 
Note that the tangent is horizontal, not vertical when 0 = r, since lim Wa = 0. 
r=asinO+bcos6 => r°=arsinð +brcosð > 2? +y?=ay+br > 
a? — br + (4b) +y? —ay + (da) = (40) + (a? = (a— 4b)’ + (y— Yay = 1(a? 4- b?), and this is a circle 


with center ($b, $a) and radius iya? +0. 


r = 1 + 2sin(0/2). The parameter interval is [0, 47]. 69. r = e*^? — 2 cos(40). 


The parameter interval is [0, 27]. 


71. r = 1 + cos??? 9. The parameter interval is [0, 27]. 
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73. It appears that the graph of r = 1 + sin (0 — £) is the same shape as 

the graph of r = 1 + sin 0, but rotated counterclockwise about the : 
origin by £. Similarly, the graph of r = 1 + sin(0 = €) is rotated by g d 
=. In general, the graph of r = f(@ — a) is the same shape as that of 


r = f (0), but rotated counterclockwise through o about the origin. 


That is, for any point (ro, o) on the curve r = (0), the point 


(ro, 0o + a) is on the curve r = f (0 — a), since ro = f (00) = f((8o +a) — a). 


75. Consider curves with polar equation r = 1 + ccos6, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 « c « 1, 
the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c > 0, the 


rightmost point on the curve is (1 + c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 


with c > 0. 
1.5 2 
: aL e 
2. -1 2 4 e 3 
=1.5 -2 
B] c=2 
dy dy/dÓ — 
mde uo HS — 0p we 
77. tans) = tan($ — 0) = I mpd Se = wem 
: iE tanÜ 1+ ane 
dy dz | (psit + roos0) - etl ced rsind) sin? 6 
3 p ^ Vd dà DM IR 
~ dr | dy ~ (dr à ^ dr dr sin?^0 
tan @ ES. — rsi — pom —. 
z + gg 9 (Goo rsind) +tan6( $F sind +rc0s8 dg £989 + 35 E 
P r cos? 0 -- r sin? 0 8E i 
=T bLog didi 
dg €% 64 5 sin 0 


10.4 Areas and Lengths in Polar Coordinates 


1r=e 9/5, m/2 € 0 € n. 


T Ls 7 | 
A=] tr'do= fi (e79/*)? do = f ie */ do = i-r 1g guit) o acuit um 
7/2 v/2 7/2 7/2 
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SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES O '21 
3. r? = 9sin 20, r > 0, 0 <8 € 7/2. 


7/2 7/2 
A- [ a= f 1(9sin 2) dð = 2 [-} cos26]"/? = —2(-1— 1) =8 
0 z 0 


Nie 


2m 2c 2 2c 
5 r= V0, 0€ 6 < 2r. a=[ a= f 1 (vs) ao = f 1949 = [1P] =n? 
0 [U è 0 i 


7. r=4+3sin0, -5 L0 < 5. 
7/2 A T/2 
A- [ H((4+8sing)? ae f (16 + 24 sin 0 + 9 sin? 0) do 
—T/2 ' —n/2 


7/2 : 
s4 / (16+9sin?@)d@ [by Theorem 4.5.6(b) [ET 5.5.7(b)]] 
—r /2 
7/2 
=A f [16 +9- 4(1— cos20)] dð [by Theorem 4.5.6(a) [ET 5.5.7(a)]] . 


7/2 ; 
=| (4 — $ cos20) do = [3:0 — $ sin 20]*/? = (41 — 0) — (0 — 0) = 42 


9. The area is bounded by r = 2sin 0 for 0 = 0 to 0 = x. 
A= f ina-il (2sing)? do = 4 f Asin? 6 dð 
0 f 0 0 
T T 
=2 f 4 (1 — cos20)d40 = [e- 1 sin 20] =r 
0 à 0 
Also, note that this is a circle with radius 1, so its area is (1)? LT. 
2T 2r 2r * 
11. A= [ ir? ao — f 4(8+2c080)* a6 = 1 | (9 + 12 cos 0 + 4 cos? 0) d8 
0 0 0 


2 À ‘ 
- af [9 + 12056 +4- 3(1 + cos 26)] dð 


2m 
- T (11 + 12cos@ + 2cos 26) dð = 1 [116 + 12sin 8 + sin 26]^" 


2r 2T Qn : | 
13. A-[ yao = f iQ snap ao — 4 f (4 + Asin 49 + sin? 40) dà 3 
0 0 ' 0 2 


2T 
-if [4 + 4sin 46 + 1(1 — cos 80)] d0 


=3 
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- " 
15. A-[ v? a- ["3( Vi + co? 88). dð 14 
0 " 


=f (1 + cos? 56) di zu [1 + (1 + cos 106)] d8 
A 2T 
= 5 [20 + z sin 100]," = 3(3m) = $n 
-1.4 
17. The curve passes through the pole when r =0 = 4cos30=0 = cos30—0 => 30=F+an => 


- 8 = 4+ $n. The part of the shaded loop above the polar axis is traced out for 


6 = 0 to 0 = 7/6, so we'll use —7/6 and 7/6 as our limits of integration. r=4 cos 30 


1/6 7/6 
a= [ NI 1 (16 cos” 36) dé 


-w[ 1(1--cos60) dé = 8 [0 + 2 sin60]7/° = 8 (3) = 4x 


19.r—0 > si40—0 => 40=a7n > O=4n. 


a /4 á a/4 T/4 
a-f Hin 40)? dp = i| sin? 40 d0 = 7) 1(1— cos 86) dð 
D 0 0 


= 19 - donee]; = (F) = dr 


This is a limacon, with inner loop traced 
out between 6 = {£ and +2" [found by 


solving r — 0]. 


32/2 ‘ 32/2 32/2 
a=2 f iQ +2sin0) ao = f (1+4sind + 4sin? 6) do = f [1+4sin@ +4- 4(1 — cos 20)) dé 
77/6 72/6 77/6 "o 


= [8 — 4cos0 + 20 — sin28]77/. = (9) — (F +273- £) =r- E 
23. 2cos0 — 1 => cos0— j > O=For¥, 
` A=2 f7 1[(2cos0)? — 12] do = f" (4cos? 6 — 1) d 
|o fg’ (4 [31 + cos 26)] — 1) dé = fp (1 + 2008 28) dé 


= [0 -- sin26]7? — 2 + £ 
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25. To find the area inside the leminiscate r? = 8 cos 26 and outside the circle r = 2, 
we first note that the two curves intersect when r? = 8 cos 20 and r = 2, 
that is, when cos 20 = 3. For —4 < 0 < m, £06 28 = i e 2=47/3 
or +57r/3 4» 60 = «/6 or +5r/6. The figure shows that the desired area is 


4 times the area between the curves from 0 to 7/6. Thus, 


A — 4 [7/5 [1(8cos 26) — 3(2)?] d = RT Hee 20 — 1) dð 
(28 [sin 26 = qi” = 8(V8/2 — /6) = 4v3 — 47/3 


27. 3cosÓ —1--cosÜ «€ cosó— à > O=For-ZF. ; 025 


A= ae 1[(3cos0)? — (1 + cos 0)?] dà r—]14 cos Ó 


= f7 (8 cos? 8 + 2cos6 — 1) d0 = f*/*[4(1 + cos 20) — 2cos6 — 1] d0 
= fg? (8 + 4cos20 — 2.cos 6) dé = [30 + 2sin 20 — 2sin 9]? 
=r + V3- V3 =T l | 


sin ĝ 
os 0 


A= fZ" (sin)? do + ge. 1 (V3cos6) d0 


29. V3 cos 0 = sind => v3 = - > tanü— 3 > 0-35. 


= fo? 1 1(1— cos 26) d0 + [7/2 1 -3- (1 + cos 20) dé 


= ile- $ sin 20]" [7^ + $[0-- 3 sin 20]77 <a 


=3[(¢- 4) -0o] +3[(¢ +0) - (3+ 38)] 


=\/3cos@ 


=4 _ V8, n_ 83y3. 5s. v3 
— 3133 ie “8 16 ^ 24 
, sin 20 
31. sin20 = cos20. => =1 > tan20—1 > 20-41 > 
cos 20 


0—-$ > 
A — 8-2 f7/* 1 sin?20 d0 — 8 (7/5 1(1 — cos40) d0 


= alo sinas]; 2 4($- 3:1) 2 8-1 


33. sin20 = cos20 = tan20—1 > 2=7 > 0-4 
A= 4 [7/8 1 sin20d0 [since r? = sin 26] 
ee cos 20]7/* 
--4iy4B-(-) 21-48 
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35. The darker shaded region (from 0 = 0 to 0 = 27/3) represents 3 of the desired area plus $ of the area of the inner loop. 
From this area, we'll subtract 3 of the area of the inner loop (the lighter shaded region from 6 = 27/3 to 0 = 7), and then 


double that difference to obtain the desired area. 
A-a|g"^ 3 1-- cos 0)? do — f=, 1(3 +0086)? de 
= fr (a — 9) dé — Samya (3 + 0088 + cos? 0) dà 
- a7/3 3 + cos0 + 4(1 + cos 26)] dð 
— Sonya La +0080 + 3 (1+ cos 26)] d6 


aust 
sin 20 0 +sino+§ 0 , 810.20 sin 20]* 
4 4 4 27/3 


SELL 
-(£63$-3)- G9 (6048) 


=£4+3V3=i(7+3V3) 


0 


- 


37. The pole is a point of intersection. 
l--sinó —3sinü > 1-2sinü > snOd=} => 
0=Z or ¥, 


The other two points of intersection are (3, 4) and (3, 55). 


r=1+sin0 


39. 2sin2@=1 => sin20— à = 20— 2,2, Bt ore. 


By symmetry, the eight points of intersection are given by 
r=2sin20 


(1, 0), where 0 = 4, 9%, 337, and +2, and 
_ Tz lim 19m 2n 
(—1, 0), where 0 = 15, SH. A. and $7 


[There are many ways to describe these points.] 


41. The pole is a point of intersection. sin 0 = sin 20 = 2sin0 cos? <= 
sinQ(1—2cos0) —0 + sinü—O0orcosó— 3 => 


or—£ = the other intersection points are ( S. 3) 


0 =0, 7, Z x 


23? 


and (33, 2) [by symmetry]. 
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From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 0-values 
of the intersection points to be œ = 0.88786 ~ 0.89 and « — a ~ 2,25. (The first of these values may be more easily ' 
estimated by plotting y = 1 + sin z and y = 2z in rectangular coordinates; see the second graph.) By symmetry, the total 


area contained is twice the area contained in the first quadrant, that is, 
ce 2/2 a i T/2 
A=2 f 3(20)? ao +2 f $(1+ sin)? ao = f Pas f [1 + 2sin 8 + 3(1 — cos 20)] dé 
0 a r 0 a = 


= = [$69]? + [6 — 2cos0 + (4 8 — 15in20)]7^ = 4a° + [($ + Z) — (a — 2coso + 3a — 1 sin2a)] £s 3.4645 
b T i 
45. t= [ Vr? + (dr /d0)? dé af y (2cos 8)? + (—2 sin 8)? dð 
a 0 
7" T7 
=f /4(c0s? 6+ sin? 6) ao = f vV4d0 = [20]; = 
o 0 


As a check, note that the curve is a circle of radius 1, so its circumference is 27(1) = 27. 
b 2n l 2r 
47. L= i Vr? + (dr/d8)? dð = [4 (6)? + (20)? d0 = f V 04 + 46? d0 
a 0 0 


2T 2n 
=f Vee +4)d0 = | 0/8? 4- Adà 
0 0 


Now let u = 6? + 4, so that du = 20d@ [0 d0 = $ du] and 


2m An? +. a(n? 44 
f 0 / 9? +4d0 =| "oige pe id v ) - 1497 (7? fe 1j — 43/4) = B (a? di ja u 1] 
0" 4 


4 
49. The curve r = cos^(0/4) is completely traced with 0 < 8 < 4. 
— r? + (dr/db)? = [cos* (0/4)? + [4cos?(0/4) - (—sin(6/4)) - 

= cos? (8/4) + cos? (6/4) sin?(0/4) -0.75 


Dem 
N 


= cos? (0 /4)[cos? (0/4) + sin? (0/4)] = cos? (0/4) 


L = f?" \/cos®(0/4) do = f" |cos?(0/4)| d8 
—2 f" cos*(8/4)d6 [since cos?(8/4) 2 0 ford <0 < 27] =8f"/? cosudu [u= 16] 


— 8 (7^ (1 — sin? u) cosudu = 8 f; (1 — a?) dz Ee | 


dz = cosu du 


-si- is] =8(1- d) 
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51. One loop of the curve r = cos 26 is traced with —7/4 < 0 € 7/4. 


2 j 
r? + (5) = cos 2994 (—2sin 20)? = cos? 20 + Asin? 20 — —1-3sin?20 > L e" 1 + 3sin? 20 dð ~ 2.4221. 
—m/4 J 
53. The curve r = sin(6sin 0) is completely traced with0 < 8 < m. r=sin(6sin0) = T = cos(6 sin 0) - 6 cos 6, so 


r (S r) = sin*(6sind) + 96 cos? 8cos'(6sin0) => JA akataa 8.0091. 


55. (a) From (10.2.6), 
S = f? 2nyy/(dx/d0}? + (dy/d0)? d0 


= f? 2xy/r? + (dr/d8)) dð [from the derivation of Equation 10.4.5] ` 


= f? 27r sin 04/r? + (dr/d0)? dð 


(b) The curve r? = cos 20 goes through the pole when cos 20 =0 = 
20=3 = 0 = 4. We'll rotate the curve from 0 = 0 to à = Ẹ and double 
this value to obtain the total surface area generated. 


dr\? _sin?20 — sin? 20 
dð} ^ r? cos 20° 


r? 2cos20 => ee => ( 


dð 
7/4 v 7/4 2 +2 
s=2/ 2 V/e0826 sin 0 [cos 20 + (sin? 20) [cos 20 dð = 4r | Veos 20 sing j SS 20 Sn 28 ay 
0 0 


7/4 ; 
= an f v cos 20 sin @ 
. 0 D 


w/a 
a hae sin 0 dé = 4n [- cos 0]7/^ = —4n (3 —1) = 2n(2- V2) 
cos 0 1 


10.5 Conic Sections 


1. z? = 6y and z? = 4py > 4p=6 > p= 3. 3.2¢=-y? > y?=-22.4p=-2 => p--j. 
The vertex is (0, 0), the focus is (0, 3), and the directrix The vertex is (0, 0), the focus is (—3, 0), and the 


directrix is x = 3 
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5. (x +2)? =8 (y —3). 4p = 8, so p = 2. Thevertexis . 7T. y? +2y +121+25=0 > 
(—2, 3), the focus is (—2, 5), and the directrix is y = 1. Y? +2y +1= -12r -24 > 
(y +1)? = —12(z +2). 4p = —12, so p = —3. 
The vertex is (—2, —1), the focus is (—5, —1), and the 
directrix is z = 1. 


9. The equation has the form y? = 4pz, where p < 0. Since the parabola passes through (—1, 1), we have 1? = 4p(—1), so 


4p = —1 and an equation is y? = —r or x = —y?. 


4p = —1, so p = —4 and the focus is (—4, 0) while the directrix 
isa = 3. 


2 


2 
1. +2 =1 => a=V4=2,b= V2, c= Va? —W = (4-2 = V2. The 


ellipse is centered at (0, 0), with vertices at (0, +2). The foci are (0,+/2). 


2 2 j 
13. 1? +9% =9 $ i tek, > a=V9=3, 15. 92? — 182 +4y?=27 e 
2—2 2> 
b= Vi=1c= Ve 6 = 3-1 = V8 = 272. A(z -2r +1) 4y" =27+9 4 
' 2 2 
The ellipse is centered at (0, 0), with vertices (+3, 0). 9(r—1)--49?-36 e Gn +% =1 T 


The foci are (4272, 0). — E TS 3 dÉ cs dede (1,0), 


vertices (1, +3), foci (1,-+V5 ) 


2 2 


17. The center is (0,0), a — 3, and b — 2, so an equation is = + = = 1. c = Va? — B? = v5, so the foci are (0, t5). 
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21. 


23. 


27. 


31. 


jE -Eni + akies EVE us 


O CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


center (0, 0), vertices (0, 3-5), foci (0, +/34), asymptotes y = +22. 
Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of 


the hyperbola. The asymptotes are the extended diagonals of the rectangle. 


? y2 —100 £o 3 i b — 10 
du daredhdi m adul ies S 


c= V 1004-100 = 10/2 = center (0,0), vertices (10, 0), 
foci (+10 /2, 0), asymptotes y = +382 = +a 


y y=x, 
(0,10) 7l 


4a? — y? — 24r —4y4 28-0 e 
4(z? — 6z--9) — (y? +4y+4) = -28--36-4 € 
(x — 3)? (y+2)* | 


1 4 
a=Vi=1,b=V4=2,c=VI+4=V5 = 


center (3, —2), vertices (4, —2) and (2, —2), foci (3 + v5, —2), 


A(x — 3)? — (y +2)? =4 e > 


asymptotes y + 2 = —-2(z — 3). 


z?—y-1 € 2? =1(y+1). This is an equation of a parabola with 4p = 1, so p = 4. The vertex is (0, —1) and the 
focus is (0, — $). 
z?—4y—2y & z?42y-4y-0 e 2742(y?-Qy+1)=2 e z?42(y-1)?-2 e 


2 NE 
> + wo = 1. This is an equation of an ellipse with vertices at (+V2, 1). The foci are at (+,/2 — 1, 1) = {44,1), 


z? = 1. This is an equation 


CES 2 2 2 2 2 (y 4- 1 
y +2y=4r +3 e y -2y-c-1-42^,-4 & (y+1)°-4e°=4 © ——— 


of a hyperbola with vertices (0, —1 + 2) = (0, 1) and (0, —3). The foci are at (0, —1 + /4+ 1) = (0, —1 + V5). 
The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p = 1, so its equation is y? = 4pz,org? = 42. ` 


The distance from the focus (—4, 0) to the directrix z — 2.is 2 — (—4) — 6, so the distance from the focus to the vertex is 
$(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is y? = 4p(z +1) => 


y? = —12(a +1). 
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37. 


39. 


M. 


47. 


51. 


SECTION 10.5 CONIC SECTIONS O 29 


A parabola with vertical axis and vertex (2, 3) has equation y — 3 = a(x — 2)”. Since it passes through (1; 5), we have 


5—3=a(1—2)? = a=2,soanequation is y — 3 = 2(x — 2)”. 


The ellipse with foci (2-2, 0) and vertices (4-5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 


ay? 
so b? = a? — c = 25 — 4 = 21. An equation is 5= + 37 = 1. 


Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2) and (0,6) 


—)? — 42 
are 2 units from the center, so c = 2 and b = Va? — c? = VE — 22 = 4/12. An equation is ey + (y—4) =] > 


a? 
E . (y—4) 
prp €^ 
2 EV. 
An equation of an ellipse with center (—1, 4) and vertex (—1, 0) is erm = sa = 1. The focus (—1, 6) is 2 units 
2 EV 
from the center, so c = 2. Thus, b? + 22 = 4? => 6? = 12, and the equation is er + wy =1. 
a? y? 
. An equation of a hyperbola with vertices (+3, 0) is a p 1. Foci (+5,0) = c=5and3? +b =5? = 
a? oy? 
b? = 25 — 9 = 16, so the equation is s u 1 


. The center of a hyperbola with vertices (—3, —4) and (—3, 6) is (—3, 1), so a = 5 and an equation is 


ESL 2 . : 
(y^ EEEL — 1. Foci (-8,—7) and (-3,9) = c=8,s05°+b?=8? => b’ = 64-25 = 39 and the 


_4)2 2 
equation is oy eer =1. 


25 39 
i gc y? 
The center of a hyperbola with vertices (+3, 0) is (0, 0), so a = 3 and an equation is a” m T. 
b , ae we y 
Asymptotes y = +22 => = 2 => b= 2(3) =6 and the equation is 4d 3s" 1. 


. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 


a — c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 
(a — c) + (a + c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and (a + c) — (a — c) = 2c = 314 — 110, 
2 2 


= B cu a E und ec LEM or, y eu 
or c — 102. Thus, b^ — a^ —c 3,753,196, and the equation is 3,763,000 * 3,753,196 196 JL. 


(a) Set up the coordinate system so that A is (—200, 0) and B is (200, 0). 


PA| — |PB| = (1200)(980) = 1,176,000 ft = 2259 mi=2a = a = 1229, and c = 200 so 
11 11 


. 8,339,375 1212? 121 — — 


T -- — 5 — ae 
121 1,500,625 3,339,375 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 
www.elsolucionario.net 


30 


53. 


59. 


.a?-4py > 2r-4py > y= e so the tangent line at (zo, yo) is 


O CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


(121)000? . 1215 . 133,575 


1500025 ~ 3339375 | ^7 Y= ggg ^ 248 mi 


(b) Due north of B = x = 200 
The function whose graph is the upper branch of this hyperbola is concave upward. The function is 
y = f(z) 2a 145-2 ; V8 22, so y = ga (b +27) 1/2 and 


= A (a +2?) 1? — x? (b? ja = ab(b? + z?)-9/? > 0 for all z, and so f is concave upward. 


2 2 
(a) If k > 16, then k — 16 > 0, and F + E z Tí 1 is an ellipse since it is the sum of two squares on the left side. 
g? y! 
(b) If 0 < k < 16, then k — 16 < 0, and T + i-i" 1 is a hyperbola since it is the difference of two squares on the 
left side. 


(c) If k < 0, then k — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1. 


(d) In case (a), a? = k, b? = k — 16, and c? = a? — b? = 16, so the foci are at (+4,0). In case (b), k — 16 < 0, so a? = k, 


b? = 16 — k, and c? = a? + b? = 16, and so again the foci are at (+4, 0). 


2 

y— A = » (a — xo). This line passes through the point (a, —p) on the 
aera r m 

directrix, so —p — a = 2p (a—zo) => -4p!—aà-2axo—22à «€ 


zà—2azo—4p)! 20 «€ azà—2aroa?—-a?44p? © 


(zo— a)? =a? +4p? & zo =a+ a? Ap?. The slopes of the tangent lines at z = a + \/a? + 4p? 
a + a? + 4p? 
ST =e 


, so the product of the two slopes is 


a+ Vati BY tie _@ —(a 4p) | —4p* 
2p 4p? p 
showing that the tangent lines are perpendicular. 


--1, 


2 
92? + 4y? = 36 e = + / = 1. We use the parametrization s = 2 cost, y = 3sint, 0 < t € 27. The circumference 


is given by 


= ig (dz /dt)? + (dy /dty2 dt = Dr (—2sint)? + (3cost)? dt = ^. vV/Asin? t + 9 cos? t dt 
27 V/A +5 cos? t dt 


Now use Simpson's Rule with n = 8, At = Ui d us S and f(t) = /4 + 5cos? t to get 
L z Sg = 744 [f(0) -- AP (3) + 2/ (2) + Af (82) + 2/(x) 4- 4f (32) + 2F (32) -- AF (22) + f(27)] ~ 15.9. 
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2 2 2 2 2 
zo y y c -—a - b = 
61. 2 p L 2 Bae > y to ve a*. 
2 c 
A22 b e ? d. 22 Ev 32a- © inje+ x? — a? | 


" i VEZ — a* ln |c-- VE — a | - a? In Ja|] 
Since a? + b? = c, c? — a? = b?, and Vc? — a? = b. 
= Ž [cb — a? n(c + b) +a? Ina] = à [b+ a? (na — n(o + c))] 


= b?c/a + abln[a/(b + c¢)], where c? = a? + b?. 


2 2 
63. 927 +4y? = 36 © = + T =1 = a=3,b=2. By symmetry, = = 0. By Example 2 in Section 7.3, the area of the 
top half of the ellipse is $ (ab) = 37. Solve 9x? + 4y? = 36 for y to get an equation for the top half of the ellipse: 


927 +4y?=36 & 4y?=36-927 & y?=$(4-2?) = y=$3V4—27. Now 


b 2 2 2 
y- Lf iue a- S (VF) a= f 0-a 


3a 
j P 2 3 isl" s716X 4 
-—.2 4—2°) dx = —|4r—- =—|(—)=- 
iad Si cial aaa x | 3° |, 42 V3) = 
so the centroid is (0, 4/7). 
2 2 / 2 
i "Eme +2 2 b 
65. Differentiating implicitly, 5 + 5 zl = = 4 ^c mÜ > y= s [y # 0]. Thus, the slope of the tangent 
. . b^, : yi e yı 
line at P is -—,—. The slope of F; P is and of FP is . By the formula from Problems Plus, we have 
a*yi gite sr =g 
yi b? , 
unan Ate cns ayi +b ai(ai+e) _ a?) + bear using bx? + a?y2 = a2b?, 
bru a?yi (21 + c) = b?ziyi eriy + a?cyı and a? — b? = ¢? 
ay (x1 +c) 
_ P(t) ws 
^ eyi(ca1 +a?) ey 
- Pn n 
Baia ayı  zi—c _ —a?y? — bi(zi- c) e —a?b? + ber: z bP (cai—a?) _ 
-" 221 a?yı (£1 — co) -Pziyi — zin —a?cyi cyi(cri—a?) — cy 
a?yi(z1 — c) 
Thus, a = £. 
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10.6 Conic Sections in Polar Coordinates 


1. The directrix x = 4 is to the right of the focus at the origin, so we use the form with “+ e cos 0" in the denominator. _ 


ed 1.4 4 
ri i TNI ea EE. ENTER, i a 
(See Theorem 6 and Figure 2.) An equation is r l-ecosó 14 lcosÓ  2+cosô 


3. The directrix y = 2 is above the focus at the origin, so we use the form with “+ esin 0" in the denominator. An equation is 


ed 152 6 


"7C l-cesnü 1+15sn0 2+3sn0 


5. The vertex (4, 37/2) is 4 units below the focus at the origin, so the directrix is 8 units below the focus (d = 8), and we 
use the form with *— esin 0" in the denominator. e = 1 for a parabola, so an equation is 


"Uu NEM NNNM 
^ 1l—esinü 1-—1sinÜ 1 -sin@’ 


7. The directrix r = 4sec 0 (equivalent to r cos 0 = 4 or x = 4) is to the right of the focus at the origin, so we will use the form 
with “+ e cos 0" in the denominator. The distance from the focus to the directrix is d = 4, so an equation is 


ed i(4) X 4 


Li 


E 4 1/5 __ 4/5 E BE i 
S oV TEES DEC 1-1.) eec pudet g z d=1. 


(a) Eccentricity — e — $ 
(b) Since e = $ « 1, the conic is an ellipse. 


(c) Since “— esin 0" appears in the denominator, the directrix is below the focus 


at the origin, d = |F'l| = 1, so an equation of the directrix is y = —1. 


(d) The vertices are (4, ) and (3, $2). 


TITRES MR. NE 


34336 1/3 13 lene? eee landed— 3 > d 


Coto 


(a) Eccentricity = e = 1 
(b) Since e — 1, the conic is a parabola. 
(c) Since *-- esin 0" appears in the denominator, the directrix is above the focus 


at the origin. d = |F| = $, so an equation of the directrix is y = 2. 


(d) The vertex is at (2, $), midway between the focus and directrix. 
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9 16 3/2 


——L-——,wheree — landed— 3 > d=8. 
6-L2cos8 1/6 14 lcos0 |... 3 . 3 


(a) Eccentricity = e = ¿4 
(b) Since e = à < 1, the conic is an ellipse. 
(c) Since “+e cos 0 " appears in the denominator, the directrix is to the right of 


the focus at the origin. d = |F']| = 2, so an equation of the directrix is 


nic 


c= 


(d) The vertices are (2,0) and (2, 7), so the center is midway between them, 


that is, (3,7). 


3. 1/4 8/4 


. = ————À ES = 3 = 
ita 1/4 Ta 2cos Where e 2anded=5 => d 


15. r= 


wlw 


(a) Eccentricity = e = 2 

(b) Since e = 2 > 1, the conic is a hyperbola. 

(c) Since “—e cos 0" appears in the denominator, the directrix is to the left of 
the focus at the origin. d = | F'l| = $ so an equation of the directrix is 
fz—. 

(d) The vertices are (—2, 0) and (1, 7), so the center is midway between them, 


that is, (3,7). 


l "EN = = a . 
1-251 5: Where e = 2anded=1 = d= s. The eccentricity 


- M r= 
e = 2 > 1, so the conic is a hyperbola. Since “esing” appears in the 
denominator, the directrix is below the focus at the origin. d = |Fl| = 4, 


so an equation of the directrix is y = —3. The vertices are (—1, =) and 


(3, 3£), so the center is midway between them, that is, (2, =). 


(b) By the discussion that precedes Example 4, the equation 


1 
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19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. As e 
increases, the graph is stretched out to the right, and grows larger (that is, its 


right-hand focus moves to the right while its left-hand focus remains at the 


origin.) At e = 1, the curve becomes a parabola with focus at the origin. 


21. |PF|=e|Pl| = r-e[d—rcos(r —0)] = e(d--rcos0) > 
l ed 


r(1 — ecos ĝ) = ed = "c | 


23.|PF|=e|Pl| > r=eld—rsin(@—7)]=e(d+rsind) = 
ed 


r(l—esind)=ed > duh m 


25. We are given e = 0.093 and a = 2.28 x 10°. By (7), we have 


| a(l—e?) _ 2,28 x 108[1 — (0.093)?] | 2.26 x 108 
^ 1+ecos0 — 1 + 0.093 cos 0 ~ 1--0.093 cos 8 


27. Here 2a = length of major axis = 36.18 AU = a — 18.09 AU and e = 0.97. By (7), the equation of the orbit is 


. 1809[1—(0.97?] _ 1.07 


— 18.09(1 — (0.97)"] J ^ 107 — : , th s 
14 0.97 cos 140.97 cosó By (8), the maximum distance from the comet to the sun is 


18.09(1 + 0.97) e 35.64 AU or about 3.314 billion miles. 


29. The minimum distance is at perihelion, where 4.6 x 10' = r = a(1— e) = a(1— 0.206) = a(0.794) => 
a = 4.6 x 107/0.794. So the maximum distance, which is at aphelion, is 
r = a(1-- e) = (4.6 x 107/0.794) (1.206) ~ 7.0 x 10" km. 


31. From Exercise 29, we have e = 0.206 and a(1 — e) = 4.6 x 10” km. Thus, a = 4.6 x 107/0.794. From (7), we can write the 


‘ 1- e : 
equation of Mercury's orbit as r = a-—————.. So since 
3 — ia 1+ecos@ 


dr  a(1— e?)esin 


dð ^ (14 ecos0)? 


d el-e?  a(ü-eyesmso au-ey 
2 lI - P 2 
J +( ) = T+ ecos6)? (1 + ecos 6) emm O A OME TE 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, of duplicated, or to a pyblicly accessible website, in whole or in part. 
www.elsolucionario.ne 


CHAPTER 10 REVIEW O 35 


the length of the orbit is 


vi + e? + 2ecos0 
t= f” JF + (ar fd)? dd = alt — e Lee TORE eran df m 


~ (14ecos80? - 


This seems reasonable, since Mercury's orbit is nearly circular, and the circumference of a circle of radius a 


is 2a z 3.6 x 10? km.. 


10 Review 
CONCEPT CHECK 


1. (a) A parametric curve is a set of points of the form (x, y) = (f(t), g(t)), where f and g are continuous functions of a 
variable t. 
(b) Sketching a parametric curve, like sketching the.graph of a function, is difficult to do in general. We can plot points on the 
curve by finding f(t) and g(t) for various values of t, either by hand or with a calculator or computer. Sometimes, when 
f and g are given by formulas, we can eliminate ¢ from the equations x = f(t) and y = g(t) to get a Cartesian equation 


relating x and y. It may be easier to graph that equation than to work with the original formulas for x and y in terms of t. 


2. (a) You can find S as a function of t by calculating 4- We [if dz/dt 7 0]. 


(b) Calculate the area as f^ ydz = f. F g(t) f'(t)dt [or f3 g(t) F'(t)dt if the leftmost point is (f (8), g(8)) rather 
than (f(a), 9(a))]. l 
3. (a) L= fË V (dz[dt)? + (dy/aty? dt = (7 FOP + O at 


(b) S = fe 2ry / (da dt}? + (dy/dty dt = [7 279) VT OP + Ig OF dt 
4. (a) See Figure 5 in Section 10.3. 
(b) z —Trcos0, y = rsinó 
(c) To find a polar representation (r,0) with r > 0 and 0 < 0 < 27, first calculate r = 4/7? + y?. Then 6 is specified by 
cos @ = x/r and sin? = y/r. 
dy d 


dr\ . 
m xu S te sin @) _G sin Ó + rcos@ 
ay. -d do =% 
5. (a) Calculate * =U - 


d6 4g (9? {p (090) Nc 
(b) Calculate A = f? 1r? do = f^ 1(f(8)]? ao 


(c) L = f? /(dx/d0)? + (dy/d8)? d0 = f? \/r? + (dr/d0)? do = f? IFON + FO do 


6. (a) A parabola is a set of points in a plane whose distances from a fixed point F (the focus) and a fixed line I (the directrix) 


, Where r = f(0). 


are equal. 
(b) z? = 4py; y? = 4pz 
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7. (a) An ellipse is a set of points in a plane the sum of whose distances from two fixed points (the foci) is a constant. 
2 2 ` 
T y 
Ou tz-a-l 


8. (a) A hyperbola is a set of points in a plane the difference of whose distances from two fixed points (the foci) is a constant. 


This difference should be interpreted as the larger distance minus the smaller distance. 


2 2 
x y 
ud. Pg 
E ms 


a aie qu EN 


9. (a) If a conic section has focus F and corresponding directrix J, then the eccentricity e is the fixed ratio |PF| / | Pl] for points 


P of the conic section. 
(b) e < 1 foran ellipse; e > 1 for a hyperbola; e = 1 for a parabola. 


ed . ed 


UE EI wp ed ed 
lesa 7 ^ ATS IZ eco tT 


e T a E 


Qed 


TRUE-FALSE QUIZ 


1. False. Consider the curve defined by z = f(t) = (t — 1)? and y = g(t) = (t — 1)”. Then g' (t) = 2(t — 1), so g'(1) = 0, 


but its graph has a vertical tangent when t = 1. Note: The statement is true if f'(1) A 0 when g'(1) = 0. 


3. False. For example, if f(t) = cost and g(t) = sint for 0 € t < 4r, then the curve is a circle of radius 1, hence its length 


is 27, but E [F (OP + [g (t)]? dt = , ~ V/ (^ sin t)? + (cost)? dt = E 1 dt = 4r, since as t increases 


from 0 to 47, the circle is traversed twice. 


5. True. The curve r = 1 — sin 26 is unchanged if we rotate it through 180° about O because 
1— sin2(0 + 7) = 1 — sin(20 + 27) = 1 — sin 20. So it's unchanged if we replace r by —r. (See the discussion 


after Example 8 in Section 10.3.) In other words, it's the same curve as r = —(1 — sin 20) = sin 20 — 1. 


7. False. — The first pair of equations gives the portion of the parabola y = x? with z > 0, whereas the second pair of equations 


traces out the whole parabola y = x”. 


9. True. By rotating and translating the parabola, we can assume it has an equation of the form y = cz?, where c > 0. 
The tangent at the point (a, ca?) is the line y — ca? = 2ca(v — a); i.e., y = 2cax — ca?. This tangent meets 
the parabola at the points (z, cz?) where cz? = 2caz — ca?. This equation is equivalent to x? = 2ax — a? 


2 


[since c > 0]. Butz? = 2ar—a? & 2?-—2ar+a*?=0 & (r-a)?=0 & z—-a & 


(x, cx?) = (a, ca?). This shows that each tangent meets the parabola at exactly one point. 
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EXERCISES 


1.2=t?+4t,y=2-t,-4<t<1t=2-y,s0 
(0, 6), t— —4 


z= (2—y)?+4(2—y) =4-— 4y +y? +8-—4y=y?-8y4+12 © 
r +4 =y? — 8y +16 = (y — 4)?. This is part of a parabola with vertex 
(—4, 4), opening to the right. 


3. y = secÓ = $ = 1 since 0 < 6 < /2,0<2<1andy>1. y 
cosÜ c 


This is part of the hyperbola y = 1/z. 


' (1,1), 8—0 


5. Three different sets of parametric equations for the curve y = Vx are 
()r=t, y— Vt 
Gi) c=tt, y =t? 
(iii) z = tan?t, y = tant, 0x t< r/2 
There are many other sets of equations that also give this curve. 


The Cartesian coordinates are v = 4cos 2 = 4(—1) = —2 and 


y = Asin 2 = (X3) = 2 V8, that is, the point (—2, 2 V3). 


(b) Given z = —3 and y = 3, we have r = ,/(—3)? + 3? = V18 = 3 V2. Also, tan 0 = x “=> tand= 3. and since 


(—3, 3) is in the second quadrant, 9 = ag. Thus, one set of polar coordinates for (—3, 3) is (3 /2, 5), and two others are 
(3 V2, 4) and (—3 V2, 72). 


9. r = 1 — cos 0. This cardioid is 


symmetric about the polar axis. 
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11. r = cos 36. This isa 
three-leaved rose. The curve is 


traced twice. 


13. r = 1 + cos 20. The curve is 
symmetric about the pole and 


both the horizontal and vertical 


axes. 


3 


16. = Fad 


=> e=2>1,s0theconicisahyperbola.de—3 = 


d = 3 and the form “+2 sin 0" imply that the directrix is above the focus at 


the origin and has equation y = 3. The vertices are (1, Ẹ) and (—3, 3). 


2 


2x+y=2 & rcosÓ-Frsinü—2 & r(cos0 --sin0) =2 PUITS 


19. r = (sin0)/0. As0 — +00, r — 0. 
As 0 — 0, r — 1. In the first figure, 


there are an infinite number of 


z-intercepts at x = TN, n a nonzero 


integer. These correspond to pole 


points in the second figure. : 


7075 


dy dr 1 dy — dy/dt 2t 
.2— = 2. paT ee S e ey BO — — 90. 
21. 2=Inty=14+t;t=1 dt 2t and dt p?» i Jä ^ 3t t 


When £ = 1, (x,y) = (0, 2) and dy/dx = 2. 


232r — e^ => y=rsind = e’ sinb and z = rcosó =e °cosd > 


dy  dy/dó _ Gsind+rcosd ^ —e "sinó-Fe "cos0 —e" _ sinp — cos0 
dr  dz/dÓ  d5cos0ü—rsinó | —e-?"cos0 —e-?sinü —e?  cos@+sind 
end ow, 2E SSE 28 ue oa 


dz - 30 —i 
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E š < dy _ dy/dt _ 1+sint 
25. z = t+ sint, y =t— cost > ds dd lee 


d (2) (1+ cost) cost — (1 + sin t)(— sint) 


d^y — dt Vdr] (A+ cost)? cost-rcos't-Fsint-Fsin't — 1-- cost -- sint 
dz?  dz/d — 1 +cost (1 + cost)? ~ (1-cost)? 


27. We graph the curve x = — 3t,y =? +41 for —-2.2 <t< 1.2. 4 
By zooming in or using a cursor, we find that the lowest point is about 


(1.4, 0.75). To find the exact values, we find the t-value at which 


dy/dt =2t+1=0 & t--i e. (z,y) = (3,3). 


29. x = 2acost—acos2t => & = —2asint + 2asin 2t = 2asint(2cost — 1) =0 e 


sint = 0orcost=4 > t=0,4,7,or F. 


y —2asint —asin2t > AY — 2acost — 2a cos2t = 2a(1 + cost — 2cos?t) = 2a(1 — cost)(1 + 2 cost) = 0 = 


t=0, 2t or 5f. 


Thus the graph has vertical tangents where t = Ẹ, m and 57, and horizontal tangents where t = 2 and Z, To determine 


lim dy/dt 


+% da/dt ^ 0, so there is a horizontal tangent there. 


what the slope is where t = 0, we use l'Hospital's Rule to evaluate 


0 
z 
3 
2x 
3 
T 
Ax 
3 
5r 
3 


31. The curve r° = 9 cos 50 has 10 “petals.” For instance, for —15 <0 < f there are two petals, one with r > 0 and one 
with r < 0. 


A — 10 S7 io 1r? dd = 5 [7/75 9 cos50 d = 5-9-2 fg” cos 50 dd = 18[sin56]; ^^ = 18 


33. The curves intersect when 4cosð =2 => cosó— à => 0=+5 


for —r < 0 < m. The points of intersection are (2, 4) and (2,—4). 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


www.elsolucionario.net 


40 [J CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


35. The curves intersect where 2sin 0 =sin@+cos@ => 
sinü —cos0 >@= 4, and also at the origin (at which 0 — a 
on the second curve). 


= f^^ 1(2sin0)? dð + 37/4 1 (sin 0 + cos 0)? dO 
n/4 2 


= (r^ (1 — cos 20) do + à f27/* (1+ sin 20) do 
37/4 r —2sin 0 r= sin 0-- cos 6 


= [6- 1 sin 20]7/^ + + [$0—- 3 cos 26] 7, = 3(7-1) 


37. £ = 3t?, y 220. 
= fy V (dz./dty? + (dy/dt)? dt = f° /(6t)? + (62? dt = f? V36? Tu dt = f? V36t VI +Ë dt 
= fo 6lt| VIFPdt=6 fe tVitPdt=6 ff u? (idu)  [u=1+t; du = 2ta] 
5 
=6-4 E = 2(59/3 — 1) = 2(5 /5 — 1) 


39. L = f?" \/r? + (dr/d0y? do = f?" \/(1/0)? + (—1/6")? ao = 4 ces 1 qg 


2n 
/9à |p? 4 Jan? + Jan? + 
ml 0 NL _ VE +l Ar e(t 4m t) 
0 T EL EM T V/re+1 


2yr +] e^t NON ) 
t+ Vn? +1 


3 


t 1 
M.c=4vt, you up 1<t<4 > 


= ff 2ny / (d/d) + (dy/dt)? dt = f? 2s (3 + 11?) J (2/ t)" + (t2 — t-3)2 at 
= 2n f? (38 + 47?) FBP dt = 2n f (t + 8 + 109) d = Oe [Ri + Bt — be] = Sa 


43. For all c except —1, the curve'is asymptotic to the line x = 1. For 
c < —1, the curve bulges to the right near y — 0. Asc increases, the 
bulge becomes smaller, until at c = —1 the curve is the straight line x = 1. 
As c continues to increase, the curve bulges to the left, until at c = 0 there 
is a cusp at the origin. For c > 0, there is a loop to the left of the origin, 


whose size and roundness increase as c increases. Note that the x-intercept 


of the curve is always —c. 
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CHAPTER10 REVIEW O 4 


2 42 
45. > re E = 1 is an ellipse with center (0, 0). 47. 6y? +x — 36y +55 =0 © 
M... aes 
RET. 6(y di: (r--1) € 
foci (+1, 0), vertices (+3, 0). (y — 3)’ = —$(z + 1), a parabola with vertex (—1,3), 
opening to the left, p — —3; = focus (—22,3) and 
directrix z — -2. 


49. The ellipse with foci (+4, 0) and vertices (+5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 4, 


n a? y 
so b? = a? — c? = 5? — 4? = 9. An equation is — + — = 1. 
25 9 
yos 
51. The center of a hyperbola with foci (0, +4) is (0, 0), so c = 4 and an equation is ae L 


The asymptote y = 3z has slope 3,so € = 2. = a=3banda?+¥=c? > (3b? +e =42 => 


2 2 
10b? =16 = b = $} and soa? = 16 — £ = 2. Thus, an equation is ~— te 000 i 


72/5 8/5 m 


or 
wv 
ll 
a 


53. z^ = —(y — 100) has its vertex at (0, 100), so one of the vertices of the ellipse is (0, 100). Another form of the equation of a 
parabola is z? = 4p(y — p so 4p(y — 100) = —(y — 100) = 4p=-1 = p=-—4. Therefore the shared focus is 


found at (0, 399) so 2c = 329 —0 = c= 33? and the center of the ellipse is (0, $99). So a = 100 — 399 — 4% and 
401? — M i (y— 328)? a? (y— 398)? 
+ See Nt PENIS a 5.0 sie. es s+ 4s - 
b =a ce g — 25. So the equation of the ellipse is a Sd 3 L 25 + (=) =1, 
8 
2 2 
z^ (8y — 399) 
— ++ =l. 
o 35 + 160,801 
d 4 
b i i = = A, = 1 = — = ————. 
55. Directrix z —4 => d soe=3 > r eai lance 
R ' " 3ti EA 
57. (a) If (a, b) lies on the curve, then there is some parameter value tı such that 1-8 — a and ir zb. Ift — 0, 
1 1 


the point is (0, 0), which lies on the line y = x. If t; 4 0, then the point corresponding to t = > is given by 
by 


3(1/t1) 31 3(1/t1)? 3t p 
= See e = = — Em m =a. So (b,a) also ; 
f= 77 ü/h) ^ 841 b, y 1+0 ^ 841 a. So (b, a) also lies on the curve. [Another way to see 
this is to do part (e) first; the result is immediate.] The curve intersects the line y = z when st = E 
1-13 14-13 


t=t? = t=O0orl1,so the points are (0,0) and (2, 3). 
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42 O CHAPTER10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


E t*)(6t) — - at! (302) 6t — 31* 


T= (+6 —fgy Owner = Ht (2—2)20 = t=Oort= 12, so there are 


(b) 2 
horizontal tangents at (0, 0) and (4/2, 4/4). Using the symmetry from part (a), we see that there are vertical tangents at 
(0,0) and (4/4, V2). 


(c) Notice that as t —^ —1*, we have 2 — —oo and y — oo. As t — —17, we have x — oo and y — —oo. Also 


3t--30 + (1+6) (+1)? (t1? 


y—(-z—1)2y-c-cz4-1- 148 = 1+8 cia] | OMe eh eye Line 
slant asymptote. 
ede (1+t*)(3) — 3t(3t?) | 3-68 dy  6t—3t dy  dy/dt  t(2—19) 
(d) a 4 8y = xy and from part (b) we have — di =e” de =B 1-38 


: rd 
dy dt\dz/  2040y 1 
Also — dz? ~~ ied = 3(1 — 2588 50 & pE Vy 


So the curve is concave upward there and has a minimum point at (0, 0) 
and a maximum point at (V2, vA). Using this together with the 


information from parts (a), (b), and (c), we sketch the curve. 


er ae E se quiae area) ar? - 
Li = 1-8) ^ 0489 (+PP (FPP 


3t 3t? 27t? 
3ry = (S) GRE) - Sew +y’ = 3xy. 
(f) We start with the equation from part (e) and substitute z = r cos 8, y = rsin. Then z? +y? =32y => 


3 cos sin 0 


UL SH Dividing numerator and denominator 
cos? 0 + sin" 0 


r? cos? 0 + r? sin? 0 = 3r? cos 0 sin 0. For r Æ 0, this gives r = 


Je E 

cos0 / cos? — 3sec@ tand 
sin!d . l-tan?0 ' 
cos? 6 


by cos? 6, we obtain r = 


(g) The loop corresponds to 0 € (0, 2), so its area is 


n ud 7/? /3sec0 tan 0 \? 9 [7/? sec? 0 tan? 8 9 [^ udu 
i l-ctan*0 ut —sa:406—5]| T. [tu = tend 
A= ds $34 Ti ( 1 + tan? 6 ) dé Ji (1 + tan? DE dé 2 : ü TuS [letu tan ] 


(h) By symmetry, the area between the folium and the line y = —z — 1 is equal to the enclosed area in the third quadrant, 


plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is E and since y = —7—1 > 
rsin@ = —rcosó — 1 > r= — — the area in the fourth quadrant i is 

sin 0 + cos 6’ 
T f" 1 " 3sec tan CAS 1 3 
Fam (Ca) = (eses moy do = ; Therefore, the total area is 5 + 2(3) = $. 
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[] PROBLEMS PLUS 


t t gi t d t 
1. g= h = du, y = i Ea du, so by FTCI, we have a = SS and S = met Vertical tangent lines occur when 
1 u 1 u dt t dt t 
F =0 4 cost=Q. The parameter value corresponding to (x, y) = (0, 0) is £ = 1, so the nearest vertical tangent 


occurs when = 3. Therefore, the arc length between these points is 


(y (3) M üt,  f't d. v/À om 
L= a] (x) (2) d= rai 2 Sra-[ > ~ [hat]; =l 5 


3. In terms of z and y, we have « = r cos 8 = (1 + csin 0) cos = cos 0 + csin 0 cos @ = cos 4- $csin 20 and 
y =rsin@ = (1-- csin0) sin = sinf + csin^. Now —1 «sind <1 = —1 < sinô + csin? 0 < 1-- c € 2, so 
—] < y € 2. Furthermore, y = 2 when c = 1 and 6 = $, while y = —1 forc = 0 and 6 = 3 . Therefore, we need a viewing, 
rectangle with —1 < y < 2. 
To find the z-values, look at the equation z = cos 4- icsin 20 and use the fact that sin 20 > 0 for 0 < 0 < 5 and 
sin 20 < 0 for —5 < 0 < 0. [Because r = 1 + csin 6 is symmetric about the y-axis, we only need to consider 
—% <0 < §.] So for —F < 0 < 0, x has a maximum value when c = 0 and then x = cos Ó has a maximum value 
of 1 at 0 = 0. Thus, the maximum value of z must occur on [0, 2] with c = 1. Then z = cos + 1sin20 => 


dz = —sin 0 + cos20 = —sin@ + 1 — 2sin? 0 > $6 = —(2sin 0 — 1)(sin6 + 1) = 0 whensinó = —1 or 3 


[but sin 9 # —1 for 0 < 0 < 3]. Ifsin@ = 4, then 0 = Ẹ and 21 = 


x= cos £ + 4 sin 4 = 3,/3. Thus, the maximum value of z is $ 3.3, and, \ | " 
J| - 


by symmetry, the minimum value is -i /3. Therefore, the smallest 


viewing rectangle that contains every member of the family of polar curves g 16 
r = 1 + csin&, where 0 < c < 1, is [-$ 3, 3/3] x [71,2]. | c=} 


2 2 


5. Without loss of generality, assume the hyperbola has equation = om 


po 1. Use implicit differentiation to get 


/ 2 2 
= — —- —0,soy'— oe The tangent line at the point (c, d) on the hyperbola has equation y — d = us (z — c). 
a 


ife 
The tangent line intersects the asymptote y = iz when 2s d= “S(e- c) = abdr—-@@ =bcr -bP > 
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242 2,2 ; 
EET . ad —bc' _ ad+be E , bad+bc _ ad-bc 
abdz —b'cz = ad '—bc => E cm dE cH and the y-value is a y URL 
Similarly, the tangent line intersects y = -2r at (= T n si- £), The midpoint of these intersection points is 
lfad+be bc—ad\ 1/ad+bc . ad — bc _ {12be 12ad\ _ A 
G- 5 )st ^ + ^ )) = (5 b IJ — (oc, d), the point of tangency. 


Note: If y — 0, then at (+a, 0), the tangent line is z = +a, and the points of intefsection are clearly equidistant from the point 


of tangency. 
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11 O INFINITE SEQUENCES AND SERIES 


11.1 Sequences 


1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers, 
(b) The terms an approach 8 as n becomes large. In fact, we can make an as close to 8 as we like by taking n sufficiently 
large. 


(c) The terms an become large as n becomes large. In fact, we can make an as large as we like by taking n sufficiently large. 


3. an = an so the sequence is " XM NE MEM ONE A 10 Andy 23 5 5 
dio m T’ 3 Iri £1'941'1]41'208440 r BE iPIBp 


5 Ed so the sequence is CP a OC S — 
—C 1 Bl’ 62753’ 5955 f  15' 25'125' 625'3125 "fn 


7 = L1 LL. 50 the sequence is Os Ae et, 1 

= m q 2P 3P AP BP er 2° ©’ 24’ 120 720 

9. aı = l, @n41 = 5an — 3. Each term is defined in terms of the preceding term. a» = 5aı — 3 = 5(1) — 3 = 2. 
a3 = 5a2 — 3 = 5(2)— 3 = 7. a4, = 5a3 — 3 = 5(7)— 3 = 32. as = 5a4 — 3 = 5(32) — 3 = 157. 


The sequence is {1, 2, 7, 32, 157, ...}. 


an ai 2 2 Q2 2/3 2 Q3 2/5 2 

11. z2 = i = = —— = —, = = —— = =. = — == 

«edes; "OLLR LA T " Là 14983 (o7 Lbe ee T 
a4 2/7 


= A The sequence is (2, 2,2, 2,2,...}. 


1 


13. (1,3, 1,1, 5,...). The denominator of the nth term is the nth positive odd integer, so an = a 
n — 


18. [—3,2, —$, 2, 25. The first term is —3 and each term is —2 times the preceding one, so an = —3(—2)" 
3°9 27 


1f. LR -$ i 2, —16, 2. i The numerator of the nth term is n? and its — is n + 1. Including the alternating signs, 


we get an = (— ge 
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46 (©) CHAPTER11 INFINITE SEQUENCES AND SERIES 


19. " 
0.5 sae *' » ee 
It appears that lim a, = 0.5. 
: n — (35)/Ón — $ B5 1 
28 +6n |— n. (1+6n)/n — oe 1/fn+6 6 2 
21. 
1 
: 2 
3 
4 
5 i 
6 It appears that lim an = 1. 
T lim (1+ (-1)") = lim 1+ lim (-3) 214-0 — 1 since 
8 n—o00 "n—oo n-—oo iá 
9 lim (-3)" = 0 by (9). 


10 


23. an = 1—(0.2)",so lim a, = 1 — 0 = 1 by (9). Converges 
n—co 


_ 345n? _ (34+5n?)/n?  543/m? 5+0 _ 
25. an = kw inse [41/4 60 d 1n =5asn— oo. Converges 


27. Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 


lim an = lim e!/" = elimn—co(l/™) — €? = 1, Converges 


n-—oo n—oo 
Qn A : (2nm)/n ‘ 2n Qn r, P a x 
29. If b, = jg, hem im bn — EN irinn = lim ints oi dri Since tan is continuous at 7, by 


> 2nr " 2n T 
Theorem 7, m tan(5 i is) — tan (tim, 14 z) = tan FA 1. Converges 


n? n? n3 vn 
31. an = —— = —M—ÉÓÓÉÓ— = —— M ——, S0 dn as co since lim = oo and 
Vera Jean fire oom HO, sn 


33. lim |a,| = lim = 
nm— oo n 


(0) = 0,so lim an = 0 by (6). Converges 
n—oo 
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35. 


37. 


4. 


43. 


47. 


51. 


55. 


57. 


SECTION 11.1 SEQUENCES O 47 


an = cos(n/2). This sequence diverges since the terms don't approach any particular real number as n — oo. 
The terms take on values between —1 and 1. 
N OMNEM e ae HEEL QI RENS Converges 
an= Qn 1)  Qn-c1)n)2n-1)  (2n41)2n) i "B 
pet ge Ll Bas -2 n_ p n_ 
l hr m a cum — Oas n — oo because 1 + e ^" — lande" — e^" — oo.  Converges 
WT NN um ke PH OH onu Wu. 2 j i 
an = n^e^" = —. Since lim — = lim — = lim — = 0, it follows from Theorem 3 that lim an = 0. Converges 
en z—oo e7 r—oo et r—0oo e* n—oo 
co?n > 1... M ga r diu db cos?n 
0< > < = [since 0 € cos^n <1], so since Jim, AR 0, ~zn f Converges to 0 by the Squeeze Theorem. 
E . sin(1/m) " sin(l/z) _ sint = ET ; 
. dn = nsin(1/n) = — Ta Since Jim Us um £3 [where t = 1/z] = 1, it follows from Theorem 3 
that {an } converges to 1. 
y= (i42) = my = zi (1+2), 50 
T T 
— i. 
! .. hnn(14-2/z) n ,, 14 2/zr x ; 
= — — | lim Ó€——— ÀMÓ———— — S 
im Iny im, 1/x z—2oo —1/z? Jim. 1-4 2/z 2 
2 E id 2 nm 
lim (1 + 2) = lim e" = e?, so by Theorem 3, lim (: + =) — e, Converges 
T— 00 ^ rz—oo n-oo n 


n? +1 


2 2 
. an = In(2n? + 1) — n(n? + 1) = (Es — ln (as) — ln2asn — oo. Converges 


1+1/n? 
a, = arctan(Inn). Let f(x) = arctan(In z). Then Jim. f(x) = $ since ln z — oo as x — oo and arctan is continuous. 


Thus, lim an = lim f(n) — $. Converges 
n-—oo T—oo 


. {0, 1,0,0, 1, 0,0,0, 1, . . .} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to 


either one (or any other value) for n sufficiently large. 


n! 1 2 3 (n—1) n. 1 n n " 
wie md OG LEGE ZEMME L— BU. [for n » 1] = J 7 3SN oo, so {an} diverges. 
2 From the graph, it appears that the sequence converges to 1. 
((—2/e)") converges to 0 by (7), and hence {1 + (—2/e)"} 
converges to 1 +0= 1. 
0 21 
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8, à! From the graph, it appears that the sequence converges to 3. 


As n — oo, 


_ [3+2 — [3/n? 42 + PE- f- 
8? *n \ 8+i/n 8+0 V4 2 
so lim an = 3. 


21 


© 


2 
6. 2? From the graph, it appears that the sequence {an } = um is 


NUT divergent, since it oscillates between 1 and —1 (approximately). To 
2 

0 21 Prove this, suppose that {an } converges to L. If ban = 1 re "UL then 

2 


{bn } converges to 1, and Jim = = i- = L. But 2? p. 7 C09", 80 


lim 2". does not exist. This contradiction shows that {an} "np 


n= Un 


63. 1 From the graph, it appears that the sequence approaches 0. 
oca, L35 n= 1 3 5 2-1 
mS (2n)" ~ 2n 2n 2n 2n 
Sot sre (ps ta iae e 


0 10 


65. (a) an = 1000(1.06)" = a; = 1060, a2 = 1123.60, a3 = 1191.02, a4 = 1262.48, and as = 1338.23. 


(b) lim an = 1000 lim (1.06)", so the sequence diverges by (9) with r = 1.06 > 1. 


67. (a) We are given that the initial population is 5000, so Po = 5000. The number of catfish increases by 8% per month and is 
decreased by 300 per month, so P; = Po + 8% Po — 300 = 1.08P; — 300, P; = 1.08P, — 300, and so on. Thus, 
Pa = 1.08P,—1 — 300. 
(b) Using the recursive formula with Po à 5000, we get P, = 5100, Pz = 5208, P = 5325 (rounding any portion of a 
catfish), Pa = 5451, Ps = 5587, and Ps = 5734, which is the number of catfish in the pond after six months. 


69. If |r| > 1, then (r^) diverges by (9), so {nr”} diverges also, since |nr"| = n|r”| > |r" |. If |r| < 1 then 


‘ à " Z Ha 1 " pz i 
lim zr^ — lim = lim ————— = lim —— -0,so lim nr” = 0, and hence (nr") converges 
z—oo0 r—oo T-?* r—oo (— lnr) p~z z—co — lnr n—oo * 


whenever |r| < 1. 
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71. 


73. 


75. 


79. For 


81. 


83. 


+ an = 


SECTION 11.1 SEQUENCES O 49 


Since {an } is a decreasing sequence, an > an+ı for all n > 1. Because all of its terms lie between 5 and 8, {an } isa 
bounded sequence. By the Monotonic Sequence Theorem, (a; ) is convergent; that is, {an ) has a limit L. L must be less than 


8 since {an ) is decreasing, sò 5 € L < 8. 


1 1 1 


is decreasing since an41 = 3031 13 "EOD < UTE 


diss = a for each n > 1. The sequence is 


—. 
2n 4-3 


bounded since 0 < an < + forall n > 1. Note that a; = + 


The terms ofan = n(—1)" alternate in sign, so the sequence is not monotonic. The first five terms are —1, 2, —3, 4, and —5. 


Since lim |an| = lim n = oo, the sequence is not bounded. 
n-oo n-—oo 


(à41)(1-2z(22) | 1-2 £i 
(2-15 (a? +1)? = 


~ rf (2) = 


1 defines a decreasing sequence since for f(a) = 


n? 21i 


for z > 1. The sequence is bounded since 0 < an < i for all n > 1. 


{v2 V2 V2, V2 V2 v2, .. II = 91/2 ao = 23/4 qq = 27/8... so an = 20" -0/2^ = g1-Q/2"). 


Hie say = TE LU NE NES 


n—oo noo 


Alternate solution: Let L — lim. Qn. (We could show the limit exists by showing that {an} is bounded and increasing.) 


Then L must satisfy L = /2-L > I?-—2L => L(L—2)=0. L + since the sequence increases, so L = 2. 


a; —1,0241 —3— - We show by induction that {an ) is increasing and bounded above by 3. Let P, be the proposition 


n 


that dn41 > an and 0 < a, < 3. Clearly Pj is true, Assume that Ph is true. Then an-ı > an => 


Qn4-1 Qn 


1 1 1 1 " "M" . 
— > ——. Now an+2 = 3 — »3—— —asa € Pry. This proves that {an } is increasing and bounded 
Qn+1 On Qn--1 an 


above by 3, so 1 = a; < an < 3, that is, {an} is bounded, and hence convergent by the Monotonic Sequence Theorem. 

If L = lim ap, then lim any1 = L also, so L must satisfy L—3—1/L > L?-3L4+1=0 > L= 34%, 
n—oo n—oco . 

But L > 1, so L = 255, 


(a) Let an be the number of rabbit pairs in the mth month. Clearly a1 = 1 = ag. In the nth month, each pair that is 
2 or more months old (that is, Gn—2 pairs) will produce a new pair to add to the a,,_1 pairs already present. Thus, 


an = Gn—1 + Gn—2, 80 that {an } = {fn}, the Fibonacci sequence. 


fua fa fn- 1 + fn- 2 fn-2 l 1 1 T 
b) an = ŽE > ana = -7 =o =1+ -144—— = 14+ —. If L= 1 ; 
( ) s fn " $ fni Zn In fni / fn-2 id Qn-2 aes ics 
then L = lim an-ı and L = lim an—2, so L must satisfy L=1+5 => D?-L-1=0 > L=1+% 


[since L must be positive]. 
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5 
85. (a) 90 From the graph, it appears that the sequence {=} 


5 


c.a S 
converges to 0, that is, lim — = 0. 
n—oo n! 


(b) 1 i 0.03 


. y=0.1 
UP as a Cae 
0 


12.5 9:5 15.5 


0 
From the first graph, it seems that the smallest possible value of N corresponding to e = 0.1 is 9, since n®/n! < 0.1 
whenever n. > 10, but 9° /9! > 0.1. From the second graph, it seems that for € = 0.001, the smallest possible value for N 
is 11 since n°/n! < 0.001 whenever n > 12. 
87. Theorem 6: If lim. |a | = 0 then Jim — |an| = 0, and since — |an| € an € |an|, we have that Jim an = 0 by the 
Squeeze Theorem. 


89. To Prove: If lim an = 0 and {bn } is bounded, then lim (anbn) = 0. 


Proof: Since {bn ) is bounded, there is a positive number M such that |b,| < M and hence, |an] |bn| € |an| M for 


all n > 1. Lete > 0 be given. Since lim an = 0, there is an integer N such that |an — 0| < x if n > N. Then 
n—oo 


lanbn — 0| = |anba| = [as] |b.| € [an| M = |a. — 0| M < X : M =e forall n > N. Since € was arbitrary, 


lim (@nb,) = 0. 
n00 
91. (a) First we show that a > a1 > bı > b. 
2 
a; -b = 2i — ab = 3(a—2Vab+b) = 3(Va— v^) »0 [sincea>b] => a >b. Also 
a—aı =a~3(a+b) = &(a — b) > Oand b — bi = b— Vab = Vb(Vb— Ya) < 0, so a > a > bi > b. Inthe same 


way we can show that a1 > a2 > bz > b; and so the given assertion is true for n = 1. Suppose it is true for n = k, that is, 


Gk > An+1 > bia > bk. Then 
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SECTION 11.2 SERIES Oo 5 
ak42 — bk+2 = $ (a1 bii) — V/aisibiei = CE — 2 / ak+ıbr+1 + bea) = j (var — Vh). 20 
Qk4-i — Gk+2 = Ak+1 — $ (asy + be41) = I (ak+ı — bk+1) > 0, and 
bk+1 — bk+2 = deta — amabe = bei (vba - Vii) «0 2 aka > Gkp2 > bk4 > baa, 


so the assertion is true for n = k + 1. Thus, it is true for all by mathematical induction. 


(b) From part (a) we have a > an > an+1 > bn41 > bn > b, which shows that both sequences, {an} and {bn }, are 


monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 


nb 
(c) Let. lim. an = & and im b, = B. Then lim Ongi = lim "a _ => a= at? 


2a=a+8ß > a-f. 


bpn : b im Pr bp 
93. (a) Suppose {pn } converges to p. Then pa41 = TEA = Jim Pry = a+ lim p. > ps 2E > 


p +ap=bp => p(pcka—b)-0 => p=0orp=b—a. 


b 
- ps 
bpn E b Pe 
(b) pa41 = —— = PYW ue Pn Since 1 + — > 1. 
a d pn EE 
1+ " 


b b by b by b\" 
(c) By part (b), p < | 7 ) Po, p2 < pı < Po, pa < p2 < po, etc. In general, pn < a) Po 


so lim pn € Jim (2) - po = Osince b < a. dd lim r” —0 if MM 


n-—oo — co 
(d) Let a < b. We first show, by induction, that if py < b — a, then p, < b — a and pn+1 > pa. 


bpo po(b — a — po) , 
— po = ——— — ——- > 0 since po < b — a. So pı > po. 
a + po d a + po m . EOS 


For n = 0, we have pi — po = 


Now we suppose the assertion is true for n = k, that is, p. < b — a and pk+ı > pi. Then 


bpk a(b — a) + bpy — apk — bpk a(b — a — px) 
z onn Mn —A— du——ÀL em ———— ————ou--——A————ÉÉCG bec. 3 EN i 
b—a—pryi =b-a » A : ^ ^ > 0 because p < b — a. So 


bpeki _ Pe+i(b — a — pei) 


k > 0 since py..1 < b — a. Therefore 
ita Pk+1 a ees Pk+1 , 


Pk+1 < b — a. And Pk+2 — Pk+1 = 


Pk+2 >-Pk+1- Thus, the assertion is true for n = k + 1. It is therefore true for all n by mathematical induction. 
A similar proof by induction shows that if po > b — a, then pn > b — a and {pn } is decreasing. 
In either case the sequence {pn ) is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 


It then follows from part (a) that lim pn = b — a. 


11.2 Series 


1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 
(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 
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3. 55a, = lim s, = lim [2 —3(0.8)"] = lim 2—3 lim (0.8)^ = 2—3(0) = 2 
n-—oo "n—oo noo n—oo 


n=1 


se 1 1 1 1 
5. For 2. qe Tus ^ -— eum 1, s32 = sı +a2 = 1 + 9257 1.125, s3 = s2 + a3 œ% 1.1620, 
84 = 83 + a4 F2 1.1777, 85 = s4 + as © 1.1857, sg = ss + ag œ~ 1.1903, s7 = sg + az & 1.1932, and 


Sg = S7 + ag © 1.1952. It appears that the series is convergent. 


Ld. Date, Geyer” 05, kc deo Ue e 1.3284 
. "Ta OESRVA TX. --— E SS ee — UB = — V. ———RA*. 1. 3 
i l4 Vn 1-4 /n ee iyi CUIUS 14 J2 


83 = 89 + a3 © 2.4265, s4 = 83 + a4 © 3.7598, 85 = 84 + as © 5.3049, sg = ss + ag rz 7.0443, 
87 = 86 + a7 7: 8.9644, sg = s7 + ag © 11.0540. It appears that the series is divergent. 


9. 1 ] 
1 | —2.40000 * " 
2 | —1.92000 
3 | —2.01600 
4 | —1.99680 
5 | —2.00064 
6 | —1.99987 -3 
7 | —2.00003 ; ; a s 
From the graph and the table, it seems that the series converges to —2. In fact, it is a geometric 
8 | —1.99999 ‘ 
e oo = -— 
9 | —2.00000 series with a = —2.4 and r = —1, so its sum is 57 -" = 2 Mu —2. 
n=) (—5)* 1- (-) T3 
10 | —2.00000 ; 
Note that the dot corresponding to n = 1 is part of both {an } and (s, }. 
TI-86 Note: To graph {an } and {Sn }, set your calculator to Param mode and DrawDot mode. (DrawDot is under 
GRAPH, MORE, FORMT (F3).) Now under E (t) = make the assignments: xt1-t, ytl1-12/(-5)^t, xt2-t, 
yt2-sum seq(ytl,t,1,t,1). (sum and seq are under LIST, OPS (F5), MORE.) Under WIND use 
1,10,1,0,10,1,-3,1,1 to obtain a graph similar to the one above. Then use TRACE (F4) to see the values. 
11. | 10 
1 | 0.44721 
2 | 1.15432 
3 | 1.98637 
4 | 2.88080 
5 | 3.80927 
6 | 4.75796 
7 | 5.71948 
6.68962 The series i wa diverges, since its terms do not approach 0. 


7.66581 


= 
e 


8.64639 
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15. 


17. 


19. 


21. 


25. 


27. 


b en LS diverges by the Test for Divergence since im. Qn = lim 


SECTION 11.2 SERIES O 


1 | 0.29289 

2 | 0.42265 

3 | 0.50000 

4 | 0.55279 

5 | 0.59175 

6 | 0.62204 

.6464 

v | See From the graph and the table, it seems that the series converges. 

8 | 0.66667 

9 | 0.68377 ECL. Je [5 5) e e EA 1 

; 1 
sies 
vk+1 
1 
so im [1— aa ! 
Ea A zu) tim, ( zn) 
(a) Jim a. — lim  -— so the sequence {an ) is conver -— (11.1.1). 
r= asoni 3’ * n aisi 
(b) Since lim an = 2 Æ 0, the series $^ an is divergent by the Test for Divergence. 
n—*oo n=1 

3— 4+ 16 — $4 +... isa geometric series with ratio r = —$. Since |r| = $ > 1, the series diverges. 


10 — 2 + 0.4 — 0.08 + --- is a geometric series with ratio —5 = —}. Since |r| = 1 < 1, the series converges to 


a 10  . 10 50 25 
l-r 1-(-1/5) 6/6 6 3° 


A ; 
35 6(0.9)"~* is a geometric series with first term a = 6 and ratio r = 0.9. Since |r| = 0.9 < 1, the series converges to 


n=l 


= = = 60. 
l-r 1-09 0.1 
Bia trey gy we ms f 
ys FG kL (-5) . The latter series is geometric with a = 1 and ratio r = -ż, Since |r| = 3 < 1, it 
n-l 4 4 n=1 4 
converges to =e = 4. Thus, the given series converges to (1) (2) = 3. 
Y La = : Y (=) is a geometric series with ratio r = —. Since |r| > 1, the series diverges 
n=0 amr 3 n=0 3 
3 dot PI 1 plg "VR a This is a constant multiple of the divergent ha 
gets ty ty 2 m 3 oan p rgent harmonic series, so 
it diverges. 


o ne n—1 1 
=3 #0. 


n—oo 3n — 1 


n=l 
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31. Converges. 


; x - Tr = $ (s. WF =) = S | 5) =F (3) | [sum of two convergent geometric series] 
n=1 n=1 / n=1 
|. 1/3 2/3 1 _5 
1-1/3*1-2/3 3 *?^73 


33. Y V2 — 2 + V2 + 72+ V2 +- diverges by the Test for Divergence since 
n=l 


lim an = lim Y2= lim 27^ 222—142 0. 
"noo n—oo noo 


F tol 281 apages ty the Tat for Divorpann a 
35. y, mn? +1 iverges by the Test for Divergence since 


2 2 
i mE nrbi. ko SE CEN. aX 
lm an Es Jim (25; + z) E: in ( tim. 2n? + z) d i 3 * & 
oo E 
37. 5 (z)' is a geometric series with ratio r = | ~ 1.047. It diverges because |r| > 1. 


oo 
39. Y; arctan n diverges by the Test for Divergence since lim a, = lim arctanm = $ #0. 


n—oo 


= e T TNT 1 i N 1 " 
4. >> ET = (3) is a geometric series with first term a = z and ratio r = x Since |r| = = < 1, the series converges 


n=1 € nz 
1/e lle e 1 ee 1 " 
_—-=—_,_B E le 7, — =l. 1 
t m he Wie I y Example b» "EX S Thus, by Theorem 8(ii) 
o /1 i si & 1 1 1 ,e-1, e 
— ———— = — ————— = —— 1= — = ——_. 
E (Stan) at Danse gal” aa 4-1 e—1 


oo 
,43. Using partial fractions, the partial sums of the series ae : are 


n fi^ — 1 
n 2 TA 1 
w= 2 Goad ^2 (H-z) 


ORGON 0-9 


» 1 1 1 1 
(at) + (r-i) 


1 1 1 
Thi is a tel i i ds, =14+ = =- — -— -. 
is sum is a telescoping series and s + B RE a 
eo 2 " i 1 1 1 3 
hus "nde, ee ( *t375-1^ 3 "F 
45. For the series > - N $n = y - = $ G —3 1 [using partial fractions]. The latter sum is 
nai n(n + 3) Mité+3) ili 143 


t-r- pe-p- (a4) Gr 7) Gs an (8 it) 


=14+3+4+3- ah -z — wy telescoping series] 
= 3 = if _ y iud 1 1 a \ ll i41... 11 
Thus, 3 pra = aim oo = Bim (1 6$ o n ate as) S14 b+ GF. Converges 
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47. 


51. 


61. 
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: oo 
For the series 5 (ev = elim), 


n=1 


— Y (e^ LE ei) = (e! — e?) + (et? — eM9) ++ (e " etia) = e gin) 
i=1 
[telescoping series] 
- ‘ 
Thus, 5; (er - ettan) = lim s, = lim (e - quen) =e-—e°=e-1. Converges 
n=1 


n-—oo TL— oo 


. (a) Many people would guess that z < 1, but note that x consists of an infinite number of 9s. 
b) z — 0.99999... — =i : 0 + 1000 2 m eh Rn = which is a geometric seri ith a; = 0.9 and 
ied -—2 1000 * 10,000 iz 10"” il hain tC NNSHRO 
, 0.9 0.9 " 
r = 0.1. Its sum is TUIS 1, that is, z = 1. 
(c) The number 1 has two decimal representations, 1.00000 . . . and 0.99999. . . . 
(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For 
example, 0.5 can be written as 0.49999 . .. as well as 0.50000... .. 
0.8 — n F a ++. js a geometric series with a = z and r = = It converges to ere. ons = F 
— 516 , 516 516 , 516 4 A P ; 516 1 
2.516 = 2 108 + 108 To. Now 105 Jb 106 + +++ is a geometric series with a = 105 and r = 10k It converges to 
a 516/109. _ 516/10? 516 516 2514 838 
— = = , 2.516 = 24+ — = = >. 
Tor 711/10 ^ 999/10 ^ 999° TS 2516 =2+ 555 = Gog = 333 
rae 42 42 a ; a E 42 1 
. 1.53422 1.53 + — Tot + 106 Te. NO ow 1 zd E T ‘s asa geomet caecos win d. co and reser 


a _ 42/104 saat _ 42 
I-r 1—1/10? 99/10? 9900 

42 _ 153, 42 15147 , 42 _ 15,189 | 5063 
9900 100 9900 9900 9900 9900 - 3300 


It converges to 


Thus, 1.5342 = 1.53 + 


oo oo T 
. 35 (-5)"2" = Y (—5z)" is a geometric series with r = —5z, so the series converges © |r| 1 <= 


n=1 n=1 
—5z —b5z 


-5z| <1 6 < 4, that is, —1 < x < 1. In that case, the sum of the series is —— = ——-™ = 27 
at jel<5 5 3 i—¥ Jott) i456 


3 geran > =F) is a geometric series with r = Z, so the series converges e ||«1 e 
n=0 n=0 
4] <1 € -l<-—<1 & -38<a2-2<3 6 -—1<2<5. In that case, the sum of the series is 
@a _ 1 1 3 
i-f . £—* 3—-(r-2) 5-@ 
3 3 


e m f2X", "E 2 ; 
= = SS (2) is a geometric series with r = re the series converges = |r|<1 © H «1 & 
a x 


2«|vr| 4& «> 2ora < —2. In that case, the sum of the series is "— S T" 
/ l-r 1-2/zr z-2 
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oo oo 5 
63. 5^ €"? = 7 (e*)” isa geometric series with r = e*, so the series converges < |r| « 1 & J|e"|c1 & 


1 


tep i-e" 


-l<e® <1 & 0«e'«1 4& 2x <0. In that case, the sum of the series is 


65. After defining f, We use convert (£, parfrac); in Maple, Apart in Mathematica, or Expand Rational and 


2 
Simplify in Derive to find that the general term is a = E -— mim So the nth partial sum is 


DW ir! 1 1 1 1 1 1 1 
NES Fr EE, RES Un eec M sut (v A a ee 
m= E(5-uns)-0-2)* (5-2) * (as) 
The series converges to lim Sn = 1. This can be confirmed by directly computing the sum using 
n—oo 


sum(f,n=1..infinity) ; (in Maple), Sum[£, (n, 1, Infinity)] (in Mathematica), or Calculus Sum 


(from 1 to oo) and Simpli fy (in Derive). 


67. For n = 1, a1 = Osince sı = 0. For n > 1, 


a = sn a = MoE (HY =-1_ (n-1n-(nt)(n-2) . 2 
nOn T nl (n=1)+1 (n+1)n 7 n(n +1) 
e è . 1—1/n 
Al , n= l n= li =l, 
5p P» gos T 1-4 1/n 


69. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 596 
of the first 150- mg tablet, that is, [150 + 150(0.05)] mg. After the third tablet, the quantity is i 
[150 + 150(0.05) + 150(0.05)?] = 157.875 mg. After n tablets, the quantity (in mg) is 


150(1 — 0.05") _ 3000 


150 + 150(0.05) + - -- + 150(0.05)"~*.-We can use Formula 3 to write this as =) wm 9 — 0.05"), 


(b) The number of milligrams remaining in the body in the long run is lim. [5 — 0,05")] = 3999 (1 — 0) ~ 157.895, 
only 0.02 mg more than the amount after 3 tablets. 


71. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 
fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, that is, 


Dc? dollars. Continuing in this way, we see that the total spending after n transactions is 


— pr 
Sn = D+ Det DÈ +--+ pe^ = PUA) wy) 
à _ en Ame. ZU «. i. 2 ; . O 
(b) lim S, = lim T "1-8 s ake gear [sinceo<e<1 > Jim c^ = 0] 


m 2 [since c +s — 1] — kD [since k = 1/s] 


If c = 0.8, then s = 1 — c = 0.2 and the multiplier is k = 1/s = 5. 


73. Y; (1+ c)" is a geometric series with a = (1 + c)? and r = (1 + c), so the series converges when 


n=2 


\(1+e)*|<1 € l-c»1 & 1+c>lorl+e<—-1 & c»0orc < —2. We calculate the sum of the 
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75. 


77. 


79. 


81. 
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dij 2 
(to =2 “ (=) -:-x (E) e 1-2(-40?-204c) e 


28 +2c-1=0 + c= -2z vii = avo However, the negative root is inadmissible because —2 < =4-1 <0. 


series and set it equal to 2: 


3-1 
2 - 


en- gite = elele... g1/n > (14-1) ( JE i) (1 ER 5) ore (1 + +) le" > 1 +2] 


Thus, e°” > n+ land lim e?" = oo. Since {sn } is increasing, lim s, = oo, implying that the harmonic series is 
n— co n—oo 
divergent. 


Let dn be the diameter of Cn. We draw lines from the centers of the C; to 

the center of D (or C), and using the Pythagorean Theorem, we can write 
Pr(-id4j-(-i4) e 

1— (1-- idi! - (1- idi)! = 2d; [difference of squares] = d; = }. 


Similarly, 


1— (1+ 1d3)? — (1— dı — 4dz)* = 2d2 + 2d. — di — dida 
-(2-d)(d-d) & 


1 (1—d) "ES 142 [1 — (di + d3)? 
do = ——— — dı = ~~, 1 = (14+ 5d3) — (1—di — d2 — zd € dy = + i 
=A 1 "E ( 2 3) ( 1 2—5 3) 3 2— (di Fda) , and in general, 
(1 ‘ay :)? ° 1 1 
dui EIL NUM If we actually calculate dz and d3 from the formulas above, we find that they are 2-8 and 
T i= “i : ' 
— — ectively, so we suspect that in general, d AM oe To prove this, w induction: A hat f 
MN vU p ly, pe g da mI p , we use induction: Assume that for all 
k<n,d — — — Then Y dj = 1 — — [telescoping s Substituting this i 
i Ta EFT ta "nel sei ping sum]. Substituting this into our 
à; à; , m+1} (nl) _ 1 n 
formula for dn+1, we get dn+1 = I à -^n£2 ^ (n4i)n4 32" and the induction is complete. 
n4-1 n+1 
Now, we observe that the partial sums 5 77. ., d; of the diameters of the circles approach 1 as n — 00; that is, 
D Sed 1, which is wh d 
n= —— = 1, which is what we wanted to prove. 
n=1 n=l n(n + 1) " 


The series 1 — 12-1 — 1 -- 1 — 1 4- --- diverges (geometric series with r = —1) so we cannot say that 


üeiei4beiei-i4des 


n= Jim, ona cap im eX. dim c lim 5 ,ai— C375. , à, Which exists by hypothesis.| 
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83. Suppose on the contrary that 5 ` (an + bn) converges. Then 5 "(as + bn) and Y` an are convergent series. So by 
Theorem &(iii), $ [(@n + bn) — an] would also be convergent. But > [(an + bn) — an] = Y; bn, a contradiction, since 
35b. is given to be divergent. 
85. The partial sums {Sn } form an increasing sequence, since Sn — Sn—1 = Qn > 0 for all n. Also, the sequence {sn } is bounded 
: since Sn < 1000 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums converges, that is, the series 


> an is convergent. 


87. (a) At the first step, only the interval (2, 2) (length $) is removed. At the second step, we remove the intervals (3, 2) and 
($, 3), which have a total length of 2 - (3)*. At the third step, we remove 2? intervals, each of length ay. In general, 
at the nth step we remove 2" intervals, each of length (4)”, for a length of 2"~* - (2)" = 4 (3). Thus, the total 


length of all removed intervals is igy--.-5. = 1 geometric series with a = + and r = 2]. Notice that at 
3 1—2/3 3 3 : 


i 


the nth step, the leftmost interval that is removed is ((3)" , (2)"), so we never remove 0, and 0 is in the Cantor set. Also, 


the rightmost interval removed is (1 — (2)" , 1 — (3)"), so 1 is never removed. Some other numbers in the Cantor set 


12127 B 
d» 39.92 p» p: and g. 


(b) The area removed at the first step is 4; at the second step, 8 - (4)’; at the third step, (8)? - (3y*. In general, the area 


removed at the nth step is (8)"~*(2)" = 4 (8), so the total area of all removed squares is 


e 1/av* jf — 
Es) =e 


1 1 1 2 5 5 3 23 
We) For ea Ta eat Tee eet Deed 7e 
23 4 _ 119 (n+1)!-1 
= — —— ! ANE LA aC: t 
$4 — 94 + 1.2.3.4.8 ^ 120 . The denominators are (n + 1)!, so a guess would be s (n+)! 
x "E Bead u _ (K+1)!-1 
(b) For n = 1,5; = ae d the formula holds for n = 1. Assume s; = ETE TDi . Then 
^ _ (kt 1-1 k+1 -.60-1, k+1 _ (K+2)!—(K+2)+k+1 
"o (kai) EFD  (kr1! OS (R+DNR+2) (k +2)! 
_ (k+2)!-1 
| (k- 2)! 
Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 
x ow (n+1)l—1 — NM i uL "Vo 
(c) Jim Sn = im "iem 8A 1 G^ 1 and so »» arin 1. 
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11.3 The Integral Test and Estimates of Sums 


1. 


11. 


13. 


15. 


. The function f(x) = 


. The function f(z) = = 


es 
pi3 


The picture shows that a? = — « | dz, 


1 
313 


integral converges by (7.8.2) with p = 1.3 > 1, so the series converges. 


pw B3 gem 
üg — <j a , ani 9608,80 2o ora $ 1 zs dr. e 


. The function f(x) = 1/ V = z^ '/? is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 


SP a? da = lim fra 77/7 dz = lim [ss] — lim c -= $) = 00, so > 1/ $/n diverges. 


t—00 n=1 


[zu - "E is continuous, positive, and decreasing on [1, oc), so the Integral Test applies. 


yt 1 im f "eR X oe MEME A A P S 
s Gra 19 7 bag re arri Siol 4(2z41)2], tol 4QtF1) 36) 36 


Since this improper integral is REN, the series 5 


1 3 
2 Gn ij is also convergent by the Integral Test. 


Ti is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 


" ow . « DOM assu Shere wr. Den hunt TRO 
i ay de dim f " wx dm n [zme +0] = 3 im pace +1) — In2] = oo. Since this improper 


integral is divergent, the series > is also divergent by the Integral Test. 


n=1,7 1 
oo 
b s — is a p-series with p = v2 > 1, so it converges by (1). 
n=1 n 
added d qu aen -= 33 5. Thisisa series with 3 > 1, so it converges b a. 
8' 27 64° 125 Aan - xi vm 
y E OA NN " d. ws 
l*gtgtztgt" -ls-r The function f(z) = 7——T1 is 


continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 


e 1 ad ee | £s 1 
f i= tim f spy dt = Jim, [in] 1]; = à jim n (In(2t 1)-0)= oo, sotheseries 2, 


diverges. 
oo 


c mts s/n, 4) 2& 1 ,2&4 WP — 
Pal alien ee a 


convergent series is:convergent, so the original series is convergent. 
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17. The function f(x) = is continuous, positive, and decreasing on [1, 00), so we can apply the Integral Test. 


iL. 
a?+A4 
a i? x D. 1i az 1 t ET 
[ zum qt = jim pen z| = 3 Jim (tan (5) -tan 3 
2 cab] | 
==|— —tan?( = 
2|2 à 2 


Therefore, the series 2 3 —— 
e nm. € Inm. lni mg, ‘ Ra 
1. 5; ——— Y since —— = 0. The function f(x} = —= is continuous and positive on [2, oc). 
n=1 ns n=2 DL 1 z? 
e m 2 a 22 
gis EL) Ones T, Hg B Rum. E en & EET e Int 4 e 
. (z3)? x gi 
gz > ell ~ 1.4, so f is decreasing on [2, oo), and the fats Test applies. 
; ilng, ( ls 1] 1 i 1] (ax) 1 T» 
[ emm [ae m |-5- zi, = Jim [-ga@ine +1) + 5] © j,sote sees E 77 
converges. 
(X) u = lng, du = ° dr > du= (1/z) da, v = —-iz ?, so 
T3 dr = —iz ° Ina — / —-iz "(1/z)dz = is ?hz 4i fart dz = -4r ° ng — je?’ +C. 
a f 2Int41Y a | ee ME i 
Ça; Jim, (- At? jz- imm 8t — $m a = 
A ; - uu " 14 Inz 
21. f(z) = ne continuous and positive on [2, oo), and also decreasing since f'(x) = nz < 0 for z > 2, so we can' 


E aS. oo 

use the Integral Test. [ — de = jim, [In(Inz)|5 = jim, [In(in 2) — In(In 2)] = oo, so the series x — diverges. 
23. The function f (z)'— e'/*/z? is continuous, positive, and decreasing on [1, co), so the Integral Test applies. 

[g(z) = et”? is decreasing and dividing by x? doesn’t change that fact.] 

oo t gl/z . ` - "T" 2090 gl/n 
i f(a) dz = jm m da = jim, [-e i [= — lim (e = —(1-— e) = e — 1, so the series 2 72 
converges. 
1 1 1 


25. Th ti = SS 
e function f(a) Pak 3 ere) 


[by partial fractions] is continuous, positive and decreasing on [1, oo), 


so the Integral Test applies. 


t 


" | ti i 1 1 
as ji eec = e |-> r 
nc jim [ (3 itznu)4 Jim | ^ Ing + in(z + |, 
= lim |-} tin +1- m| 20017 i2 
t— oo t 
The integral converges, so the series 5 converges. ` 


n=1 n? $ n3 
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27. 


31. 


33. 


37. 


" oo 
. We have already shown (in Exercise 21) that when p = 1 the series $7 


SECTION 11.3 THE INTEGRAL TEST AND ESTIMATES OF SUMS O64 
cos TZ 


Vi 


s . «& Cosmn 
satisfied for the series 5" 


n=1 yn ` 


The function f(x) = is neither positive nor decreasing on [1, oo), so the hypotheses of the Integral Test are not 


1 : 
2 nnn diverges, so assume that p Æ 1. 
ptinz 


“Pina < Oif z > e`”, so that f is eventually 


f(z) = um is continuous and positive on [2, oo), and f'(z) = 


decreasing and we can use the Integral Test. 


e = li (Inz)'? j m (Int)? — (In2)!-? 
DP ama t= tim, [SA] tore = gm [5277-8277] 


This limit exists whenever 1 -p «0 © p>l, so the series converges for p > 1. 
Clearly the series cannot converge if p > —3, because then lim. n(1 +n?)? Æ 0. So assume p < -i . Then 


f(z) =2(1+ z? )? is continuous, positive, and eventually decreasing on [1, oo), and we can use the Integral Test. 


23p1]1* 
— E d (1 Tcr ) | = 1 lim (a +t?) pti =PTH, 


7 a(1+2°}dr = o 
[* uini 2 ptl j, 2(p+1) =% 


This limit exists and is finite <= p+1<0 & p<-l, so the series converges whenever p < —1. 


Since this is a p-series with p = z, C(z) is defined when a > 1. Unless specified otherwise, the domain of a function f is the 
set of real numbers x such that the expression for f (v) makes sense and defines a real number. So, in the case of a series, it’s 


the set of real numbers z such that the series is convergent. 


n=1 E n n=1 
E ££. byt BE "UL, i. 1 x" i 
eI CES mL tate Ee a = 90 (à u [subtract a; and a2] = NE 


. 2. ; 
(a) f(z) = zi is positive and continuous and f'(z) = —gs is negative for z > 0, and so the Integral Test applies. 


1 
gc ggz 1.549768. 


R < [Gah ay = lim SN — so the error is at most 0.1 
uu CT aa rte t 10) 10 — t 


(b) s10 + -z dr < s < 310+ dr > sot Ss<soth > 
u z? i TÀ ii 10 


1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s ~ 1.64522 (the average of 1.640677 


and 1.649768) with error < 0.005 (the maximum of 1.649768 — 1.64522 and 1.64522 — 1.640677, rounded up). 
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(c) The estimate in part (b) is s ~ 1.64522 with error < 0.005. The exact value given in Exercise 34 is 7? /6 ~ 1.644934. 
The difference is less than 0.0003. 


DRs [^ A de = =. So Rn < 0.001 if = < mu & n» 1000. 


39. f(x) = 1/(2z + 1)? is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. Using (3), 


nd —1 1 1 
n 2z--1) $dz = jim ————|-———— i 
R af” (2x + 1) » [oz m xl. loan +1) To be correct to five decimal places, we want 


1 5 
— Ó— AT irá 5> >1(s dace zz 
nti Si ? (2n+1)° > 20,000 < n> 3(¥/20,000 — 1) ~ 3.12, so use n = 4. 
8. > a u- = ui 36 + ge ata vw 0.001 446 = 0.00145 
4 = Z | (2n +1) = 7U. ~ U. . 


oo oo 
M. 3; 79 = L = is a convergent p-series with p = 1.001 > 1. Using (2), we get 
= 


n=1 


oo —0.001 1f t 
PORE 17 1 X 1000 
Rn < f x dz = jim ETE —1000 [im a |z | = 1000 ( rar ) = 70.001 * 


1000 -9 0.001 1000 
nawr < 5X10 on > 5x105 


= FRO x 1094998 ps LOT LPO — 1 Dr x IOP, 


We want Rn < 0.000000005 <= 


n> (2x at aad 


43, (a) From the figure, a2 + as ++--+an € fT f(x) dz, so with 


1 l, 1.41 l = 
=, — pes ae. Ta — 
f(x) Sara ee xs | dx —lnn 
Tishosnsm 13-4 ob epee t Lis 
2 3 4 n 


(b) By part (a), $196 < 1 + In 10$ = 14.82 < 15 and 
8499 € 1 -- In 10? S 21.72 < 22. 


45, p^" = (et) — (elnmyin? — pat — — This is a p-series, which converges for all b such that—Inb>1 «4 
Inb<-1 & b«e!' & b<1/e [withb > 0]. 
11.4 The Comparison Tests 


1. (a) We cannot say anything about ^ an. Ifan > bn for all n and Y? bn is convergent, then 57 an could be convergent or 
divergent. (See the note after Example 2.) 


(b) If an < bn for all n, then 5> an is convergent. [This is part (i) of the Comparison Test.] 


converges by comparison with T E A , which converges 


n=1 ù 


Us id : Z forall n > 1,80 X za 


8 ad ee 2 
Qn? +1 ^23 7 On? S £4 2n3 +1 


because it is a p-series with p = 2 > 1. 
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13. 


15. 


17. 
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n+1 T 


D oo i 
for all n > 1, so sus tl diverges by comparison with 5 ^ EN which diverges because it is a 


y a =-= 
nvn m n=1 NVN n=1 V7 


p-series with p = d <1, 


n n n oo 
Puede ment > ($Y is a convergent geometric series (|r| = $ < 1), so qu eee 
10 . n=l n=l 3 T 10" 


converges by the Comparison Test. 


diverges by comparison with Si , which diverges because it 


Ink 
k ka3 k 


as > : for all k > 3 [since Ink > 1 for k > 3], so Y^ 
k=3 


, ; " , eS inb 1 , . 
is a p-series with p = 1 < 1 (the harmonic series). Thus, b x5 diverges since a finite number of terms doesn't affect the 
i k=1 


convergence or divergence of a series. 


Vk VE Re 1 
WAGEN < R= Be pa faz 1s È 


ae b 1 
WIE goma y comparison with = Tz pie 


"which converges because it is a p-series with p = Z > 1. 


arctan n ea n 


et à mE GENE! y 
E z5 z for alln > 1, so >> converges by comparison with 2 p» a which converges because it is a 
ine 


n=1 n= 


constant times a p-series with p = 1.2 > 1. 


n T oo 4 n 
3) for all n > 1. S (5 ) ed (3) is a divergent geometric series (|r| = $ > 1), so 
1 


ant} 4.47 4 

3^ —2 3^ 3 A tm. 
oo n+l 

F SÉ diverges by the Comparison Test. 

n=1 T- 


1 
Use the Limit Comparison Test with a, = —————- and b, = — 
duis "= Vati 


Qn n "EL 1 ‘ ; e d 
lim — = lim FIT lim ——————- = 1 > 0. Since the harmonic series — di 
LL ILS JS UTRN ri P» n diverges, so does 
oo 1 
L ———. 
n=1 Vn + i| 

T" n 
Use the Limit Comparison Test with an’ = LITT, and bn = = 
: 1+ 3" 3” 
1+4” l 
"WE, E 143^ E Jb V4" ; i44 BP "E GE! 1 = 
Aan fee Bice 4 o. a ie ae T cdd 
" c1 
3^ gn 
Lee 


Since the geometric series 3; bn = > (3) diverges, so does ese. . Alternatively, use the Comparison Test with 


n=1 14-3"' 


if’. 1434" . 4 -i6 


i-— > sam = Gls T i ; 
143 > 3^4 3^ » 2355) 2 3) or use the Test for Divergence. 
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21. 


23. 


25. 


27. 


. 91. 


33. 


. Clearly n! = n(n — 1)(n — 2)--.(3)(2) 2 2-2-2----- 2-2= 24 s0 


O CHAPTER11 INFINITE SEQUENCES AND SERIES 


Use the Limit Comparison Test with an = ————— — DIY and bn = t 
2n? -n 4-1 n3/2 


tim 9% = jim f VEZ  Qq (^ vn) vm) m VIF2mR — Vi 


nc b, n>% 2n?-n4-l noe (n?-n-l1)/n «9241/nklj 2 2^ " 
Since I = er is a convergent p-series [p = 3 > 1], the series 2 nU TET m also converges. 
Use the Limit Comparison Test with a» = "ILS and b, — E 


3 3 4 4 5 
lim 2* — p n'(bct2n)  , 5m +2n 1/n HUM 


2 sm d. 
Hay 22 rep 7 lim KETO a Tray = um, ETE ; =2 > 0, Since 57 PE] is a convergent 
A n 


n=1 


p-series [p= 3 > 1], the series > SEED also converges 
i acá (1+ n2)? -— 

vni+ 1 vn n? 1 SC ul. . ; 
Ri iia SS — 2 

n5 n >= —x ETEEN m T n^ TIT — —- for all n > 1, so P "inm diverges by comparison with 
em X eo; d ‘ A "T ‘ A 

>> — = Y, —, which diverges because it is a p-series with p = 1 < 1. 

n=1 + 1 n=2 n 

1\? 2 
Use the Limit Comparison Test with a, = ( -+ i) e`” and bn, =e": lim — = (: + 3 — 1 » 0. Since 
"n—oo n TL—oo 


e 2 
a Be, ic TE oe = LN a 
Me t=) an isa convergent geometric series [|r| = + < 1], the series $, (1 + =) e^" also converges. 


n=1 n=1 n= 


series [|r| = à < 1], so X E converges by the Comparison Test. 
n=1 fb 


Use the Limit Comparison Test with an = sin (=) and bn = - Then $7 an and $- b, are series with positive terms and 


n . sin(1 ... sind ; TNP i PORNE. 
2^ - lim Sif = lim —— — | > 0. Since 33 b, is the divergent harmonic series, 


n= On n—oo 1/n š 0—0 nci 


oo 
$5 sin (1/n) also diverges. [Note that we could also use l' Hospital's Rule to evaluate the limit: 
n=1 s 


" 1 " =ł1 2 
fim: sin(1/z) 8 jm cos(1/z). (71/7) _ lim cos = = cos0 = 1. 
r—o0o l/r r—o0 —1/z? z—oo 


1 1 1 = 3 
eet te m 1.24856. Now ———— < = —>, so the error is 
Loa VnÁX1 v2 17 82 V 10,001 V/nÀ 4-1 vni 


oo t 
Rio & Tio < f Sabes fun l-3] = lim (- +35) =p 
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10 2 2 2 2 
dk S torne POE py 0879 cos 10 |. 0.07393, Now £2 


= —— n e m. $ 
n=1 5 52 53 mue 510 pe pg the error is 


oo t eg . e . 5- 5-10 1 -8 
Ro<To< | 1 bein jim *. d= im [- s] m (s as) = gomg 94x10". 


oo 
37. Since — dn < — : for each n, and since > mi is a convergent geometric series (|r| = 35 < 1), 0.didads... = dn 
10" 10” faa i n=1 10” 


will always converge by the Comparison Test. 
39. Since > an converges, lim an = 0, so there exists N such that |an — 0| < 1 foralln > N =. 0< an <1 for 


alln>N = 0<a? <an. Since Y; a, converges, so does X- a2 by the Comparison Test. 


41. (a) Since lim 7 — = œ, there is an integer N such that “= > 1 whenever n > N. (Take M — 1 in Definition 11.1.5.) 
n— 


n 


Then an > bn whenever n > N and since Y bn is divergent, > an is also divergent by the oe Test. 


(b) O fan = —— and bn = — for n > 2, then lim 2^ = lim — — lim + lim z: om lim z = œ, 


n—o b,  n—colnn  z—colnz z>æl/r s= 


so by part (a), >, zc Q5 divergent. 


n-2 


(ii) If an = E and b, = — ~, then » b, is the divergent harmonic series and lim 7" — lim Inn — lim Inz = co. 


, 
n=1 n—0o On n= z—oo 


so $5 a; diverges by part (a). 


n=1 


1 
43. lim na, = lim —-—,so we apply the Limit Comparison Test with bn = n Since lim na, > 0 we know that either both 


n— co n—oo Dus n—co 


i usa ; É 
series converge or both series diverge, and we also know that 57 a diverges [p-series with p = 1]. Therefore, S~ an must be 


n=l '* 


divergent. 
45. Yes. Since J- an is a convergent series with positive terms, lim a; = 0 by Theorem 11.2.6, and X bn = J sin(an) isa 


sin(an) 


b " f 
series with positive terms (for large enough n). We have lim — = lim = 1 > 0 by Theorem 2.4.2 


n= An n—oo Gn 


[ET Theorem 3.3.2]. Thus, $` b, is also convergent by the Limit Gopan Test. 


11.5 Alternating Series 


1. (a) An alternating series is a series whose terms are alternately positive and negative. 


(b) An alternating series b» d, um E (—1)"~*bn, where b; = |an|, converges if 0 < b,..1 < bn forall n and lim b, = 


T—oo 
(This is the Alternating Series Test.) 
(c) The error involved in using the partial sum s, as an approximation to the total sum s is the remainder Rn = s — s, and the 


size of the error is smaller than 5,1; that is, |Rn| € 5,1. (This is the avia. Series Estimation Theorem.) 
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13. 


15. 


17. 
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21. 
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2, 4 286.98 -10 eo 2n 2 2 g 
ee ee e —1)" . Now lim b, = lim —— im ——— = - . Si 
5*6 7*8 9 * pr ) TA ow lim. b pow. um 1+4/n ha Sites 
Jim an 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 
nc -1 n —— net n: aS n = 
P P ) n1 =È -1 1)"~* bn. Now b ndi > 0, {bn} is decreasing, and Jim, bn = 0, so the 
series converges by the Alternating Series Test. 
S " n ln _ 
PER 1) -— -Xc 1)"b,. Now im n bn = lim Soe = 5 £0. Since lim an #0 


(in fact the limit does not exist), the series diverges by the Test for Divergence. 


! > ic te ite" = x 1)"b,. Now bn = = > 0, {bn } is decreasing, and Jim bn = 0, so the series converges 


n=1 n= n=1 


by the Alternating Series Test. 


2 


n : à; 
n = > n > 
b "mi >Oforn > 1. {bn} is decreasing for n > 2 since 
z? (x? + 4)(2x) — z? (32?) _ æ(2r? +8 — 3r?)  z(8— 2?) 
(5) - — y p e OOR 
_ ifn 


= 0. Thus, the series = (—1)"** — converges by the Alternating Series Test. 


lim b, = lim 


n—oo n= 1 4- 4/n3 3 xd 


lim b, = lim e?/^ = e? = 1, so. lim (—1)"~1e?/" does not exist. Thus, the series Y (—1)"~*e?/" diverges by the 


noo : n—oo n—oo n=1 

Test for Divergence. 

- sin(n--3)y*  (—1) 
"75 l+yn lyn 


oc sin(n + i) 


M l- n 


Now b, = > 0 for n > 0, {bn } is decreasing, and lim bn = 0, so the series 


1 
I+yn es neva 


converges by the Alternating Series Test. 


"n -—oo 


LM sin(7). bn = sin(=) > 0 for > 2 and sin(=) = sin( 3 =) sand lim sin(=) = sin0 = 0, so the 


series converges by the Alternating Series Test. 


n^ = nh: n " n^" " (-1)* n" n" 
Au Tm >n => Jim reu => Jim PP does not exist. So the series = (-l)"*— diverges 
by the Test for Divergence. 


7 The graph gives us an estimate for the sum of the series 


jb mea 28) of —0.55. 


n=1 


bg = ( T = 0.000 004, so 
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i ar 


j 7 
mde a 
= —0.8 + 0.32 — 0.0853 + 0.01706 — 0.002 731 + 0.000 364 — 0.000 042 ~ —0.5507 


Adding bg to s7 does not change the fourth decimal place of s7, so the sum of the series, correct to four decimal places, 
is —0.5507. 


1l 
The series > (Cy satisfies (i) of the Alternating Series Test because ———— 


1 1 ow 1 
eer CES Ti < n6 and (ii) lm -s = 0, so the 


1 1 
series is convergent. Now bs = 56 = 0.000064 > 0.00005 and bs`= e^ 0.00002 « 0.00005, so by the Alternating Series 


Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the 


sum to the desired accuracy.) 


soa and Gi) lim LDH =0, 


The series p» EM i 7 satisfies (i) of the Alternating Series Test because ER 


5 10^ n 10 (n +1)! ~ 


;es i VU uw — — 
so the series is convergent. Now b3 = 19s ^ 0.000 167 > 0.000 005 and b4 = iota! 
the Alternating Series Estimation Theorem, n = 4 (since the series starts with n = 0, not n = 1). (That is, since the 5th term 


= 0.000 004 < 0.000 005, so by 


is less than the desired error, we need to add the first 4 terms to get the sum to the desired accuracy.) 


1 1 


s = 10,320 = 0.000 025, so 


e (1^ — (-D^ 1 INE 
2 Gar 971 Gay 2 * 2a mo^ 045972 


Adding b4 to s3 does not change the fourth decimal place of ss, so by the Alternating Series Estimation Theorem, the sum of 


the series, correct to four decimal places, is —0.4597. 


72 
by = Tor = 0.000 004 9, so 
oo (—1)"-1n? 6 (— ty Hn 2 
» ip == b" 10"  — —315— 105 + 0m — mow 100900 — tooo = 0.067614 


Adding b7 to se does not change the fourth decimal place of se, so by the Alternating Series Estimation Theorem, the sum of 


the series, correct to four decimal places, is 0.0676. 


BO ee oe d 4g ipo The 50th ———— 
xi m —. B°8 4 49 50 51 52 P 

derestimate, since Y oY = 850 + E, anit + eec 4-:--, and the terms in parentheses are all positiv | 
Cod CUTE 555 Ww ud 53 Bd p NIU 


The result can be seen geometrically in Figure 1. 


Clearly bn = ^ - is decreasing and eventually positive and lim b, — 0 for any p. So the series converges (by the 


Alternating Series Test) for any p for which every bn is defined, that is, n + p # 0 for n > 1, or p is not a negative integer. 
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35. 35034 = Y; 1/(2n)? clearly converges (by comparison with the p-series for p = 2). So suppose that 5 * (—1)""* bn 


. But this 


converges. Then by Theorem 11.2.8(ii), so does Y? [((—1)"?5, + bn] =2(1 +4 +i +e) 2 — ; 


diverges by comparison with the harmonic series, a contradiction. Therefore, $^ (s 1)"~* b, must diverge. The Alternating 


Series Test does not apply since {bn } is not decreasing. 


11.6 Absolute Convergence and the Ratio and Root Tests 


1. (a) Since lim = 8 > 1, part (b) of the Ratio Test tells us that the series Y, an is divergent. 
noo 3 


Qn41 
Qn 


Q5--1 


n 


(b) Since lim = 0.8 < 1, part (a) of the Ratio Test tells us that the series $^ an is absolutely convergent (and 


Ti— oo 


therefore convergent). 


(c) Since lim. Dex 


= 1, the Ratio Test fails and the series $ ^ an might converge or it might diverge. 


an 


n+l 5"| 
pal 


absolutely convergent by the Ratio Test. 


PN. item At ln 


= z() = = >< 1, so the series D gris 
n=1 9 


n-—oo 


5. b, = esie > 0 for n > 0, {bn } is decreasing for n > 0, and lim ba = 0, so ys - 1) 


converges by the Alternatin 
n+l 290 £4 Bn -T s 


; ' - 1 
Series Test. To determine absolute convergence, choose an = = to get 


" . 
Jim, ^ — lim UG Jim ön +1 =5>0,s0 2 L 1 diverges by the Limit Comparison Test with the 
harmonic series. Thus, the series D (Œ is conditionally convergent. 

n=0 5n +1 


Qk+1 


k—oo an 


k 4-1) (2)**? 1 
=o [ER] ett) n Deme 
3 r 


= : . : — n i 
Y k(3) * is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the 
n=1 


same as convergence. 


On-+1 2 fuge y | o (1.1)n4 : 1 
9. 1 ——|- lim |=.: = lim = (1.1) lim ——— 7 = (1.1 jim ani 
LIT m larr Er depp ap NRF 
nå 
= (1.1)(1) =1.1>1, 
n (-1)* Da 
so the series Dio 1) diverges by the Ratio Test. 
pg à 1 1 i oo gl/n 
11. Since 0 < " < z5 =e(45 JE $ -L is a convergent p-series [p = 321] P converges, and so 
n=i 2 


oo ER NYC 1/n, 
p» EX is absolutely convergent. 


n=l 
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 |@nti| y 10?  (»41)4^"] _ (10 n*lY 5 ! "WE 10" 
Jim ax ] ^ Jim. la $2) 42043 ^ 10" = dm 23 ntal 78^ 1, so the series P» GE IER 
is absolutely convergent by the Ratio Test. Since the.terms of this series are positive, absolute convergence is the same as 
convergence. 

4) o ] n 

(D aen < um so since == n/a = TE za converges (p = 2 > 1), the given series b (CU erctenn 
converges absolutely by the Comparison Test. 

Y ce converges by the Alternating Series Test since lim E» = 0 and "s is decreasing. Now In n < n, so 
n-2 In n TIOR ln n In n i s 
T > A and since m a is the divergent (partial) harmonic series, > —— diverges by the Comparison Test. Thus, 
inn ^ n naan n=2 = 

so (-1)". s 
xy is conditionally convergent. 
n=2 Inn 

oo 
feum. (n/3)] = and SA 7 converges (use the Ratio Test), so the series $7 cosine 9) 3) converges absolutely by the 
n=1 ù n=1 
Comparison Test. 

kar SL o a LEE mefs-iY. 

im V lan] = jm saci 284 1 Jim 2: 1/n? -— 5< 1, so the series 2 Ee is absolutely convergent by the 

Root Test. 
IA" 13s 

2 = — = li = = i * 
im V [as] Jim, v jp 3j lim (1 + 1) e > 1 [by Equation 7.4.9 (or 7.4*.9) [ ET 3.6.6] ], 
oo 1 n? 
so the series 57 ( F =) diverges by the Root Test. 
n=1 

1004 qqn+i f 100 100 

lim |22+2|— lim (n+1) “100 „n - 100 /n41 = 100 1 A 
n—oo| Gn n—oo (n -- 1)! 7100100" noo n+ 1 n noon 4-1 

=O 1l=—0<1 
1001 m 
so the series > = is absolutely convergent by the Ratio Test. 
n=1 
Use the Ratio Test with the series 
a ee ee an me er eee (2n-1) | nat 1:3: . (2n — 1) 
a lane a 7 coniecit (2n — 1 E hl i me i 
lim |2241 ais 1)" -1-3+5 evens (2n - 1)[2(n +1) — 1] (2n — 1)! 
n—00| Qn e. | [2(n T 1) =$ 1]! (—1)"-1 -1-3-5----- (2n = 1) 
(-1)(2n+1)(2n—1)!|_ ,. 1 


= aso | (2n + 1)(2n)(2n — 1)! | n> 2n. 


so the given series is absolutely convergent and therefore convergent. 
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© Die Ws Ble ssrese 2n œ (2.1).(2.2).(2.3)..... 2. oo Pyl æ Tu 
29. ai = 5 EDEDED m = 35 T = Y; 2", which diverges by the Test for 
n= nz n=1 : n=1 


Divergence since lim 2" = oo. 


7.—00 


31. By the recursive definition, lim m onat = z 1, so the series diverges by the Ratio Test. 
n—oo| An n= |4n 4- 3 4 
33. The series L DUETE 2. = sc D ba , where bn > 0 for n > 1 and Jim b, = i 
=1 n=1 —oo 2 
Qo [Anl MM a d n : b, cosnm . 
lim |22H.| — mc AME MEN. Nm — nc 
Jim, dn dim | "il CI Jim. b ;Q)- 5< 1, so the series g= z is 
absolutely convergent by the Ratio Test. 
x Ë 3 ; i . 
35. (a) lim LUE = lim = = lim — e = 1. Inconclusive 
noo 1/n n—oo (n+ 1) M—+00 (1 + 1/n) 
m 2"| «ntl, Poe Lh 1 ; 
(b) lim e |= Jim rs Jim 3 t mi S Conclusive (convergent) 
(c) lim ee = lim - — 8. Conclusive (divergent) 
n—co | /n 4-1 (-3)n-1 Y T - 3 lim xd 1+1/n — TE 
ci 2 : 2 l 
(d) lim ee a NN E = lim 1+ ET E zd E = ]. Inconclusive 
n—00 sil aici al vn aco |V n 1/n?+(1+1/n) 
37. (a) lim BEBE = QE dH "- = |z| lim —— —-|z|.0 20 < 1, sob the Ratio Test the 
» nc] Gn ear (n E 1)! qu ^ n= n+l a n—oo n+ 1 E = y 


n 


4 x 
series 57 — converges for all x. 
=o N: 


Lu 


(b) Since the series of part (a) always converges, we must have lim 5 = 0 by Theorem 11.2.6. 


5.1 E 1 1 1 661 A 
39. (@) s5 = 2, aa = 2181246160 = 960 = 0.68854. Now the ratios 
ps cm. —-—— form an increasin ence, since 
i 7 (nx 1j n+) — S 
n+1 n (n + 1)? — n(n + 2) 1 : 
Bg aes Hike SE eee! ee) a RR PA . Sob 34(b), th 
Tui Tr 2(n-2) Anti 2(n-+1)(n +2) n+ 1)n42) > 0. So' by Exercise 34(b), the error 
1/ (6 - 29 
in using ss is Rs < —— E mn e - ES E =æ 0.00521. 
n—oo i 
Qn--1 2 


(b) The error in using s,, as an approximation to the sum is Rn = We want Rn < 0.00005 <= 


1-i (w+ 12 


1 
[CES < 0.00005 < (n +1)2” > 20,000. To find such an n we can use trial and error or a graph. We calculate 


11 
(11 4- 1)2™ = 24,576, so $11 = Y; 


zm = 0.693109 is within 0.00005 of the actual sum. 
n=1 
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41. (i) Following the hint, we get that |an| < r” for n > N, and so since the geometric series 5 77^ ; r” converges [0 < r < 1], 
the series $2? y |an| converges as well by the Comparison Test, and hence so does 5 7 , |an|, so $77 , Gn is absolutely 
convergent. 


(ii) If lim. V/[as| = L > 1, then there is an integer N such that ¥/|an| >.1 for all n > N, so |an| > 1 forn > N. Thus, 


lim an Æ 0, so $p; Gn diverges by the Test for Divergence: 


"n—oo 


(iii) Consider 57 - [diverges] and Ex z [converges]. For each sum, Jim %/|an| = 1, so the Root Test is inconclusive. 


n=1 
43. (a) Since Y; an is absolutely convergent, and since |a; | € |an| and la; | < lan] (because aj and az each equal 
either a; or 0), we conclude by the Cám Test that both 3^ a} and Y` a} must be absolutely convergent. 
Or: Use Theorem 11.2.8. | 
(b) We will show by contradiction that both ^ a} and > a; must diverge. For suppose that Y^ a; converged. Then so 
would $7 (ai — $an) by Theorem 11.2.8. But X (a — $a«) = > [3 (an + |an|) — $a«] = 1 X |an], which 


diverges because ) an is only conditionally convergent. Hence, » ; à; can't converge. Similarly, neither can Gn. 


45. Suppose that $` an is conditionally convergent. 


(a) 35 n?an is divergent: Suppose $` na, converges. Then lim n?a, = 0 by Theorem 6 in Section 11.2, so there is an 
` noo z 
1n 1 
integer N > Osuchthatn > N = n?|a,| < 1. Forn > N, we have |an| < ai 80 X |an| converges by 
ê n>N 


; X 
comparison with the convergent p-series pv 4 ne . In other words, $ 7 an converges absolutely, contradicting the 


assumption that Y^ an is conditionally convergent. This contradiction shows that $` na, diverges. 


Remark: The same argument shows that X` n”an diverges for any p > 1. 


(b) > ay is conditionally convergent. It converges by the Alternating Series Test, but does not converge absolutely 
n=2 M 


[by the Integral Test, since the function f(x) = : = is continuous, positive, and decreasing on [2, oo) and 


oo t —1)” 
I oe tm d lim [in(na) j. = oo). Setting an = (IP tora Gwe find dui 
2 tmx t+ofy rng t+ 2 ninn 
D nan = S - 2 converges by the Alternating Series Test. 
= n=2 
^ m 1 : ee (—1)"71 
It is easy to find conditionally convergent series $ an such that 5 nan diverges. Two examples are 5; X and 
- n=1 


co (—1)”-1 
> E both of which converge by the Alternating Series Test and fail to converge absolutely because 5 ^ Jan] is a 


n=1 y/n 


p-series with p < 1. In both cases, » ? nan diverges by the Test for Divergence. 
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11.7 Strategy for Testing Series 


11. 


13. 


15. 


“n+3r ~ 3 


— (5) for all n > 1 5 GY is a convergent geometric series [|r| = 4 < 1], so » 
zm k = ies [|r| = 4 
3 ~ n=1 3 $ ; j ; nz] n+ 3^ 


converges by the Comparison Test. 


A "E n — : cs dm foayn. t n et _q\n _?_ 
. lim Jan| = lim — L2 = 1,80 lim an = lim ( 1) ;,,j ee ie ee p.t 1) nga diverges by 


cc n 4-2 

the Test for Divergence. 

im [ao] — tim [62727 , (C9 m 2(n+1)? 21 1Y 20.2 
Jim a. |. n—e| (-5)? nizi] 7 lim jc E Jim {1+ = = zu )= 5 1, so the series 
oo n? 9n-1 

» Ta converges by the Ratio Test. 
nzl V 

. Let f(z) — = Then f is positive, continuous, and decreasing on [2, oo), so we can apply the Integral Test. 
sving 

s 1 vuz-inz,| _ —1/2 - 1/2 - 

Since | — — dz [zz] - f» du = 2u/* +C —2vInz + C, we find 


oo t 
I d — lim ga = lim [in z], = lim (2Vin —2vln 2) — oo. Since the integral diverges, the 
2 


Inz too Jo m mng t—oo 


diverges. 


oo 
given series $7 
n=2 n Vinn 


se e k? 
|y Nt x Using the Ratio Test, we get 
k=1 


k=1 


NET Qi 2 |_ , ety Taal ; 
jim, - = lim eH BI Jim. k 1 an 1 gue < 1, so the series converges. 
eo if. d. 1 oe d Bef TN" ‘ eT S , 
> eo D» ut 2 i]: The first series converges since it is a p-series with p = 3 > 1 and the second 
n=1 n=1 n=l 


series converges since it is geometric with |r| = i « 1. The sum of two convergent series is convergent. 


2 722 
3(n +1)" _ 3 lim A11 pui so the series T Re 


3"t(n-1? n 
noo (n--l)n? ` n> m d 


(n+1)! 3"? aa 


= lim 


n-oo 


converges by the Ratio Test. 


k-lqk4l ko—lakal EV k 
a. = I— ES ILU = de . By the Root Test, lim t (2) = im T = 0 < 1, so the series 
o /6\* gett! were 
S> { —] converges. It follows from Theorem 8(i) in Section 11.2 that the given series, S == ž|z7)]e 
gi NK ín kk kai 2\k 
also converges. 
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21. 


23. 


25. 


27. 


29. 


31. 
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NIIIIL (2n -1)Qn-1) 2.5.8... (3-1) ym 2n41 
noo |2-5-8---.-- (3n—1)(8n+2) 1-3-5- (2n —1)| n= 3n 2 


2+1/n 
ES L———-—-2«l 
M araa 3 T : 


pna 9n —1 
so the series ja iG 1) 


5 (3n — 1) converges by "à Ratio Test. 
Let f(z) = mx Then f'(z) = F 2 < 0 when In z > 2 orz > e?, so T is decreasing for n > e?. 


By l'Hospital's Rule, Jim —— i = lim = lim —— =0,so the series 5 (xim converges by the 
n=1 n 


Alternating Series Test. 
oo 
lim |an| = lim |(—1)"cos(1/n?)| = lim |cos(1/n?)| = cos0 = 1, so the series  ; (—1)" cos(1/n?) diverges by the 
noo m—co n— co * i aci 
Test for Divergence. 


" 1 
Using the Limit Comparison Test with an = tan (2) and b,, = v" have 


an _ tim tan(l/n) _ lim tan(1/z) H tim S ?(1/z) -(—1/z?) _ 


2 — 12 
n—oo bn. n-—oo 1/n e x00 1/a =—00 —1l/z? — lim sec (1/z) = 1 '—12 0. Since 


= b, is the divergent harmonic series, y à, is also divergent. 


n=1 n=1 
2 
" . we, [anda]. (n+1)! e" (n+1)nt-e™ n+] oo 
Use the Ratio Test. lim. pu T = ds PED = lim emp —9< 1,80 Loa 
converges. 
S In In Pas a œ In : 
M dr -= Ji |- r3 — d [using integration by parts] E 1, So p» T converges by the Integral Test, and since 
2 —oo zi n=l 
klnk klnk _ Ink klnk 2 
— < = , the given series — converges by the Comparison Test. 
ii) MN 2 " = (k+1)° R 
g l og m 1 bi : ; . 
= an = x (—1) — —2.l-D bn. Now bn = 2 0, {bn } is decreasing, and im. bn = 0, so the series 
converges by the Alternating Series Test. 
Or: Write -"— « = and PE: — is a convergent geometric series, so Y 1 is convergent by th 
` coshn e”+e-" ^en 8 = i coshn Ree a SS 


Comparison Test. So 5^ (—1)" is absolutely convergent and therefore convergent. 


s coshn 
5K xs » «oe . _ fe _ HE. 
Jim ax = Jim 20x AE OP = [divide by 4^] Jim. (3/4 +1 = oo since jim, 4 =Oand lim ($ = 00. 


~ SN ; 
Thus, Uae diverges by the Test for ND: 
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n? /n n 
A n : 1 1 1 n 
33. lim ¥/lan| = 1 —— = lin —  —__, = = as = 1, 
a, Viel im (5) mite (nF ^m (1+ ny" 7 e < 80 he series EG 
converges by the Root Test. l 
35. an = —~— = —}—, so let ba = ~ and use the Limit Comparison Test. lim 2% = lim ——— =1>0 
"Un = riya = .gi es 90 let bn = | and use the Limit Comparison Test. 265 ™ M a > 


: AE ME- 1 , . , à P : 
[see Exercise 4.4.61], so the series 57 Am diverges by comparison with the divergent harmonic series. 
: n=1 


37. lim 


n— oo 


Vlas| = lim n (21/" —1)—1—1 — 0 < 1, so the series Y ( V/2 — 1)” converges by the Root Test. 


n=1 


11.8 Power Series 


1. A power series is a series of the form Y 7^? 4 cuz" = co + c1z + coz” + caz? +- ++, where z is a variable and the cn’s are 


constants called the coefficients of the series. - 


` More generally, a series of the form $ 77^ cn (£ — a)” = co + cı (£ — a) + c2(2 — a)? + --- is called a power series in 


(x — a) or a power series centered at a or a power series about a, where a is a constant. 


3. If an 


lim 


n-—oo 


— (—1)"nz^, then 


(71) (n 4- 12 
n ree 


Oni 
Qn 


— lim k-o 


n—oo 


S d n—oo 


— lim |( t x) il = |z|. By the Ratio Test, the 


series Y^ (—1)"nz^ converges when |z| < 1, so the radius of convergence R = 1. Now we'll check the endpoints, that is, 


n=1 


co co 
x = +1, Both series Y` (—1)"n(+1)" = Ð (1)"n diverge by the Test for Divergence since lim |(=F1)"n| = oo. Thus, 
n=1 n=1 n— o0 


the interval of convergence is J = (—1, 1). 


5. Ifa, = -then lim 


the Ratio Test, the series pE 


ag Qn4-1 — 


Gn, 


: 2n—1 E — 1/n _ 
E (Eu kl) E- (= Tia” 2l) = [eh By 


— converges when |z| < 1, so R = 1. When z = 1, the series $, 5 
n=l 


2n—- 1 noo 


g” 


1 diverges by 


az 2 


: : E ox l. E gs "CN. ; PE 
comparison with $^ — since -——— > — and = }> — diverges since it is a constant multiple of the harmonic series. 


uc 2 2n—1 . 2n aua 


— n : 
When x = —1, the series > fac converges by the Alternating Series Test. Thus, the interval of convergence is [—1, 1). 


n=1 2n— 1 
n nl, ! 1 
v E anti T | oe: ‘= 

T. Ifan = —, then lim. x Peri ue] TH j- = |x z| lim —— +1 = |z| -0 = 0 < 1 forall real z. 

So, by the Ratio Test, R = oo and I = (—o0, oo). 
9. If an = (- game, then 

NT m (n+1)?a"t! 2^ 0 |a(n+1)? . |z| 14%? lel paves — 4 
I —€— D$ 0mm = — | — rd — — M— = <= j 
Kiet Qn um 2n+1 "n qn im 2n? im 2 1+ n 2 (1) 2 |x| By the 
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g^ " ; 
converges when 3 |z| « 1 <> |æ] « 2, so the radius of convergence is R = 2. 


oo 2 
Ratio Test, the series $^ (—1)” = 
n=1 


n (+2)" = > (+1)"n? diverge by the Test for Divergence since 


When z.— +2, both series Pra ys os . 


lim. |(71)" n?| = oo, Thus, the interval of convergence is I = (—2, 2). 
"n—oo 


3 nm 
» Aida = cy then 
3/2 3/2 
; mul a Harrem n3/2 m" 7 n 7 . 1 
Rmi aa E T5 ape Ir A) mMERULDS 
\ 
= 3|z| (1) = 3|z| 
io Test, th PCS hen3jz| «1 & oR) E d i 
By the Ratio Test, the series pa ""- x” converges when 3 || < |z| < $, so R = $. When x = 3, the series 
e (-1)* — 
Es 13/2 converges by the Alternating Series Test. When z — i, the series S cw z is a convergent p-series 
n=1 


(p = $ > 1). Thus, the interval of convergence is [—3, 3]. 


a” 


4° lnn 


ant? 4"Inn -lel gua in Bl i 
4°+1In(n+1) zx" | 4 nscoln(n+1) 4 - 


Bl By the Ratio Test, the series converges when E «1 e ]|r| « 4 so R — 4. When 


— lim 


noo 


. Ifa, = (-1)" , then lim. 


ru 
[by l' Hospital's Rule] = 


z= —4 Beas, €. E wh - Since nn < n for n > 2, c.» Bag T i is the 
m 4^Ilin ě yz 4"lnmn Inn’ Inn” n eA 


divergent harmonic series (without the n = 1 term), T 


E z divergent by the Comparison Test. When x = 4, 
n=2 


T (-1)” an ES » (-1)" E which converges by the Alternating Series Test. Thus, J = (—4, 4]. 
n=2 


n=2 


(x — 2)" 
5 Ifan — “fl 


nl 


n+l 2 
: (a — 2) n? LE sje- d n +1 


en a (nc-1241. (@— 2)" n—oo (n +1)? +1 


noo 


= |æ — 2|. By the 


n—oo 


Ratio Test, the series > wae converges when |x —2| «1 [R=1] €& -1«z—2-«1 & 1<2 <3. When 
n=O 


xz = 1, the series E» (- 1)" = —; 4 converges by the Alternating Series Test; when x = 3, the series $ —;——converges by 


n=0 1 nzo Tt 1 
comparison with the p-series E a [p = 2 > 1]. Thus, the interval of convergence is J = [1, 3]. 
nat 
3"(a +4)” "rm o [9nti(g 4) Vn " Vn 
. Ifa, = —— =, then lim | ——| = lim | —— =; | = 32 +4 lim =$ 4]. 
Vn n—oo| an n—oo vn -4-1 3^ (z + 4) | | noc A/m +] |z + | 
; "E Xu Cha 1 1 
By the Ratio Test, the series }> — —— — converges when3|r--4| «1 @ |e+4 <3 [R=3] © 


nl Yn 
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19. 


21. 


23. 


25. 


27. 


29. 
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see 1 ; ; 
-$«z44«i & —-B<a<—4. When g = —2, the series X (-1)" es converges by the Alternating Series 
n= 


1 ; 
Test; when z = —., the series Y —— diverges [p = 5 < 1]. Thus, the interval of convergence is J = [- 22, — 
n=1 VN j 


el 


Je 


— 2)” . : 
Ifan = a then lim X/lan| = Jim fe z le = 0, so the series converges for all z (by the Root Test). 


R = and I = (—co, oo). 


an = p — à)", where b > 0. 
oo [anzi] n (Qi 1)]z - | b” Er" dAxN|z-o| |r—a| . 
Jim "m = lim bl n la = a|" = Jim 1+ ü b E — é 


By the Ratio Test, the series converges when 


«1 € |r-a|«b [soR=b € -b<a-a<b © 


|x — al 
b 


a—b<a<a-+b. When |x — a| = b, lim |an| = lim n = co, so the series diverges. Thus, J = (a — b, a + b). 


n 00 


(n 4- 1)! (2e—1)"*? 
nl(2a — 1)” 


Qn+1 


= lim 


TL— o0 


Ifa, = n! (2z — 1)", then lim 


=, lim (n + 1) |2a — 1| — oo as n — oo 
m— co T"n—oo ` 


Qn 


for all « # 1. Since the series diverges for all a # 3, R = 0 and I = {3}. 


If a, = imi y , then 
3 3 
* Qn41 (5a = ayer n? i 1 
P 2 MEM a m 2 1 —4 
E aa tim | aie Gaara 1) "me - 4 (I1 


= [bz — 4|: 1 |Bz — 4| 


e (5a — 4)" . 
PROMO ac e -$i«i e -ic«e-$«$; e 


n=1 


à oo 
2 <x <1,s0 R = 4. When x = 1, the series Ès s a convergent p-series (p = 3 > 1). When z = 3, the series 


co at n 
Dey ( 2 converges by the Alternating Series Test. Thus, the interval of convergence is J = (3 3 1] ; 
n-l 


If an = —————— n, then 
DT Cer EU diss 
nl 
: Qn+1 CNET T 1°3-5+ +++ +(2n—1) |z| 
lim = lim pee ERU EU A ess — 0 < 1. Thus, b 
100 | On ain | (2n — 1) (2n 4-1) g" digg eS mA 
the Ratio Test, the series D Z converges for all real a: and we have R = oo and J = (—c0, o). 


n=i 1-3-5. : (2n — 1) 


(a) We are given that the power series 5 ^^ , cnx” is convergent for « = 4. So by Theorem 3, it must converge for at least 


n=0 


—4 < x < 4. In particular, it converges when z = —2; that is, }>°°_5 cn(—2)” is convergent. 
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(b) It does not follow that }>°°_, cn(—4)” is necessarily convergent. [See the comments after Theorem 3 about convergence at 


the endpoint of an interval. An example is c, = (—1)"/(n4").] 


81. If a, = e z^, then 
a (anel a. [ie 1)!]* (kn)! sd . (n 4- 1)* 
im rA jiu core no 8 rr 2-13) 71 I^ 


(kn--1)(kn--2) | (kn-- k) 
_ [nti], [n+l c [ati 
Im. Es ;| a E i Fea iei 


k 
(1) |x| « 1 €  |æ|< k" for convergence, and the radius of convergence is R = k*. 


r ER (n+1) esl 


m 
n-oo 


ll 


33. No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 


of convergence, then its interval of convergence must be (—oo, co), not [0, oc). 


EN Tus 
35. (a) If an = ni(n + 1g then 
2n43 he ! }92n+1 2 
s. [ndi] . m T , nY(n t 1)!2 LEM i 1 z 
E üed um. | (n+ 1)! (n. + 2)! 22n*3 ql = (5) seth (n+1)(n+2)~ 0 for all x. 


So Jı (x) converges for all x and its domain is (—co, co). 


(b), (c) The initial terms of Jı (x) up to n = 5 are ao = = 


9’ 
z? 2 x’ x 
a1 = ~ 76° 9? 7385757 7718432 4 7 1,474,560" 
gli 
and a5 = ~ 776,947,200" The partial sums seem to 


approximate J; (a) well near the origin, but as |z| increases, 
we need to take a large number of terms to get a good 


approximation. 


37. 524-1 =1+4+20+a7 + 22? + at + 2x5 4... 4 92-2 4 Qg9n] 
= 1(1+ 22) + z?(14- 2x) + z* (1-- 22) +--+ +27"-7(1 4 2x) = (14+ 2z)(1 +2? + rt +---422"-?) 


i-r?" ; 2 1-4 2x 
i-r [by(1123) with r = z?] — 


= (1+ 22) al 


as n — oo by (11.2.4), when |z| < 1. 


z Since x?” — 0 for |z| < 1. Therefore, sn — Lr 
T 1-2? 


as n — oo. Thus, the interval of convergence is (—1, 1) and f(x) = RE 


1+ i 
Also son = San—1 + T°” — = since S2n and sen—1 both 


approach Le 
pp per 
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39. We use the Root Test on the series }> cng”. We need lim V/|caz"| =|2| lim &/|cs| =c|x| < 1 for convergence, or 
n-—oo n-—oo 
|z| € 1/c, so R = 1/c. 


41. For2 < z < 3, $5 cnx” diverges and 5 dz" converges. By Exercise 11.2.69, $ (cn + dn) x” diverges. Since both series 


converge for |x| < 2, the radius of convergence of Y (cn + dn) £” is 2. 


11.9 Representations of Functions as Power Series 


oo oo 
1. If f(z) = 5 cac" has radius of convergence 10, then f'(z) = Y; neng™™* also has radius of convergence 10 by 
n=0 


n=1 


Theorem 2. 


1 ; A 
l-r and then use Equation (1) to represent the function as a sum of a power 


3. Our goal is to write the function in the form = 


series. f(z) = —— = ——— = »i(-z)'- V;(-1)'z"with|-z| «1 © |z|<1,so R=1andIJ = (-1,1). 
E 0 n=0 


5. f(x) = = = s (1-25) = 3 (=) or, equivalently, 2 f 1, 3 -T x”. The series converges when E | «1, 


that is, when |z| < 3, so R = 3 and J = (—3,3). 


r 1 qf 


t 07 sez eoo ~ alee $2 L0] "s Eme - EC ee 


2 
-($|«: e Ee € |? «9 e |z| «3,so 


co 21” 
The geometric series 57 |- (=) | converges when 
n=0 3 


R — 3and I =(-3,3). 


9. f(x) = 


=(1+ (1i; ;J-a«2aE 7 =F r” +3 at L+ Sat + Yat = 1425 2% 


n=0 n=0 n=0 n=1 


The series converges when |z| < 1, so R = 1 and J = (—1,1). 


A second approach: f(x) = m AH a(z) E eE e 


A third approach: 


f(z)= tr aa (14) —(1-z)1-4zcz-z-4-.-.) 


=(l+at+a?+25°4---)+(e+a? +22 4+244---) =14 204 2a? +227 +---=142 a. 


n=1 
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3 3 A B 
z — eS M M 3=A T B(x — 2). Letz = 2 =. 
11. f(x) 7-2-3 e- Dari FET E % => (x +1) + B(x — 2). Let x to get A = 1 and 
x = —1toget B = —1. Thus 


3 C— -— À 
z2—z2—2 2-2 «+1 -2 m 


a) h 
AG or jor a 


We represented f as the sum of two geometric series; the first converges for z € (—2, 2) and the second converges for (—1, 1). 


Thus, the sum converges for x € (—1,1) = J 


13. (a) f(z) = VER =< (x) =- 2 [EC 1)"a zi [from Exercise 3] 


- PHP na^ [from Theorem 2()] = X CD"(n 4 1)z" with R= 1. 
In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 
occurrence of n in the term by 1 [also note that (—1)"*? = (—1)^]. 
€ fe) = z- =~ Fae asy] ai [LV tne" | tom sa n 
E Econ +1)ne"1 = 1 x (-1)^(n 4- 2)(n + 1)2" with R — 1. 
E " 1 


(c) f(x) = cP =r ‘moan at 1)"(n--2)(n--1)r" [from part (b)] 


: E CD" (n- 2)( + 1)" 


n-4-2 


To write the power series with x” rather than z"^^, we will decrease each occurrence of n in the term by 2 and increase 


“eo 
the initial value of the summation variable by 2. This gives us 5 D (-1)"(n)(n — 1)z" with R = 1. 
n=2 


" "AN dr EN _dr _ ET. g^ M oo g” 
15. f(x) 21n(5— z) = /S- 5 I zJIP»o J|« £g 5255-1 -24ns 


Putting x = 0, we get C = ln 5. The series converges for|z/5| <1 4 |z| « 5,so R— 5. 


1 1 á 
17. We know that ILE Tra" 2 4x)". Differentiating, we get 


TIG = L (-4)^nz^-* — Sayin +1)x", so 


n=1 


f^ qp o^ rap ti Sete = Eje ene 


fo|-4z| <1 # |2|<4,s0oR=+4 
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i " : 
19. By Example 5, ü-sy^ 2. (n + 1)z^. Thus, 

_ ite 1 z 8 a —-— 
f(x) = i- iF + ta Le Tz" + 22 (n 4l) 


oo oo 
= j (n41)"- Y; na” [make the starting values equal] 


n=0 n=1 


=1+ (n-c1)nlz" —1-- Y; (2Qn+ 1)z^ = Ð (2n-- D)z" with R=1. 
n=1 n=1 


n=0 


z m 1 zog a " n 2n c "n 1 m 
a fe) = zis-ir-ceng) 763 Cis) Eom we EON ge 


n=0 
The series converges when |—27/16| <1 <> 2? «16 e |x| « 4, so R — 4. The partial sums are s; = = 
= a A A ee ds to the fi f the infi 
= —— = — = € à = EAE ee t i 
82 = 81 16? $3 = $2 4 163” $4 = 83 164 $5 = 84 + 165 ote that sı corresponds to the first term of the infinite 


sum, regardless of the value of the summation variable and the value of the exponent. 


As n increases, Sn (x) approximates f better on the interval of convergence, which is (—4, 4). 


lc dx dx dz dz 
23. f(z) = u(i +2) -= in +2) ma —a)= f e+ f = -|o 
-f|£c D'a" E a"| as = [22-2 +a) + (tata? +a? +244---)] de 
n=0 
= [eas +20" +-. )dz = Y 22" de = 0+ Y a 
h n=0 n=0 2n+1 
But f(0 C =O and weh ay o" ith Rint, Wa cd, ih +2 
ut f(0) = In 1 = 0, so 0 and we have f(x) = pc = 1. Ifs = +1, then f(x) = es 


which both diverge by the Limit Comparison Test with ba = E 
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' $3 
22° 225 3 & x 5 


2 
The partial sums are s; — E m = 8; + —, 53 = 524 ——,.... 
1 3 5 A 


As n increases, s; (z) approximates f better on the interval of -2 2 
convergence, which is (—1, 1). A 
-3 
i 1 B (u8yn _ NS 48n41 J t M aiia ; 1 
| 0—— —i———ü Y) = i > ——; dé = C+. ay i —— 
25 1-8 t 1-8 pa ) p» 1-8 T 2 8n 12 he series for Tas converges 


when |t®| <1 «€» |t| € 1, so R = 1 for that series and also the series for t/(1 — 19). By Theorem 2, the series for 


f : dt also has R = 1. 


1— t8 
; e "n—1 g” 2 = n—1 gus 
27. From Example 6, In(1-- «) = J> (—1) = for |z| < 1, so z^In(14- z) = > (—1) and 
n=l n=l 
l n43 


[ 2024-0 pp - 


c — id — 1 1N G = . ë 
P» n(n4 3) R for the series for In(1 + z), so R = 1 for the series representing 


z? In(1 4- z) as well. By Theorem 2, the series for fe In(1 + z) dz also has R = 1. 


29. 1 = t = Y (—a°)" - > (~1)"2™" = 

rea 71-05 7 à 

1 d " oo 1 ín d C oo gent h 
7. = —1)"2"" dz = —1)"——.T 

J e Aj disi T 2X Bal ma 

0.2 Hc 0.2 6 11 
m ah an LA B (0.29 . (0.2) x I" 
f= A 14-25 dz |z 5 Li l, =0.2 G * qp 7i The series is alternating, so if we use 


the first two terms, the error is at most (0.2) 3/11 œ 1.9 x 107°. So I ~ 0.2 — (0.2)9/6 ~ 0.199 989 to six decimal places. 


31. We substitute 32 for z in Example 7, and find that 


fe arctan(3r) dz = | £ 5 (—1)” (Ga) dz = > (-1)" aiiis Aid — dz =C + 3 cy _ ous ioa = 
x5 2n 4-1 a= 2n 4-1 ci (2n + 1)(2n +3) 
So tag c arctan(3z) dz = EE x P + ae = as [ 
Q1. 9 , oe ee 
109 5x10 35x107 63x10? 
2187 


5 & 3.5 x 1078. So 


The series is alternating, so if we use three terms, the error is at most 63 x 199 


1 9 243 


0.1 Se 
f xarctan(3x) dx ~ 105 5x 10° * 35x 107 


= 0.000 983 to six decimal places. 
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3 5 7 3 5 7 
33. By Example 7, arctan z = z — Ep. =k, EAT T T poe. CL M 
3 5 7 3 5 7 
T , ' . (0.2)7 
The series is alternating, so if we use three terms, the error is at most 7 £z 0.000 002. 
3 5 
Thus, to five decimal places, arctan 0.2 = 0.2 — M + 10:2) % 0.197 40. 


3 5 


2 JU (2) + acd (a) ptam So + 5 
2 sey PR E 
ofron- f A Sear |= [rt rt) 
- b-t rt] =t at 


Since Tim £z 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 
[i Jo(z) dz 2 1— d; + gig © 0.920. 


n 


7. @) f@)= Lo = fm-X 


n= 


(b) By Theorem 9.4.2, the only solution to the differential equation d f (a) /dr = f(x) is f(x) = Ke”, but f(0) = 1, so 
K =1and f(z) =e”. 
Or: We could solve the equation d f (a) /dz = f(x) as a separable differential equation. 


n+l n? 


anti imi a — e 
n=oj|(n+1)? z^ 


7" 


39, Ifa, = Ó then by the Ratio Test, lim 


i 2 \ 
= |z| lim (=) = |æ] < 1 for 


oo 
= > L which is a convergent p-series (p = 2 > 1), so the interval of 
n=1 


xr” 


convergence, so R = 1. When z = +1, XL 


n=1 


convergence for f is [—1, 1]. By Theorem 2, the radii of convergence of f’ and f" are both 1, so we need only check the 


nz" 


endpoints. f(x) = r = => fi(x)= 2 


n= 


co 
ET T’ and this series diverges for z = 1 (harmonic series) 
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oo 
and converges for z = —1 (Alternating Series Test), so the interval of convergence is [C1, 1). f"(z)— Y; T i diverges 


n=1 


at both 1 and —1 (Test for Divergence) since Jim — T = 10, so its interval of convergence is (—1, 1). 


T n+l 
n+1 1 
41. By Example 7, tan"! x -XCc j£ 7 for |a| < 1. In particular, for z = " we 
2n+1 
us —1 n wm S n 1 " 1 1 
a = Am [I um. 
have 7 tan (=) - Le 1) ini paN ) 3 Jimar^ 


-86 R CD" | 4/9 CU" 
dai. p>: (2n + 1)3" |— tya X (2n + 1)3"" 


11.10 Taylor and Maclaurin Series 


oo (n) (8) 
1. Using Theorem 5 with $^ b,(x — 5)", bn = P, so bg = PO. 


n=0 
3. Since f™ (0) = (n + 1)!, Equation 7 gives the Maclaurin series 


co (n) 0 1 oo 
» ro don = = pe et ed lot OF = }_ (n+ 1)z". Applying the Ratio Test with an = (n + 1)x” gives us 


n=0 n! n=0 n=0 
Qn4-1 (n T m = . nt+2 - oz 
Jim. = PA ne Dr |7 |z| Jim, act |x| - 1 = |z|. For convergence, we must have |x| < 1, so the 


radius of convergence R = 1. 


n (4) 
5. (1-2) -2 = f(0) + O+ LO '(Q) zr? JEO PA 
DW. LAN 3! Tm 
—2 =1+2r+ Sq? + 24 "E 120 
(1—z) ‘ 24 220 4 es 
mw =142r+3e? +423 + 52+... — room 
6(1 =s e) n=0 
24(1 -— z) a (n 4 2)g" 
lim n+l - É 2 n » _ 
120(1 — z)-9 noo! an n-—o0 (n $ 1)z^ | | lim n |z| (1) = |x| «1 


for convergence, so R = 1. 


pet 
A sinzz = f (0) + f'(0)z + +Ë P a? + =" x 
sinc " £59). f® (0) a a 
4 EN 
T COS TE ha 
-n° sin zz — 0-4 cz 0- Tr +0+ fat de 
=r’ cos TL 3 5 E 
4 gi =ne—- La +3 a — Ta. 
" snare ' 3! 7) 
T? cos 72 = 
-— EE NL 2n-F1 
p» ) (2n + 1)! 
2n+3 ,.2n-4-3 2,.2 
; ün4l| _ T T (2n +1)! |_ , T T " 
mier an | meee] Gna ^ aee ge | ees n nya (0 (1 forall z, so R = oo. 
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= feo), (In 2)" 
9. 2 — n 
[n] f) | f0) Mom n! => n! 
« M , lim t| im |U8227 7277 — nt 
2*(In 2) n= | Ay ^ n-oo (n + 1)! (In 2)ng^ 
27 (In 2? n2 
27 (In 2)? = im AI Loc, for all z, so R = oo. 
2" (In 2)4 
n p 0 ifnis even -— D gn 
4 = so sinha = =- — 
c1 f) : 1 ifnis odd nzo (2n + 1)! 
geti 
Use the Ratio Test to find R. If an = —————., then 
(2n +1)! 
HET gents — (2n4- 1) 1 
l = lim |- 2] =r. lim ———~ 
n—95| an noo | (2n + 3)! grt n—oc (2n + 3)(2n + 2) 
=0<1 forall z, so R= co. 
13. f™ (a) = 0 for n > 5, so f has a finite series expansion about a = 1. 
o ee peur i" 
à GV 
f(z) 22*-32*.-12 > LD) i 
n=0 n! 
-l —2 6 
= oy 0-0 + ap @- Ttae 1)? 
24 ,, 
+ 2 G-0 em e- 
= —1—2(r—1)+3(x—1)? + 4(z — 1)? + (x — 1)* 
A finite series converges for all z, so R = co. 
e f (2) n 
15. f(z) = lns = diui 
- n=0 : 


= E? (s-29 + qz (0-2 + "guérir gt 
+ga e-d tgp- 

-m24 3 (ay SY aoa 

-In24 E (yt e- 2)" 
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2o [anzi (1)? (s = 2)**t n2" lim | (-D(r-2)|. , n Ylz—2| 
- Lue. Melt ncn. EPS, IUSTI IT AES cs] 
ea. | el mie: Ce-a oe] in 13 ralnt) g 
= B « 1 forconvergence, so |x — 2| < 2 and R = 2. 
17 fe)= = 8 FO a-a 
 [ypeepes aw 
2x 6 6 6 6 
0 e e E und ds t z— sy 
0! 1! . 2! 
Se w— 3*8 ets 
n 6 ' 
a 2 68 3)" 
n=0 
< [awel | 274168 (¢ — 3) f n! . «s, 2le—3l _ = 
Jim aa | ee he Peay =o" |e n3 =0<1 forall z, so R= co. 
I) k 
19. z) = cost = rz—'T 
Gpeapes| 7 Rem 
Lou 6m _ (em! | e-n" 
m 4 ' él 
T __4\n+1 (r- 7)" 
9E a.d 
"rv le — a (2n)! 
um an - A | (2n + 2)! de — r|?” 
"WS — P 
= m ntj z, so R = oo. 


21. If f(x) = sin rz, then f+) (x) = 4m"? sin ma or +r”*? cos mz. In each case, [rea X "+1, so by Formula 9 


n+l 


= +1)! 


| joes ~ [rajt 


7 (n+)! Thus, |2,(x)| — 0 as n — oo by Equation 10. 


with a = 0 and M =7""", |R.(z)| € 


So lim R,,(x) = 0 and, by Theorem 8, the series in Exercise 7 represents sin 7x for all x. 
n—oo e 


23. If f(x) = sinh z, then for all n, f "*P (x) = cosh z or sinh z. Since |sinh z| < |cosh z| = cosh z for all x, we have 
|e) < cosh z for all n. If d is any positive number and || < d, then r9) < cosh x € cosh d, so by 


cosh d 


Formula 9 with a = 0 and M = cosh d, we have |, (x)| € [CEST FI 


; |x \"**. It follows that |, (x)| — 0 as n — oo for 


|x| € d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinh x for all x. 
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=0 


8 2 ae f. 
25. 4i-zs-[-(- z) = x (AV a)" =1+4 (—a) + iC à) (72)? + i( A PEE 4. 


1.19 CD" C" B-T. (4n 5], 
att RA x 
- li COB Tees (4n —5) n 
ace ie 4^ nl " 


and|-z| <1 ©  |z| « L,so £— 1. 


1 1 1 e\73 12. {—-3\ say" r 1 o 
27. Gray Ex Br 2/2 = C == z) =3 p> zl 4 ) (2) . The binomial coefficient is 


D 


p j- (—3)(—4)(—5) +++ (73-41) | (-3)(—4)(—5) ++ [-(n - 2)] 
n n! n! 


(21) 2-8-4 5 (n+1)(n+2) | (-I)"(n+1)(n+2) 
2 


1 ig (Pam) m ("m+n jz : 
Thus, 5s = 8 24 : RE i for|F|<1  |2|<2,s0R=2 
20. si oo s d ‘ ijr (ma)? am Brick: R 
sing = 2. C1) Gai > f(x) = sin(zz) = = (—1) C PH (-1) Gaim Y T” ,R-— oo 
= eS z" (2x)" _ x” E 2x V oF +1 z^" 
31. = — = = = — ; 
" 2 n! sid ig bn n! nz n! y» f(x) "T E i + ET E — n! 
R — oo 


= . ES ^ (3 a)" c5 " zi 
messo Cn e - «oT LO" Saar = CU agg 


f(x) = 2cos(42?) = EC i oa ginti R= oo, 


35. We must write the binomial in the form (1+ expression), so we'll factor out a 4. 


z = per eee (14S) -iÉ -4 (=) 
V4+a2 AHER 2,fi+a7/4 2 4 2 n=0\ mn 4 


-ihep 09] 9D) 3) (- PCa) (sy 


AlS 
—, 
— 

: 


ae Ee T SE a (2n — 1) on 
-3*3À » 2n.4" . m! xi 
_ 2 nl+3:5eee:: (2n — 1) m z? lel T 3 
=% + 2 1) n!28n41 and 1 «1 & 2 «1 € |s|<2, soE—2. 
i L 1 œ (—1)"(2x)?" 1 oo (—1)"(2x)?" oo (—1)*Hig2n-152n 
wise 2h = NSRS E a _ 
sin? x g(t cos 22) 5 | 2 —G |73 1—1 2 E Ex ag 


R = oo 
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g?r 
id 2 EC 1" aa (2n)! 
2)2n oo (_1)\"_4n 
=a = ri de E n=0 i 


1,4 1 
=1- 32 Ta — at" ye 
The series for cos x converges for all x, so the same is true of the series for 
f(z), that is, R = oo. Notice that, as n increases, Tn (x) becomes a better 


approximation to f(z). 


s (1) & z^ 4. C (ue gm n Z^ 
4.€ PM ue» rw s i mz. ar 
-r S n 1 n+l. 
f(a)=se* = E Can iia 


EEI gola. Za4 p 138. 1 re a TE 
=g- +52 $T tzat ix? + 


= Say 
n=1 (n = 1)! 
The series for e7” converges for all x, so the same is true of the series 


for f(x); that is, R = oo. From the graphs of f and the first few Taylor 


polynomials, we see that Tn (x) provides a closer fit to f(a) near 0 as n increases. 


2 T " g?” x? at gê 
43. 5° =5 (zap) = gg radians and cose = >> (- 1) xj ji -i-gtuaogwt' 
m , (x/360? , (n/36)* _ (/36)* (1/36)? — . (7/36) 3# 
COS 35 =1 2i Er uüde medidas Now 1 g S 0.99619 and adding —-— ^" 2.4 x 10 


does not affect the fifth decimal place, so cos 5? ~ 0.99619 by the Alternating Series Estimation Theorem. 


: _1i)(_3 —4)(—3)\ (5 
48, (a) VTE = [1 (-29)] ^ = 14 (0) + CCD Cay, COCDCD (Cs, 
oo. 1:3: Bis 2n—1 
=] + bh : TE of n ) g^ 
ECT PM 1 1-3-54 (2n = 1) Qn+1 
(b) sin z= | -t= Chet Em ra 
1-3-5 = 1) a, . "a 
-e+ E D ag e *! since 0 = sin"! 0 = C. 
47 cos c (16 6) i6 1 "c g => cos(x?) = Y- i£ y i ice T (-1)" go" = 
i n=0 (2n)! n=0 (2n)! i n=0 (2n)! 
3 oo T 6n+1 oo q19n42 
zew(s)- PCI >? [ione az = C 3 C) ugar with R= on. 
(16) oo x 2n 5 g?” cosg — 1 - - q?n-1 
ae 22470 (2n)! + ae-3= EC u (2n)! T 24170 (2n)! Ed 


[= e e+ Ei p 


TEC 2n- (2n) 


with R = oo. 
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$ oo 2n+1 4 
51. arctanz = 37 (-1)" for |z| < 1, so z? arctan z = PE 1" o. for |x| < 1 and 
n=0 n=0 
3 dz = C+ Y C ER ime d 
E arctan x dz = + ul ) Gn na 5" Since 5 < 1, we have 
1/2 os 2n4-5 5 7 9 11 
3 n_ (1/2) (1/2)* _ (1/2)" , 1/2? _ (1/2) 
[ Vased LI. MIB LS - er ' Bg Pa eeN 
5 7 9 i 11 
ZEE - a T M =~ 0.0059 and subtracting eL 2) D 6.3 x 107? does not affect the fourth decimal place, 


p 


so q? arctan x dx =% 0.0059 by the Alternating Series Estimation Theorem. 


girt 
53. VIF zi = (1 +24)! = Y ti (z^)", so / V1+24dr=C + > (Za and hence, since 0.4 « 1, 
o 


n= n=0 4n 4-1 
we have 
r= [ime ECT) GET 
-Q) — á d (oy ne ma À acai) Re" " aCe) ay) (0 Za 


9 i 5 
Now Ca x 3.6 x 1079 < 5 x 1078, so by the Alternating Series Estimation Theorem, I œ% 0.4 + oo. & 0.40102 


(correct to five decimal places). 


3 — ]n(1 Tr X r—í(r— a+ T lg*.. 149 ..... n 152. 173 4 1g4 — 155... 
m og EO tye ro PEL ea dg eee nn 
z—0 x? r—0 x? 20 T 
n 1 1 12.4. 1459... 1 
since power series are continuous functions. 
sins —z-4 iz? Cat L-a32 —3- + — r4 iz? 
57. lim —————— —5— = lim (rie tu gr +--+) et get 
r—0 z5 z—0 rŠ 
tal ee j X UM o eo 
z—0 x z0\5! 7 Q 5! 12 
since power series are continuous functions. 
2 4 6 2 4 
i 2 z T x 
59. From Equation 11, we havee ^^ =1— wT ta E +--+ and we know that cos x, — 1 — [MEN dae from 
Equation 16. Therefore, e7? cosz = (1— 2? + 3z* —...) (1— 3a? + #2‘ — ---). Writing only the terms with * 
2 5 
degree < 4, we gete™” cosg —1— iz? + Aat- a? + iatt hatto — 1 — $a? + a es 
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1 
$7 — 1297 t 
1,3 1,5 
$67 — sagt to 
i nO LE os 
3697 + 
xt m dina 
sept + 


From the long division above, zs 14- i 4- 35d zi 
] D 


An 


oo x oo (72*)" NT 
k — n — = = D 11). 
à A Ü n p> n! ý y) 
65. Ec yy" 2 =F yp BE -= in (1+3) [from Table 1] d 

n 2n+1 

m baer See nw 
es > aerias DI" is Qupp Meme ee) 
69 eee ee ee ee ee a E T 
Stat ata a*stat aS 56-55 


a n pli) x 
71. If p is an nth-degree polynomial, then p(? (x) = 0 for i > n, so its Taylor series at a is p(x) = Y` P. — ay. 
i=0 t: 
2. p? (a) 
Put z — a = 1, so that z = a + 1. Then p(a + 1) = >> a TES 
i=0 . 


n p? c 
Ere 
=0 è 


This is true for any a, so replace a by z: p(x + 1) = 


- 


3. Assume that | f" (x)| < M, so f"(z) < M fora < z < a-- d. Now f; f"(t)dt < f Mdt => 


f"(z)— f"(a) € M(z—a) => f"(z) € f"(a) + M(x — a). Thus, f? f"(2) at € f? [f"(a) -- M(t—a)dt = 


f'(z) — f'(a) € f"(a)(z—a)- M(r-af) = f'(z)S/f'(a)-f"(a)z—a)-àM(z-a) = 
fe fat < [7 [f (a) + "(a)(t—a) - 3M(t-ay]at => 

f(x) — f(a) € f'(a)(z — a) + 3f" (a)(z — a)? + M(x — a)’. So 

f(z) — f(a) — f'(a)(z — a) — $f"(a)(z — a)? < § M(x — a)’. But 

Ra(z) = f(x) — T2(z) = f(x) — f(a) — f'(a)(z — a) — 3 f” (a)(z — a)”, so R2(z) € $M(z — a)*. 


A similar argument using f"'(z) > —M shows that R2(z) > —$ M(x — a). So |Rz(z2)] € ¿M |x — al’. 


Although we have assumed that z > a, a similar calculation shows that this inequality is also true if z < a. 
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78. (a) o(2) = 35 (e > g-* (eee 


n=1 \ ^n 


(1 4- z)g'(z) = (1+ x) x (5 nz"! = E (v: gn) + x (Ser 


- n 4 SS [ KY, n Replace n with n + 1 
-X E + A (n T Ae + 2 E id: in the first series 


RSV EET DU 2) (n4 (5n) n Ee DAC ee (ea ia | 
scenes E eee mame 
=p (n+ 1)k(k De d ea [(k — n) 4-n] a^ 

g Eme u$ (Pee | 

n=0 n md Vi 


Thus, g'(z) — d 


(b A(z) = (1--)"*g(s) => 
h'(z) = —k(1-4- z) ^*^ g(z) + (1 +£)" g'(x) | [Product Rule] 
= —k(1 + 2)7*7!g(z) + (1+ 2)7* cum [from part (a)] 
= —k(1 + x) ^^! g(z) + k(1-- z)^ "^! g(z) 20 
(c) From part (b) we see that h(x) must be constant for z € (—1, 1), so h(z) = h(0) = 1 for x € (—1, 1). 


Thus, h(z) = 1 = (1+ a)" g(z) € g(x) =(1+-)* forz € (—1,1). 


11.11 Applications of Taylor Polynomials 


[n|f?( [fo | | m — 
0 cos c 1 


1. (a) 


1- iz 
1— ig? 
1— iz? tds 
1— iz da 


414144... 148 
1 iz? + tat vio 
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2 
0 4 
i i à i : 
ar ge Atg 4 (@—2)?- ai (0-2 
—-i-i(z-2)-i iaae 
L1 
0 T 
-1.1 


=] 2, 2 3 
+ > G-1) + x (2-1) 


—1)? 4 à(z — 1? 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part, 


www.elsolucionario.net 


92 O CHAPTER 11 (INFINITE SEQUENCES AND SERIES 

f(a) | FO) 
0 ze ?* 0 

(1- 22)e-?7 


4(z — 1)e?* 
4(3 — 2z)e?* 


T,f -4 


T«( = f" (0) "n. 1 ll —4,,2 12 vi 3 
W= a a te + ee He oe R2 
n=! J 


11. You may be able to simply find the Taylor polynomials for 
f(x) = cot x using your CAS. We will list the values of f ©? (7/4) 


for n — 0to n — 5. 


5 CSc 
eem [3] 22 [os D | 9] 


5 f a 
$ fei CM) (2 _ z) 


=1-2(e- 2) +2(e- 3) - $(e- 4) 396-2) - 


For n = 2 ton = 5, Ta (x) is the polynomial consisting of all the terms up to and including the (x — T term. 


Ts (x) = 


@ f(e) = Ex Tae) = 2+ 5(@- 4) ue ip wid 


Pd. vo 


13. 


[n| fex) [ FH) | 
T 2 


(b) | R2(z)| < x |æ — 4|", where |f" (x)| < M.Now4 <x < 4.2 > 


|r-4|€0.2 = |x— 4j? < 0.008. Since f" (x) is decreasing 
= 3 - 
on [4, 4.2], we can take M = |f" (4)| = 349? = Z3, so 


|Ro(2)| < 3/256 3/256 (0.008) = BS = 0.000 015 625. 
(c) 0.00002 
From the graph of |R (x)| = |/z — T2(x)|, it seems that the 
error is less than 1.52 x 107 on [4, 4.2]. 
4 4.2 
0 
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18 (@) fle) = 0% Tz) — 1-861) Eea Ses 


(n) (n) . 
hod ae 


22/8 


2,,—1/3 
3T 


(b) | R3(z)| € a M jg i. where | F9 (z)| < <M.Now0.8<2<12 > 
_2_-4/3 
j a lr—-1|€0.2 = |x—1|* < 0.0016. Since | (2)| is decreasing 
zc 
» 
—885710/3 f on [0.8, 1.2), we can take M — | F(0.8)| = £8 (0.8) 19/3, so 


8 (0 .8)7 10/3 
|R3(x)| < Hon o 0016) ~ 0.000 096 97. 
(c) 0.00006 
From the graph of |R (x)| = |2*/ 3 -Ts (z)| it seems that the 
error is less than 0.000 053 3 on 0.8, 1.2]. 
05. : 12 
17. (a) f(x) = secz ~ T»(z) = 1 + 1a? 
eo] P à tr 
seca 
secr tang 
sec x (2sec? x — 1) 
sec x tan x (6sec” x — 1) 
(b) [Ro()| < $E lel, where | f(2)| < M. Now -0.2 <2 <0.2 > | «02 = |al*<(0.2)°. 
f(z) is an odd function and it is increasing on [0, 0.2] since sec x and tan x are increasing on [0, 0.2], 
(3) (3)(9,2) & £ 0. 2) (9.23 w 
so | f (2)| < f (0.2) ~ 1.085 158892. Thus, |Ro(x)| < ‘~~? (0.2) ~ 0.001 447. 
(c) 0.0004 
` From the graph of |R2(x)| = |sec x — T»(z)|, it seems that the 
error is less than 0.000 339 on [—0.2, 0.2]. 
-0.2 < 0.2 f 
$ 2 
19. (a) f(x) = e = T&(z) 214- r? =1+42? 


2! 


e? (22) 

e* (2 + 42?) 

e* (12x 4-82?) 

ez (12 + 482? + 162) 


(b) |Rs(2)| < jo), where F@| < M.Nowo «2 «01 > 


c^ < (0.1)^, and letting x = 0.1 gives 


e?9! (12 + 0.48 + 0.0016) 
24 


|Fa(z)| € (0.1)* = 0.00006. 
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(c) 0.00008 
From the graph of | R3(z)| = e? — Ts(z), it appears that the 
error is less than 0.000 051 on [0, 0.1]. 
0 0.1 
‘ 2 a, —% a ,2. lj 
21. (a) f(z) = zsinz © Ti(z) = x (z — 0) + a (e — 0) =a = aT 
csinz M 
E. lal (5) =. 

P (b) [R«(z)| < Sj lel where | f (2)| <M.Now-1<2<1 > 

2cosx — rsinz |z| € 1, and a graph of f ©) (x) shows that | £9) <5for-—l<a<l. 
—3 sin T — T COS T 5 1 

z <—.- 5 = — =. 6. 

deer Thus, we can take M = 5 and get |Ra(z)| € 5i 1 24 0.0416 

5sinz + T coss 

(c) 0.009 
From the graph of |R4(x)| = |æ sin z — T;(z)|, it seems that the 
error is less than 0.0082 on [—1, 1]. 
=] 0 1 
. EI 1 zy M P 
23. From Exercise 5, cosz = — (z — 3) + 4 (x — 4) + Ra(x), where |Ra(x)| € 7 |z — £|" with 


£9) = feel < M = 1. Now z = 80° = (90° — 10°) = (4 — &) = { radians, so the error is 

[Rs (42)| € & (S) © 0.000 039, which means our estimate would nof be accurate to five decimal places. However, 
Ts = Ta, so we can use |R4(5£)| < -4 (4) © 0.000001. Therefore, to five decimal places, 

cos80* ~ — (—&) + 1(—&) = 0.17365. 


6 


eel 
(n 4-1)! 


25. All derivatives of e” are e”, so |Rn (x)| < n+l where 0 < a < 0.1. Letting x = 0.1, 


0.1 
Rn(0.1) € mayen" < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 


Rs3(0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e” corresponding to n = 0, 1, 2, and 3, 


we can estimate e™? to within 0.00001. (In fact, this sum is 1.10516 and e°* z 1.10517.) 
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1s 1s — " 
sing =z — 37 P s — -- - , By the Alternating Series : 


Estimation Theorem, the error in the approximation 


lg «001 & 


5! 


. 1 3 
sinz = T — 3? is less than 


z5| «120(0.01) <> |2| « (1.2) ~ 1.037. The curves 


y =x — $2? and y = sin æ — 0.01 intersect at x ~ 1.043, so 


the graph confirms our estimate. Since both the sine function 


and the given approximation are odd functions, we need to check the estimate only for z > 0. Thus, the desired range of 


, values for a is —1.037 < x < 1.037. 


3 5 7 


. arctan x = z — = + T = F +--+. By the Alternating Series 
Estimation Theorem, the error is less than |—3a"| < 0.05 & — — y = arctan x + 0.05 


|27| «0.35. <> |z| « (0.35) "/" ~ 0.8607. The curves 
y — z — 1a? + 1a? and y = arctan x + 0.05 intersect at 
x 7: 0.9245, so the graph confirms our estimate. Since both the 


arctangent function and the given approximation are odd functions, 


we need to check the estimate only for z > 0. Thus, the desired 


range of values for z is —0.86 < x < 0.86. 
Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of the car is v(t) = s'(t) and the 
acceleration is a(t) = s" (t), so the second degree Taylor polynomial is To(t) = s(0) + v(0)t + 2) = 20t + t?. We 


estimate the distance traveled during the next second to be s(1)  T2(1) = 20 + 1 = 21 m. The function T2(t) would not be 


accurate over a full minute, since the car could not possibly maintain an acceleration of 2 m/s? for that long (if it did, its final 


speed would be 140 m/s =% 313 mi/h!). 


d he E oe LL ME o adis ILES. 
‘2-3 Dag D pud (G+$) | 


eb b- 6) 8) ^95) +) 8969 6) ~~] 


when D is much larger than d; that is, when P is far away from the dipole. 


35. (a) If the water is deep, then 2zd/ L is large, and we know that tanh z — 1 as r — oo. So we can approximate 


tanh(2zd/L) ~ 1, andso v? ~ gL/(2n) & ve \/gL/(2n). 
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(b) From the table, the first term in the Maclaurin series of 


tanhz 
vx ygd. sech? z 
—2 sech? z tanh z 
2 sech? x (3 tanh? z — 1) 


tanh 7 is x, so if the water is shallow, we can approximate 


2rd 2rd 


2rd „2nd 24,925. 
tanh L "o poudsvm- 


` (c) Since tanh x is an odd function, its Maclaurin series is alternating, so the error in the approximation 


2rd . 2rd , |f"(0)|/2rd V _ 1 (2nd 
tanh L L is less than the first neglected term, which is ————— 3l L =T]: 


If L > 10d, then $ 2nd" zd des 5 pus so the error in the à imation v? = gd is | 
E- 3 10) = 375° rror i pproximation v? = gd is less 


A 3 
gb T 40.0132gL. 


than oT 375 


37. (a) L is the length of the arc subtended by the angle 0, so L = RO => 
0 = L/R.Nowsecó =(R+C)/R => RsecO=R+C => 


C = RsecÓ — R= Rsec(L/ R) — 


(b) First we'll find a Taylor polynomial T4 (x) for f(x) = seca at x = 0. 


seca 
sec x tan 2 


sec z(2tan*a + 1) 


sec z tan x(6 tan?x +5) 
sec (24 tan*z + 28 tan?z + 5) 


Thus, f(z) = seca ~ T4(z) = 1+ (x —0) + &(z —0)* =1+ 32? + Za’. By part (a), 
ifLN* B/LY le 2. 5B. D I? B5 
ce nh (4) +E (§) |-^-^*3^ Gut RI ntum 
(c) Taking L = 100 km and R = 6370 km, the formula in part (a) says that 


C = Rsec(L/R) — R = 6370 sec(100/6370) — 6370 ~ 0.785 009 965 44 km. 


s PE 100? 5 - 1004 
The formula in part (b) says that C = 2R T JAR? ^ 2.6370 + 24.63703 ^ 0.785 009 957 36 km. 


The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 
39. Using f(x) = Ta (x) + Rn (2) with n = 1 and z = r, we have f(r) = T; (r) + Rı(r), where T3 is the first-degree Taylor | 
polynomial of f at a. Because a = Tn, f(r) = f(z4) + f'(za)(r — 24) + Ri(r). Butr is a root of f, so f(r) = 0 


and we have 0 = f (£n) + f’(%n)(r — £n) + Fa(r). Taking the first two terms to the left side gives us 
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f(z.) | Rar) 
Flen) — f'(z4) 
Ri(r) 
f'(&n) 


f'(an)(an — r) — f (an) = Ri(r). Dividing by f’(an), we get z — r — By the formula for Newton’s 


method, the left side of the preceding equation is tn41 — T, SO |rn41 — r| = . Taylor's Inequality gives us 


|Ri(r)| € —S— a i dI LM |r — z«[^. Combining this inequality with the facts |f” (x)| € M and |f'(z)| 2 K gives us 


M 2 
|Zn41 — r| < — ak ^ r| x 


11 Review 
CONCEPT CHECK 


1. (a) See Definition 11.1.1. 

(b) See Definition 11.2.2. 

(c) The terms of the sequence {an } approach 3 as n becomes large. 

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like. 
2. (a) See the definition on page 721 [ET page 697]. 

(b) A sequence is monotonic if it is either increasing or decreasing. 


(c) By Theorem 11.1.12, every bounded, monotonic sequence is convergent. 


3. (a) See (4) in Section 11.2. 


oo " 
(b) The p-series $7 E is convergent if p > 1. 
n=1 


4. If 55 an = 3, then Jim an =Oand lim sn =3. 


n-—oo 


5. (a) Test for Divergence: If lim an does not exist or if lim an 4 0, then the series 77^ , an is divergent. 
noo n—oo T 


(b) Integral Test: Suppose f is a continuous, positive, decreasing function on [1, oo) and let an = f (n). Then the series 
oaa Gn is convergent if and only if the improper integral IE f (x) dz is convergent. In other words: 
(i) If E" f(x) da is convergent, then $ 7- , an is convergent. 


Gi) If [°° f (a) da is divergent, then 5 77- ., an is divergent. 


(c) Comparison Test: Suppose that 5 7 an and 5 5 bn are series with positive terms. 
(i) If $5 bn is convergent and a; < bn for all n, then $> an is also convergent. 


(ii) If $^ bn is divergent and an > bn for all n, then > an is also divergent. 
(d) Limit Comparison Test: Suppose that > an and Y` bn are series with positive terms. If lim (an/bn) = c, where c is a 
n—oo 
finite number and c > 0, then either both series converge or both diverge. 


(e) Alternating Series Test: If the alternating series Y 7^- ,(—1)" b, = bi — ba + bs — ba + bs — bg +--+ [bn > 0] 


satisfies (i) bn+1 < bn for all n and (ii) lim bn = 0, then the series is convergent. 
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(f) Ratio Test: 


ý à a EIS 3 
(i) If lim sow = L < 1, then the series $^ an is absolutely convergent (and therefore convergent). 
n—09 n n=1 
T7 , a A AE zoi 
Gi) If lim |Z] = L > lor lim || = oo, then the series Ù an is divergent. 
n= | Qn n—09| Qn n=1 
Sis . [a ; xs . r s 
(iii) If Jim zw — 1, the Ratio Test is inconclusive; that is, no conclusion can be drawn about the convergence or 
ue " 
divergence of 5 ^ an. 
(g) Root Test: 


(i) If Jim V/|as| = L < 1, then the series 377^ , an is absolutely convergent (and therefore convergent). 
(ii) If Jim X/lan| = 5 »1 or Jim, X/|an| = oo, then the series }°°°_, an is divergent. 


(iii) If lim X/|a;,| = 1, the Root Test is inconclusive. 
n-—oo 


6. (a) A series J` an is called absolutely convergent if the series of absolute values 5 |an| is convergent. 
(b) If a series ^ an is absolutely convergent, then it is convergent. > 


(c) A series Y^ an is called conditionally convergent if it is convergent but not absolutely convergent. 


7. (a) Use (3) in Section 11.3. 
(b) See Example 5 in Section 11.4. 


(c) By adding terms until you reach the desired accuracy given by the Alternating Series Estimation Theorem. 
8. (a) 5; cn(z — a)" 
n=0 


oo 
(b) Given the power series $^ c«(x — a)”, the radius of convergence is: 
n=0 


(i) 0 if the series converges only when x = a 
(ii) oo if the series converges for all x, or 
(iii) a positive number R such that the series converges if |z — a| < R and diverges if |y — a| > R. 
(c) The interval of convergence of a power series is the interval that consists of all values of z for which the series converges. 
Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {a}, (ii) all real numbers, that is, 
the real number line (—oo, oo), or (iii) an interval with endpoints a — R and a + R which can contain neither, either, or 


both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the interval of 
convergence. 
9. (a), (b) See Theorem 11.9.2. 
n (i) : 
10. (a) T. (z) = Y) LO (s — a) 


ie d 


oo (n) 
€) 3 £79 e-a" 
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co (n) 
) » P) an [a = 0 in part (b)] 
n=0 n: 


(d) See Theorem 11.10.8. 
(e) See Taylor's Inequality (11.10.9). 
(a)- (f) See Table 1 on page 786 [ ET 762]. 


See the binomial series (11.10.17) for the expansion. The radius of convergence for the binomial series is 1. 


TRUE-FALSE QUIZ 

1. False. See Note 2 after Theorem 11.2.6. 

3. True. If lim. an = L,then as n — oo, 2n + i 00, SO dan+i — L. 

5. False. For example, take c, = (—1)"/(n6"). 

— $ * T 

T. False, since lim. e Jim im | T pt I = lim TES r vel- = lim "i = 

9. False. See the note after Example 2 in Section 11.4. 

11. True. See (9) in Section 11.1. 

D ) m 
13. True. By Theorem 11.10.5 the coefficient of x? is —>— = =3 => f'(0)=2 
Or: Use Theorem 11.9.2 to differentiate f three times. 

15. False. For example, let an = b, = (—1)". Then {an} and {bn } are divergent, but anbn = 1, so {anbn} is convergent. 
17. True by Theorem 11.6.3. [3 (—1)" an is absolutely convergent and hence convergent. | 
19. True. — 0.99999... = 0.9 + 0.9(0.1)! + 0.9(0.1)? + 0.9(0.1)? +-+- = 3 (090.77 =] nL = 1 by the formula 


21. 


for the sum of a geometric series [S = a1/(1 — r)] with ratio r satisfying |r| < 1. 


True. A finite number of terms doesn't affect convergence or divergence of a series. 


EXERCISES 
240? 2+n°  ,. 2/n?+1_ 1 
t Lgs] converges since i lim — 214-248 7,0. 12-7 


3. 


3 


lim an = lim 


Jim Jm DI = Jim. Tn? FI ='00; so the sequence diverges. 
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5. jan| = — < 3 r* t so |an| — 0 as n — oo. Thus, Jim an = 0. The sequence (a; ) is convergent. 
gy. ss" 
T. fh: + 3) | is convergent. Let y - ( + 2) . Then 
-- (-à) 
jim Iny = = Jim n 4¢In(1 T3/z)- Jim im ote B dm LE = Jim ITE — 12, so 


3 4n 
lim y= Jim (1+ 3) =e", 


T—oo noo 


9. We use induction, hypothesizing that a4; < an < 2. Note first that 1 < a» = į (1-- 4) = $ < 2,s0 the hypothesis holds 
for n = 2. Now assume that ax—1 < a, < 2. Then ax = 3(ax-1 +4) < $(ax +4) < $(2-- 4) = 2. So ax < any < 2, 


and the induction is complete. To find the limit of the sequence, we note that L = lim a, = Jim nir => 


n-—oo 


L-i(Lt4) > L=2. 


nr n 
Mea “ak 7 PoS, 


n= 


| converges by the Comparison Test with the convergent p-series Èg n [p=2> 1]. 


GQn+1) . 
an 


13. lim 


noo 


3 
| = lim (1 + ij i. =; « 1, so EE Lemon by the Ratio Test. - 


15 


Let f(x) = : . Then f is continuous, positive, and decreasing on [2, co), so the Integral Test applies. 
zvlnz 


oo t 1 1 Int 1/2 Int 
f f(z)dz= lim dz fu = lnv, du = = as] — lim u '"du- lim [2 vu] 
2 


treo J2 zvVlnz t—+00 Jing t—00 In2 


"Bs beet) = 


oc 
so the series $7 


diverges. 
n=2 n vinn 


1 1 
SIFO (ay 


cos 3n 
1-4 (1.2)^ 


17. |an| = 


n oo 
= (3) „SO Y; |a,| converges by comparison with the convergent geometric 
n=1 


oo 
series 5^ (2)" [r= 2 < 1]. It follows that ^ an converges (by Theorem 3 in Section 11.6). 


=1 n=l 


oua 135e (2n — 1)n 41) 5" nl ow eri d . 
=D Fari bPGGdesefn-H ea 6 


19. lim 


converges by the Ratio Test. 


21. bn = Yn.» 0, ) is decreasing, and lim b, — 0, so the series x (-1)""? E converges by the Alternating 
ci 


Series Test. 
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oo 
23. Consider the series of absolute values: Y; n^ '/? isa p-series with p = 4 < 1 and is therefore divergent. But if we apply the 
n=1 


Alternating Series Test, we see that bn = 5 > 0, {bn } is decreasing, and Jim bn = 0, so the series > (—1)^71 4-18 


n=1 


oc 
converges. Thus, > (—1)"~! n^? is conditionally convergent. 


n=l 


anal _ (ON aa . 2^" _n+2 3_1+(2/n) 3_3 | 
2. || = | aan (CAPRIS wel 4 1-(/m 4 o4 249—109 505ythe Ratio 
Test, pi ye is absolutely convergent. 
=1 
oo (-3)77! oo (C37 " oo (-3)3 E 1 2 (-3)^7 E: oo 3 n—1 E 1 
- P» 23n = Gy (23)" = e 7 »» ger 8 24 8 ~ 8 \ I= (-3/8) 
Ew cR 
“g dL n 


co 
29. V^ [tan ^! (n-- 1) — tan! n] = lim sn 
n=1 m 


= lim [(tan~* 2 — tan^' 1) + (tan^* 3 — tan ^ 2) +-+- + (tan! (n + 1) — tan~? n)] 


= lim [tan (n + 1) -— tan"! 1] = F — t = = 
2 3 4 oo n oo n n 
GNE HD cm | qme Ls (—e) a2 9-8 gl EE 
ilU at s 1) ^ E "mid Since € = E 5; forall z. 


33. cosh x = je +e“) = de» = + > cv) 


1 4 a gf z? r ot 
-i(r m ak aaa ka CAE E BE A) 
1 z? zt 1 co g?” 
;( +S are a T ) 1+ 5 uoo jy21*3 ly? forall 
FE COT» We 1 1 1 1 1 
Wei e 1-82 8 ~ Toad "3125 ~ 7776 C 16807 33768 77 
d J 1 1 (- (ie E 7 (—1)"*? Ls 
Since bs = 5; = 32,768 < 0.000031, EU = "D -5 £2 0.9721. 
37 T a Ri P. 1 0.18976224. To estimate the error, note that ——— l PEA so the remainder term i 
' 25e Y 242459 ii Dae pe mainder term is 
2$ 1 S to 15 an -T MOT ae " 
Rs = Late <2 B* 1-18 = 6.4 x 1077 [geometric series with a = 3; and r = 1]. 
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LES an 
39. Use the Limit Comparison Test. lim (E) oum RHE lim (2 d i) =1>0. 
n= On n—0o n n-—oo n 


Since Y^ |an| is convergent, so is $7 | (2 


+ *) 
Qn 


-— her ni 1 n |r-2|]] |z-42| 
io (n+1)4"4+1 |r42]l"| ^—e[n-1 4 | 4 


, by the Limit Comparison Test. 


Qn+1 
Qn 


41. lim 


n—oo 


«1 & |r42| « 4 so R — 4. 


n-—oo 


ja+2<4 e -4«cz-2«4 © -6<2<2.Ifre=-6, then the series $> {2 +2)" becomes 


n=1 n4" 
e (—-4"  eg&(-1)" P eee ; " E 
>, r >> Ra the alternating harmonic series, which converges by the Alternating Series Test. When x = 2, the 
n=1 ^ n=1 
-—— 3! Pp 
series becomes the harmonic series 5? m which diverges. Thus, J = [—6, 2). 
n=l 
n+l — aynti /n 
"T Y- = ey (OS mig 3 | = 2lz —3| lim. i -2l-3|«1 € |z-3|«i 
n—oo| An n—oo /n 4- 4 2^(r — 


MA 
soR-i.|r-3|c€l1 e -i«z-3«3j e i cadi Fors =, theseries ^ 23" ( L— becomes 


nzl YR 


e 1 E d n c TNR 
= —,,, which diverges =i< but for x = 2, we get , which is a convergent 
2, yn+3 P» 01/2 " [p 3 <1), iios "ES +3 $ 


alternating series, so J = [8, 2). 


Tor Er E 


V3 oo : 1 7 \2n+1 
TX)" Garay s) 


oo rz? oo 
47, — = ———— -X (7-z)"— © (-1?z"^for|z|«1 => tris = > (-1)" 2" with R=1. 
d n=0 n=0 
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= dx = —In(4— z) + C and 


1 
sf 


1 1 1 1f2 (2) 12 gH 
"— oe — EY deme | Y duel —— 
Peta i/ ia 1 Er owe i ES on 7 iid nai]. se 


n+l z oo g^ oo 


z 25 35 att Putting z = 0, we get C = In 4. 


1 
in(4—2)=—7 E atl) NARI iion a 


Thus, f(x) = n(4 — z) 21n4— pe —. The series converges for|r/4| <1 € |2|<4,soR=4, 


Another solution: 


In(4 — x) = In[4(1 — z/4)] = In 4 + In(1 — z/4) = In4 + In[1 + (—2/4)] 


g" oo g” 


— n4 Eie from Table 1] —1n4-4- Y (—1) ^. =ma- $* 2. 
» +3 ) n aided - + uf ) n4” à M n4^ 
à B oo [-1)9 49" . "p co (-1)" (3t) H (— 1)"z 8n+4 . 
51. sinz = 2 n - TJI => sin(zr^)- 2 ony Fiy -E nD Di for all a, so the radius of 


convergence is oo. 


53. f(x) = Viena Viel —2/i6) Vi6 (1 - ig)" 
ih. een Caco) TOI 


2! 


EC YN vui ds (4n—3) , 1, 2 1:5.9.-..- (4n — 3) g^ 
aix 2.4" .mn! - 16" =+ 2Q6r+1 m] 
for -5| <1 & |z| < 16, so R — 16. 
"E D on Sola 4 _ a Buy. X oo atl 
adi Tias pr [7 n! “ um n! sri n! "S 
e^ eo. 2 
Lands 
57. (a) Va = Ty(a)=14+ 42 (e 1) - Me a- 4 38 (ua 


d piae ire 3n 
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(0) 45 (c) |Ra (2)| < Fle — 1/5, where | 9 (x)| < M with 


f (a) = -ia77^, Now0.9<2<11 > 


—0.1<2-1<01 = (#-1)* <(0.1)4, 


' , ] 15 
and letting z — 0.9 gives M — 16(0.9)72* so 
[Rs (z)] € 2 (0.1)* = 0.000 005 648 
0 2 aliad T (00777 s 
= 0.000 006 = 6 x 107° 
(d — 5x10 i 
From the graph of | R3 (x)| = |/z — T3 (x)|, it appears that 
the error is less than 5 x 107° on [0.9, 1.1]. 
096 11 


as Qoam a wt af l sÉ, a ur 
9. sinz= 3,(-D ari ONCE ap* eee ee S : and 
sinz — g l.5 cz . Sinr—z ., Ium zt 1 
ito gti- i +o Thos ig EEE = tim (—3 + a- ote) 
oo oo oo à 
61. f(z) 2 Sena” => f(—-z)- »;e(-z) = »;(-1"e,z" 
n=0 n=0 n=0 


(a) If f is an odd function, then /(—7) = —f(z) = Ð (—1) cng” = 5 —cn T”. The coefficients of any power series 


nz n=0 


are uniquely determined (by Theorem 11.10.5), so (—1)" Cn = —€n. 


If n is even, then (—1)” = 1,50 Cn — —c, . => 2c, —0 = cn =O. Thus, all even coefficients are 0, that is, 


00709204 — 5 —0. 
(b) If f is even, then f(—z) = f(x) => Y (-1)" cn 2" = > Cae” => (—1)’ca=ca 
d n=0 n=0 


If n is odd, then (—1)” = —1, SO —c, — c4 = 2cn=(0 = Cn — O0. Thus, all odd coefficients are 0, 


that is, c1 = c3 = c5 = --- = 0. 
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1. It would be far too much work to compute 15 derivatives of f. The key idea is to remember that f (0) occurs in the 


3 5 
coefficient of 2” in the Maclaurin series of f. We start with the Mactaurih series for sin: sina = x — "T ES "8 — 
i 9 15 (18) 
latas m a M ieu, nif (0 1l 
Then sin(z^) = z 3i t 5i -, and so the coefficient of z^ IB 7g Therefore, 
! 
f09 (0) = B —6.7.8-9-10- 11-12-13. 14- 15 = 10,897,286,400. 
; . ' u _ 2tan6 1 — tan? 0 
3. (a) From Formula 14a in Appendix D, with z = y = 0, we get tan 20 = 1— tant 9 so cot 20 — Surg 
1 — tan? 0 : 1 i i 
2cot 20 — Len cot @—tan@. Replacing 0 by 32, we get 2cot z = cot 5x — tan 51, or 
tan 5 $2 = = cot ž ir — 2cot x. 
" , zo QT e E. 
(b) From part (a) with gi n place of z, tan me cot 7 2cot —— — nai? 80 the nth partial sum of 2n tan on i$ 
-— tan(z/2) " tan(x/4) " tan(z/8) heave th tan(z/2") 
: 2 4 8 2n 
_ cot(r/2) - — "3 cot(r/4A)  cot(z/2) " cot(r/8) ^ cot(r/4) " 
2 4 2 8 4 
ot (a/2” t(z/2^71 ^ 
d cea = | = — cott + era [telescoping sum] 
cot(r/2") _ cos(r/2") _ cos(r/2") x /2" -—' ' " 
Now 2 — ^ desin(a/2") ^ = WP 1 = — as n — oo since v/2^ +0 


for {x Æ 0. Therefore, if z # 0 and z A kr where k is any integer, then 


oo 
y ne = lim s, = lim (- cotz + > cot x) re 
T 


Ls nr a ae vm 
If z = 0, then all terms in the series are 0, so the sum is 0. 
5. (a) At each stage, each side is replaced by four shorter sides, each of length 
H of the side length at the preceding stage. Writing so and £o for the 
number of sides and the length of the side of the initial triangle, we 


generate the table at right. In general, we have Sn = 3- 4" and 


én = (4 )”, so the length of the perimeter at the nth stage of construction 


is Pn = Sua = 3° 4”. (4 )' = 8 (4 Ys 


4" gp 
(p. sex - (5) . Since $ > 1, pn — oo as n — oo. 


(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 
stage. Let a be the area of the original triangle. Then the area an of each of the small triangles added at stage n is 
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1 ; A 3 ; ; 
ds =a: n T gr Since a small triangle is added to each side at every stage, it follows that the total area An added to the 
a n—1 
figure at the nth stage is An = Sn—1 * an = 3- 4^7! - 9» ^" gn Then the total area enclosed by the snowflake 
4 4? 43 


curve is A = a + Aj +Ar+Ast mata pass assai +e, After the fist term, this isa 


geometric series with common ratio $ soA=a "4 ef es =a+ S . : = T But the area of the original equilateral 
9 à 
triangle with side 1 is a — E DE sing = 2S, So the area enclosed by the snowflake curve is £ . 3s = B 


T. (a) Let a = arctan z and b = arctan y. Then, from Formula 14b in Appendix D, 


tana — tanb tan(arctan x) — tan(arctan y) r—y 
tan(a — b) = ———————À = ——————————— -— 
1+tanatanb  1--tan(arctanz)tan(arctany)  1--zy 
Now arctan z — arctan y — a — b — arctan(tan(a — b)) — arctan RT sine 3 «a—b« f 
(b) From part (a) we have 
120 _ 28,561 
arctan 329 — arctan 45 = arctan 4289 = arctan exer = = arctan1 = £ 
icr its “239 28441 
(c) Replacing y by —y in the formula of part (a), we get arctan x + arctan y = arctan = t, So 
i ed 
4arctan $ = 2(arctan £ + arctan ¢) = 2arctan oy he = 2arctan $ = arctan & + arctan $ 
«ud 
Qua " 
— arctan a a = arctan m 
12° 12 
Thus, from part (b), we have 4 arctan $ — arctan 34, = arctan 48 — arctan 355 = £. 
" ; z^ sx gh uw gm 
(d) From Example 7 in Section 11.9 we have arctan x = x — — + — — —+— — —+::-,s0 
3 5 T 9 11 
1 1 1 j 1 
arctan > = = — ru 1 


B^5 $3.58 5.5 Po 9.59 1L.5u^" 
This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation Theorem, 


the sum lies between s5 and ja: that is, 0.197395560 < arctan $ « 0.197395562. 


— 1 1 1 1 3 z 
(e) From the series in part (d) we get arctan 239 = 239 ^ 3-2395 * $.289 ^^ The third term is less than 


` 2.6 x 10715, so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 


arctan 3i & 89 ~ 0.004184076. Thus, 0.004184075 < arctan zz; < 0.004184077. 


z 
(f) From part (c) we have m = 16 arctan $ — 4arctan 335, so from parts (d) and (e) we have 
. 16(0.197395560) — 4(0.004184077) < m < 16(0.197395562) — 4(0.004184075) => 

3.141592652 < m < 3.141592692. So, to 7 decimal places, 7 ~ 3.1415927. 
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9. We start with the geometric series $7 z" = 
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- 25 |x| < 1, and differentiate: 


n=0 1 
d/[(2 d 1 1 oo T 
= — aa E- EN e E R 1 nl. 

P» nz" dz (E: ) dE (s +3) (Gas for |z|<1 > Ew nid "as ü-zy 
for |x| < 1. Differentiate again: l 
co T d X (1—z)-z-2(1— z)(-1) z41 2e e+e 

2,n-1 — = SE ee ss SS 2a” => — 
ye = ap 0-a) m * sd Ft 
Sty od zz _ (1—2)?(2e+1)— (a? +2)3(1—2)?(-1) _ 2? +4041 
nal dz (1— z)$ (1— x)8 l (1 — z)1 
oo 3 2 
» nig" = uo |z| < 1. The radius of convergence is 1 because that is the radius of convergence for the 
n=1 = 


geometric series we started with. If z = +1, the series is $ n°(+1)”, which diverges by the Test For Divergence, so the 


interval of convergence is (—1, 1). 


1 n? —1N +, (n+1)(n-1 f 
11. i(1- 2) -u( i) Lg etm = In[(n + 1)(n — 1)] — lnn? 
= In(n + 1) + In(n — 1) — 2Inn = In(n — 1) - Inn — Inn + In(n +1) 
n-1 n 
=m- mn- In(n + 1)] = ln n AT 
Let ox = X (1-5) - 2; (m2 - ty) fork > 2 Then 
n=2 n n=2 
T 2 2 3 k-1 k 1 k 
s= (in - n3) + (15-03) + h XC ~ mS) = Ing -myt 0 
3 In det = lim s, = lim ui." uiii eit-NeNMie In 2 
P» n? a Lid o^ 2 k+1 E 2 = ERa 
13. (a) 1 The x-intercepts of the curve occur where sing — 0 & x=nz, 


n an integer. So using the formula for disks (and either a CAS or 
0 40 — sin?z = į (1 — cos 2x) and Formula 99 to evaluate the integral), 
the volume of the nth bead is 
=] Va =m fon, y (e^? gin 2)? dz = 7 Son ye 7*/5 sin? z dx 


= 250m (e~ 77/5 = e xm 
(b) The total volume is 


T Jo ° e77/5 sin? zdz = 2: Va = dn > vede ex t us ES [telescoping sum]. 


Another method: If the volume in part (a) has been written as Vn = 280% e~"*/5(e/5 — 1), then we recognize Y Va 


n=1 


as a geometric series with a = 280% (1 — e~*/®) andr = e^7/5, 
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15. If L is the length of a side of the equilateral triangle, then the area is A = 3L - 33, = 31? and so Z? = A. 


Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 


L 
L=vV3r+r+(n—2)(2r)+r+V3r=r(2n—2+2V3), sor = ————__-. 
VEL ( )(2r) ( V3), sor TOES" BET 
. , n(n+1) . : Y 
The number of circles isl+2+---+n=——>—, and so the total area of the circles is 
2 
A -rinti e n(ntl,. L . 
2 2 4(n + V3 — 1) 
— n+), 4A//3 |. _m(n+1) mA " 
2 — 4(n-V8—-1) (n4 V8-1) 2v3 
An _ n(n-1) T 
A (n+ v8-1) 2V3 
1+1/n T 


as n — oo 


~ + (V5— 1/23 ^ 28 


17. As in Section 11.9 we have to integrate the function z^ by integrating series. Writing z^ = (e™*)* = &*'^* and using the 


oo a n oo n n 
Maclaurin series for e”, we have z^ = (e™ 7)? — e*^* = y^ Gna => EUM As with power series, we can 
n=0 ° n=0 
$ ; « "s Tz 5 Seat x)" " n n i 
integrate this series term-by-term: f ede= > = dx = ae z^ (In xz)" dx. We integrate by parts 
[U n=0/0 nz n 
n(Ina)"—* Que 


with u = (In z)", du = x” dz, so du = dx and v = : 


1 1 n+1 1 
f z” (ln x)” dz = tim, f x” (ln z)” dz = lim [= i (In 2i — lim z^" (In z)"^! dz 


t—+0+ to0+ J, +1 


=0-— [ zaras 
~ ^-1Jo 


(where l'Hospital's Rule was used to help evaluate the first limit). Further integration by parts gives 


1 L. 1 
f à 2* i-i z” (In x)" dz and, combining these steps, we get 
0 
f z" (In z)" dz = (—1)"n! f zd = (-1)"n 
0 i s 0 —(n4ipH 
e " e 1 (=ni s (—LD it i 
k da i a a a T ye 
19. By Table 1 in Section 11.10, tan^! z = Y a l lar, f : 
; i i .10, g= —1)"- ; 1 i A z2>=—, 
y Table 1 in Section tan ^r P» ) n3 1 or |z| < 1. In particular, for æ A we 
2n+1 
T -1 n (1/73) nj 2 " E 1 
und iio (+3) = X 3" 2n -1 = È- 1) Vin 41^ 
6 


wo, & BS CIP  .~6.8 D _ ACD CE ONE LS GARE A 
odi a (2n + 1)3" =2v3 L (2n + 1)3” =2v3 (1 tÈ (2n Up). Sd n=l (2n + 1)3” 23 * 
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23. 


25. 
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2:* 48 4 
Let f(x) denote the left-hand side of the equation 1 + 3i Æ 4 + a + a +-:-=0. Ifa > 0, then f(x) > 1 and there are 
3 zo ot a9 2 
no solutions of the equation. Note that f(—2^) = 1 — a + a e + w^ 7779 The solutions of cos z — 0 for 
2 
x < Oare given by x = ^ — mk, where k is a positive integer. Thus, the solutions of f(x) = 0 are z = — (5 — wk) , where 


k is a positive integer. 
Call the series S. We group the terms according to the number of digits in their denominators: 
S= bee titi) + den x) + het) +o 
gi g2 93 
Now in the group gn, since we have 9 choices for each of the n digits in the denominator, there are 9" terms. 


Furthermore, each term in gn is less than qg»=r [except for the first term in g1]. So gn < 9" - i= = 9(5)" Bi 


oo 
Now 57 9($)" is a geometric series with a — 9 and r — E « 1. Therefore, by the Comparison Test, 


n=1 
oc oo ganar E ú = 
S= E In < 27 9(15) = T9710 = 90. 
3 6 9 4 7 10 2 5 8 
T z T T T HH T T T 
eh Ok md a P$ Kd ii Ed a dk 


Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (co in each case), so 


Theorem 11.9.2 applies, and hence, we may differentiate each of these series: 


du 3x? | 6x5 | 9x? xz? z 28 
dr 3 a’ ol “sa 

u- dv 2 7 x? dw wt gt z 
Similarly, 2 7 lta ta yT” = u, and = mea F + 38i Tem 


Sou’ = w, v' = u, and w = v. Now differentiate the left-hand side of the desired equation: 
acy +0? + uw? — 3uvw) = 3u?u' + 3?v' + 3u?^w' — 3(u'vw + uv'w + uw’) 
= 3u? w + 3v?u + 3u?v — 3(vw? + u?w + uv?) =0 => 


u? + v? + w? — 3uvw = C. To find the value of the constant C, we put z = 0 in the last equation and get 


1? +0? +0? —3(1-0-0)=C > C =1,sou® +v? +w? —3uvw = 1. 
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12 O VECTORS AND THE GEOMETRY OF SPACE 


12.1 Three-Dimensional Coordinate Systems 


1. We start at the origin, which has coordinates (0, 0, 0). First we move 4 units along the positive x-axis, affecting only the 
z-coordinate, bringing us to the point (4, 0, 0). We then move 3 units straight downward, in the negative z-direction. Thus 


only the z-coordinate is affected, and we arrive at (4, 0, —3). 


3. The distance from a point to the yz-plane is the absolute value of the z-coordinate of the point. C(2, 4, 6) has the z-coordinate 
with the smallest absolute value, so C' is the point closest to the yz-plane. A(—4, 0, —1) must lie in the zz-plane since the 


distance from A to the xz-plane, given by the y-coordinate of A, is 0. 


5. The equation x + y = 2 represents the set of all points in 
R? whose x- and y-coordinates have a sum of 2, or 
equivalently where y = 2 — z. This is the set 
((z,2— 2,2) | z € R,z € R} which is a vertical plane 


that intersects the xy-plane in the line y = 2 — x, z = 0. 


7. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 


IPQ| = VT -3P [0 - (-2)F +1 - -3)P = V16 43-16 =6 
IQR| = /(1—7? + (2-0) + 1 — 1? = V36 F440 = VO — 2 10 
|RP| = (3-1) + (-2- 2)? + (-3- 1? = V4+ 16 + 16 =6 


The longest side is QR, but the Pythagorean Theorem is not satisfied: |PQ|? + |RP|? + |QRI?. Thus PQR is not aright 


triangle. PQR is isosceles, as two sides have the same length. 


9. (a) First we find the distances between points: 


|AB| = /(3 — 2)? + (7 — 4)? + (—2 — 2)? = V26 
|BC| = (1 - 3} + (3 - 7? +B - (-2)? = v45 =3 V5 
|AC| = /(1— 2)? + (3 - 4? + 8-2)? = v3 


In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest distance. 


Since /26 + /3 4 3 V5, the three points do not lie on a straight line. 
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112 O CHAPTER12 VECTORS AND THE GEOMETRY OF SPACE 
(b) First we find the distances between points: 
IDE| = 1-99 *-3- CS 87 - vit 
IEF| = V6- E COPS Oo! = Vii = 2 Vii 


IDF| = /@—0F E (SP + @— 8) = VO = 3 VT 
Since |DE| + | EF| = | DF], the three points lie on a straight line. 
11. An equation of the sphere with center (—3, 2, 5) and radius 4 is [x — (—3)]? + (y — 2)? + (z — 5)? = 4? or 
(a + 3)? + (y — 2)? + (z — 5)? = 16. The intersection of this sphere with the yz-plane is the set of points on the sphere 
whose z-coordinate is 0. Putting z = 0 into the equation, we have 9 + (y — 2)? + (z — 5)? = 16, z = O or 


(y — 2)? + (z — 5)? = 7, x = 0, which represents a circle in the yz-plane with center (0, 2, 5) and radius \/7. 


` 13. The radius of the sphere is the distance between (4,3, —1) and (3,8, 1): r = /(3—4) + (8— 3)? - [1 - (C1)? = 


Thus, an equation of the sphere is (z — 3)? + (y — 8)? + (z — 1)? = 30. 


15. Completing squares in the equation x? + y? + z? — 2x — 4y + 8z = 15 gives 
(x? —2z +1) +(y? — 4y +4) + (27 4+824+16)=15+14+4+16 = (x—1)?+(y—2)? +(z+4)? = 36, which we 
recognize as an equation of a sphere with center (1, 2, —4) and radius 6. 

17. Completing squares in the equation 2? — 8x + 2y? + 22? + 24z = 1 gives 
2(z? —4z 4-4) + 2y? + 2(27 +122 4+ 36)=1+8+72 = 2(z-—2) +2y°+2(z+6) =81 > 


z — 2)? +y? + (z +6)? = 8, which we recognize as an equation of a sphere with center (2,0, —6) and 
2 


19. (a) If the midpoint of the line segment from Pi(z1,y1, 21) to P2(z2,92, 22) is Q = jai yit ya E 5 


2 * 9g * B 
then the distances | P; Q| and |Q P»| are equal, and each is half of | P; P2|. We verify that this is the case: 


|Pi Pal = y (22 — ai)” + (yo — Vi)! + (22 3)? 


IPQ] = y [5G 49-22) — 21]? + [F(a 92) ^i] [302 +22) — 21)” 


= dm - 421)" + Gu- dn)? + Ga- da) 


= y (4)? [Ga — 21)? + (yo — 1)? + (22 — aY] = 4y (22 — 21)? + (ya — 1)? + (2 — 21)? 
= 3 [Pi P| . 
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IQP = [z2 — iz + a2)|” + [yo — 3(y + y2)|? + [2 — $02 z2)|” 
= 4/ ($22 — iz) + ($42 - la) (322 — ia) E £38 [(x2 — m)? + (ya - y1)? + (ze — z)"| 
= 9 (22 — 21)" + (y2 — y1) + (22 — a)? = 4 |Pi Po] 
So Q is indeed the midpoint of P; Pa. 


(b) By part (a), the midpoints of sides AB, BC and C'A are P; (—5, 1, 4), Po(1, 2,5) and Ps ($, 2,4). (Recall that a median 


of a triangle is a line segment from a vertex to the midpoint of the opposite side.) Then the lengths of the medians are: 


|AP2| = 0? + (3-2) + (6-3) = +4=/F=$ 
|BPs| = V ( +2)? + (8)? + (4-5)? = /8 4+ 241=,/% — 194 
Ic = V (-1 - 4)? + (4-1)? + (4-5) = /8 +1= 1 V8 
21. (a) Since the sphere touches the xy-plane, its radius is the distance from its center, (2, —3, 6), to the xy-plane, namely 6. 
Therefore r = 6 and an equation of the sphere is (x — 2)? + (y - 3? + (z — 6)? 2 6? — 36. 
(b) The radius of this sphere is the distance from its center (2, —3, 6) to the yz-plane, which is 2. Therefore, an equation is 
(z — 2)? + (y -- 3 + (2-6)? — 4. 
(c) Here the radius is the distance from the center (2, —3, 6) to the zz-plane, which is 3. Therefore, an equation is 
(z — 2)? + (y +3)? + (z — 6)? — 9. 
23. The equation z — 5 represents a plane parallel to the yz-plane and 5 units in front of it. 
25. The inequality y « 8 represents a half-space consisting of all points to the left of the plane y = 8. 
27. The inequality 0 < z < 6 represents all points on or between the horizontal planes z = 0 (the zy-plane) and z = 6. 


29. Because z = —1, all points in the region must lie in the horizontal plane z = —1. In addition, z? -- y? — 4, so the region 


consists of all points that lie on a circle with radius 2 and center on the z-axis that is contained in the plane z — — 1. 


31. The inequality x? + y? + z? < 3 is equivalent to \/x? + y? + z? < V3, so the region consists of those points whose distance 


from the origin is at most v/3. This is the set of all points on or inside the sphere with radius \/3 and center (0, 0, 0). 


33. Here z? + z? < 9 or equivalently Vx? + z? < 3 which describes the set of all points in R? whose distance from the y-axis is 
at most 3. Thus, the inequality represents the region consisting of all points on or inside a circular cylinder of radius 3 with 
axis the y-axis. 

35. This describes all points whose z-coordinate is between 0 and 5, that is, 0 < x < 5. 

37. This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. So 


inequalities describing the region are r < y£? + y? + z2 < R, orr? <a? 4 y? - z? « R. 
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39. (a) To find the z- and y-coordinates of the point P, we project it onto L2 


41. 


and project the resulting point Q onto the z- and y-axes. To find the 
z-coordinate, we project P onto either the zz-plane or the yz-plane 
(using our knowledge of its z- or y-coordinate) and then project the 
resulting point onto the z-axis. (Or, we could draw a line parallel to 
QO from P to the z-axis.) The coordinates of P are (2, 1, 4). 

(b) A is the intersection of Lı and Le, B is directly below the 


y-intercept of L5, and C is directly above the x-intercept of Le. 


We need to find a set of points ( P(x, y, z) | |AP| = |BP| }. 
VGTIPTG-8TTG-3)- VE“ FUE = 
(a +1)? + (y —5) + (z — 3)? = (z—6) + (y—2)? + (z4+2)? > 

a +20 4+1+y? — 10y 4-25 -- 27 — 62 4-9 — 2? — 122 --36 +y? —4y+44274+42+4 =>  14r— 6y — 10z — 9. 
Thus the set of points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 


perpendicular bisector of the line segment AB). 


. The sphere z? + y? + z? = 4 has center (0, 0, 0) and radius 2. Completing squares in z? — 4a + y? — 4y + 2? — 4z = —11 


gives (a? — 4r + 4) + (y? — 4y + 4) + (2? — 4z +4) =-114+44444 > (z—2)-(y—2) (2-2) =1, 
so this is the sphere with center (2, 2, 2) and radius 1. The (shortest) distance between the spheres is measured along 

the line segment connecting their centers. The distance between (0, 0, 0) and (2, 2, 2) is 

V — 0)? + (2 0)? + (2— 0)? = V12 = 2 V3, and subtracting the radius of each circle, the distance between the 


spheres is 2 V3 — 2 — 1 = 24/3 — 3. 


12.2 Vectors 


1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 


(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any given 
location. j 

(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, because it has both 
magnitude (distance) and direction. 


(d) The population of the world is a scalar, because it has only magnitude. 


3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry, of the 


—— — —> oOo — —— — oo 


parallelogram as a guide, we see that AB = DC, DA = CB, DE = EB, and EA = CE. 
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5. (a) l (b) ù (c) 
uv Y cm phi 
uw * 
u : vtw 
(d) : | ©) " (b 
-y ; - k. —W =v. 
llis vt+ut+w cilio 


3 — 
7. Because the tail of d is the midpoint of QR we have QR = 2d, and by the Triangle Law, 
a+2d=b > 2d-b-a > d = 4(b—a) = ib — 3a. Again by the Triangle Law we have c + d = b so 


c—-b-d-b- (ib-1a)- la + ib 


9. a= (3 — (—1),2 — 1) = (4,1) 1.a — (2—- (— 


B(3,2) 


17. (3,0,1) + (0,8,0) = (3-- 0,0 +8, 1 +0) 
— (3,8,1) 
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19. 


21. 


23. 


25. 


27. 


31. 


. From the figure, we see that the z-component of v is 


C] CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 
a+b=(5+(-3),—12 + (-6)) = (2, —18) 
2a + 3b = (10, —24) + (-9, —18) = (1, —42) 
la| = \/5? + (—12) = 169 = 13 
la — b| = |(5 — (—3), —12 — (—6))| = |(8, —6)] = /8? + (-6)? = V100 = 10 


a+b=(i+2j—3k) + (—2i-j+5k) =-i+j+2k 
2a+ 3b =2(i+2j—3k) -3(-21— j -5k) =2i+4j—6k-—6i—3j+15k=—4i+j+9k 


lal = VE +2? + (-3)? = V14 
la— b| = |(i+ 2j —3k) — (-2i—j+5k)| =|3i+3j —8k| = /32 +3? + (-8)? = v82 
The vector —3i + 7 j has length |-3i+ 7 j| = V/(73)? + 7? = v58, so by Equation 4 the unit vector with the same 


direction is En (—3i+7j) = 


v58 


The vector 8i — j + 4k has length |Bi — j + 4k| = ,/8? + (—1)? + 4? = V81 = 9, so by Equation 4 the unit vector with 


S s T a 
-—— i+ Sj. 
va Ve" 


the same direction is $(8i—j+4k) = ĝi- j+ $k. 


3 


From the figure, we see that tan 0 = =/3 => 6=60°. 


is 


vi = |v| cos(7/3) = 4 : $ = 2 and the y-component is 
v2 = |v| sin(»/3) = 4- EG = 2 3. Thus 
v = (vi, v2) = (2,2 V3). 


The velocity vector v makes an angle of 40° with the horizontal and 
has magnitude equal to the speed at which the football was thrown. 
From the figure, we see that the horizontal component of v is 


|v| cos 40° = 60 cos 40? = 45.96 ft/s and the vertical component 


is |v| sin 40? = 60 sin 40° ~ 38.57 ft/s. 
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33. 


37. 


39. 


-(a) Set up coordinate axes so that the boatman is at the origin, the canal is 


SECTION 12.2 VECTORS O 117 
The given force vectors can be expressed in terms of their horizontal and vertical components as —300 i and 
200 cos 60° i + 200 sin 60° j = 200(4) i + 200 (38) j = 100i + 100 V3. The result tieve'¥ is the um of 
these two vectors: F = (—300 + 100) i + (0+ 100 V3) j = -200i + 100\/3 j. Then we have | 


|F| = 4/ (—200)? + (100 V3)” = /70,000 = 100 V7 ~ 264.6 N. Let 0 be the angle F makes with the 


positive z-axis. Then tan 0 = mE = ae and the terminal point of F lies in the second quadrant, so 
0 —tan^! (2) + 180° = —40.9° + 180? = 139.1". 


. With respect to the water’s surface, the woman’s velocity is the vector sum of the velocity of the ship with respect 


to the water, and the woman's velocity with respect to the ship. If we let north be the positive y-direction, then 
v = (0, 22) + (-3,0) = (—3, 22). The woman's speed is |v| = /9 + 484 œ~ 22.2 mi/h. The vector v makes an angle 0 


with the east, where 0 = tan ^! (35) &: 98^. Therefore, the woman's direction is about N(98 — 90)°W = N8?W. 


Let Tı and T^» represent the tension vectors in each side of the 


clothesline as shown in the figure. Tı and T? have equal vertical 


components and opposite horizontal components, so we can write 


T; = -—ai+bjand T; — ai4-bj [a,b > 0]. By similar triangles, 2 = = = a= 50b. The force due to gravity 


acting on the shirt has magnitude 0.8g ~ (0.8)(9.8) = 7.84 N, hence we have w = —7.84 j. The resultant T; + T2 
of the tensile forces counterbalances w, so T; + T2 = -w => (-—ai+bj)+(ai+bj)=7.84j => 

(—50bi + bj) + (50bi+ bj) = 2bj = 7.84j = b= 28 = 3.92 and a = 50b = 196. Thus the tensions are 
T; = —ai-- bj = —1961i + 3.92j and T2 = ai + bj = 196i + 3.92). 


Alternatively, we can find the value of 0 and proceed as in Example 7. 


bordered by the y-axis and the line z = 3, arid the current flows in the 
negative y-direction. The boatman wants to reach the point (3, 2). Let 0 be 
the angle, measured from the positive y-axis, in the direction he should ` 


steer. (See the figure.) 


In still water, the boat has velocity v, = (13sin 8, 13 cos 0) and the velocity of the current is v. (0, —3.5), so the true path 
of the boat is determined by the velocity vector v = v; + ve = (13sin6, 13 cos  — 3.5). Let t be the time (in hours) 


after the boat departs; then the position of the boat at time t is given by tv and the boat crosses the canal when 
tv = (13sin0,13cos0 — 3.5) t = (3,2). Thus 13(sinéjt=3 > t= a and (13 cos 0 — 3.5) t = 2. 
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3 


Substituting gives (13 cos 0 — 3.5) ———. ERT 


=2 = 39cos0 —10.5 = 26sin0 (1). Squaring both sides, we have 


1521 cos’ 0 — 819 cos @ + 110.25 = 676 sin? 0 = 676 (1 — cos? 6) 
2197 cos? 0 — 819 cos 0 — 565.75 = 0 


The quadratic formula gives 


_ 819 + (819)? — 4(2197)(— 565.75) TANC —565.75) 


^ 90197) SSCS~S 


_ 819 + 5,642,572 
2 4394 


The acute value for 0 is approximately cos! (0.72699) ~ 43.4°. Thus the boatman should steer in the direction that is 


&:0.72699 or — 0.35421 


43.4° from the bank, toward upstream. 
Alternate solution: We could solve (1) graphically by plotting y = 39 cos @ — 10.5 and y = 26 sin 0 on a graphing device 
and finding the appoximate intersection point (0.757, 17.85). Thus 0 œ~ 0.757 radians or equivalently 43.4°. 


(b) From part (a) we know the trip is completed when t = 13 9 But 0 zz 43.4, so the time required is approximately 
á " 


13sin43.49 = 0.336 hours or 20.2 minutes. 


41. The slope of the tangent line to the graph of y = z? at the point (2, 4) is 


dy 


dz z-2 FS 


= 27 


ipz2 
and a — vector is i+ 4j which has length |i + 4j| = 12 + 4? = V17, so unit vectors parallel to the tangent line 


— tc — . —_ —  —À —  — — — — — 
43. By the Triangle Law, AB + BC = AC. Then AB + BC + CA = AC + CA, but AC + CA = AC + (-4c) = 
— — — | 
So AB + BC 4c CA — 0. 


45. (a, (b) | !|»4 i [5 "ds 4d (c) From the sketch, we estimate that s ~ 1.3 and t © 1.6. 


(djc=sa+tb & 7-—3s-rF2tand1 — 2s — t. 


. H . cM 9 di 11 
Solving these equations gives s = 7 and t = =. 


47. |r — ro] is the distance between the points (a, y, z) and (xo, yo, zo), so the set of points is a sphere with radius 1 and 
center (zo, yo; Zo). 
Alternate method: |r —rog| - 1. © (a — ao)? + (y — yo)? --(z—209)? 2-1 © 


(x — xo)? + (y — yo)? + (z — zo)? = 1, which is the equation of a sphere with radius 1 and center (xo, yo, zo). 
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49. a + (b +c) = (a1, a2) + ((b1, 52) + (c1, 2)) = (a1, a2) + (br + €1, ba + c2) 
= (a1 + b + c1, a2 + be + c2) = ((a1 + b1) + c1, (a2 + b2) + c2) 
= (a1 + bi, a2 + b2) + (c1, c2) = ( (a1, a2) + (bı, b2)) + (c1, c2) 
=(a+b)+e | 


—  — — 
51. Consider triangle ABC, where D and E are the midpoints of AB and BC. We know that AB + BC = AC (1) and 
DB+BE=DE (2. However, DB = į} AB, and BE = 1 BC. Substituting these expressions for DB and BE into 
: — — — — —3À. — — 
(2) gives AB + 3 BC = DE. Comparing this with (1) gives DE = 4 AC. Therefore AC and DE are parallel and 


| = [e 


12.3 The Dot Product 


1. (a) a+ b is a scalar, and the dot product is defined only for vectors, so (a + b) - c has no meaning. 
(b) (a - b) c isa scalar multiple of a vector, so it does have meaning. 
(c) Both |a| and b - c are scalars, so |a| (b : c) is an ordinary product of real numbers, and has meaning. 
(d) Both a and b + c are vectors, so the dot product a - (b + c) has meaning. 
(e) a- b is a scalar, but c is a vector, and so the two quantities — be added and a - b +e has no meaning. 


(f) |a] is a scalar, and the dot product is defined only for vectors, so |a| - (b + c) has no meaning. 


. a- b = (—2,3)- (-5,12) = (-2)(—5) + (4)(12) = 10-4 = 14 


w 


. a- b = (4,1, 4) - (6, —3, —8) = (4)(6) + (1)(—3) + (4) (-8) = 19 


= 


a-b=(2i+j):(i-j+k) = E ARL +(0)(1)=1 


9. By Theorem 3, a - b = |a| |b] cosó = (6)(5) cos 2 = 30 (—4) = —15. 
11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60? and 
u- v = [u| |v| cos 60° = (1)(1)(3) = 5. If w is moved so it has the same initial point as u, we can see that the angle 


between them is 120? and we have u - w = |u] |w| cos 120° = (1)(1)(—3) = —3. 


13. (a) i- j = (1,0,0) - (0,1,0) = (1)(0) + (0)(1) + (0)(0) = 0. Similarly, j - k = (0)(0) + (1)(0) + (0)(1) = 0 and 
k- i = (0)(1) + (0)(0) + (1)(0) = 0. i 
Another method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product (see Theorem 3) 


is cos > = 0. 
(b) By Property 1 of the dot product, i- i = |i]? = 1? = 1 since i is a unit vector. Similarly, j - j = |j|? = 1 and 


k-k = |k? =1. 
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15. |a| = VZ +3? = 5, |b| = \/2? + (C1)? = V5, anda- b = (4)(2) + (3)(—1) = 5. From Corollary 6, we have 


a-b 5 1 d: Nod 
cosÜ = — — = = —=. So the angle between a and b is 0 = cos~ (=z) won 
lab" 5.V8  v& i vg 
17. |a| 2 \/3? + (—1)? + 5? = v35, |b] = y (—2)? + 4? + 3? = V29, anda: b = : (3)(— 2) + (—1)(4) + (5)(3) = 5. Then 
| ab © 5 | 5 ON EE D ME co 919 
cos § = alib] ib^ Vis. 08 m Avie and the angle between a and b is ĝ = cos (sos) æ 81°. 


249. |a| = y? + (—3)? + 1? = v26, |b| = 4/22? + 0? + (—1)? = v5, and a: b = (4)(2) + (—3)(0) + (1)(-1) = 
EN S ee NNUS = éoa 1 ( — Y ww 59° 
Then cos 0 = ajbi ~ v26- JE ^ i80 and @ = cos (ss) e 52°. 


21. Let p, q, and r be the angles at vertices P, Q, and R respectively. Q 
ae tae (> 
Then p is the angle between vectors PQ and PR, q is the angle OP OR 
— — 
between vectors QP and QR, and r is the angle between vectors 
ics dh sa /P\ [N 
RP aùd RQ. P R 
PQ- PR (—2,3) - (1,4) -2412 10 i * 10 ) - 
Thus cos p = —————À — ———————————— = —— and p — —— | ~ 48°. Similarly, 
x [Po [Pa] VORP VE Te Javi Val Vaal " 
_QP-QR. _ 2-3) (3,1) 6-3 (3) o 
cos g = -= = so q = cos | —== } = 75? and 
QP| len| - = VAY9V941 Visvi0 75 130 
r & 180? — (48? + 75°) = 57°. 
2 2 2 
| nasal aa — ra — ri 
Alternate solution: Apply the Law of Cosines three times as follows: cos p = 
2|PQ| |PR| 


prat - [eap - [aR [Pal - [PA - [ont 
cos gq = iO — 1 EN 


2}P9| |os| 2|PA| |o 


2 


Ld 


(a) a- b = (—5)(6) + (3)(—8) + (7)(2) = —40 z 0, so a and b are not orthogonal. Also, since a is not a scalar multiple 
of b, a and b are not parallel. l 

(b) a: b = (4)(—3) + (6)(2) = 0, so a and b are orthogonal (and not parallel). 

(c) a: b = (—1)(3) + (2)(4) + (5)(—1) = 0, so a and b are orthogonal (and not parallel). 


(d) Because a = —F 2 b, a and b are parallel, 


— — —> —À — — 
25. QP = (-1, —3, 2), QR = (4, —2, -1), and QP - QR = —4 + 6 — 2 = 0. Thus QP and QR are orthogonal, so the angle of 


the triangle at vertex Q is a right angle. 
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Let a = a1 i+ a2 j + az k be a vector orthogonal to both i +j and i + k, Thena (i+j)=0 &  ai--a2 — 0 and 
a-(it+k)=0 e a; +a3 = 0, so a1 = —aa = —as. Furthermore a is to be a unit vector, so 1 = aj + a2 + a = 3a? 


implies a1 — LÀ. Thus a = 5 i- A = A k.and a = -— i+ wi + A k are two such unit vectors. 


. The line 2a —y —3 < y= 2x — 3 has slope 2, so a vector parallel to the line is a = (1,2). Theline3r +y — 7. € 


y = —3a + 7 has slope —3, so a vector parallel to the line is b = (1, —3). The angle between the lines is the same as the 


angle 0 between the vectors. Here we have a - b = (1)(1) + (2)(—3) = —5, |a| = VIZ + 2? = v5, and 


a:b —5 —b5 1 /2 
c1 IG E E een eee uuu. hnius 555 
|b] = 4/1? + (-3) 10, so cos 0 lab] ^ VE- Vid ^ BÀ a" 2 Thus à = 135°, and the 


acute angle between the lines is 180° — 135° = 45°. 


The curves y = z? and y = z? meet when a? 2 23? & «2-2? —0 & a'(r—1)-0 & z—0,cz-— 1. Wehave 


oo = 2x and i = 327, so the tangent lines of both curves have slope 0 at x = 0. Thus the angle between the curves is 
T A 
" e d » d 3 ' : 
0? at the point (0,0). For x = 1, i = 2 and a? = 3 so the tangent lines at the point (1, 1) have slopes 2 and 
ul z=1 


3. Vectors parallel to the tangent lines are (1, 2) and (1, 3), and the angle 0 between them is given by 


cos 6 = (1, 2) - (1, 3) = fe = 


1(1,2)| (1,3) v5v10 5/2 


|~ 


7 
Thus 0 = cos? | — ) & 8.17. 
us 0 = cos (zia) 


. Since |(2,1,2)| = 41-4 = V9 = 3, using Equations 8 and 9 we have cosa = $, cos = $, and cosy = 2. The 


direction angles are given by œ = cos~*(2) œ 48°, 8 = cos! (3) ~ 71°, and y = cos! (2) = 48°. 


. Since |i — 2j — 3k| = VI +4+4 9 = V114, Equations 8 and 9 give cos a = Fa cos 8 = Nc and cosy = FH, while 


a = cos ^! (Fn) = 74°, B = cos"! (-+) f: 122°, and y = cos! (-) e 143°, 


|(c, c, €)| = Vc +2 +2 = V3c [since c > 0], so cosa = cos 8 = cosy = — = — and 


a.b —5:4+12-6 


|a] = 4/(—5)? + 12? = 4/169 = 13. The scalar projection of b onto a is comp, b = Ter EC. mA 4 and the 
* opti : TW IS32E id. — /_20 48 

vector projection of b onto a is proj, b = "al WU 4: 35(—5, 12) = (- $$, - 15). 

|a| = /9 + 36 + 4 = 7 so the scalar projection of b onto a is compab = "ui = 4 (3+ 12 — 6) = 2. The vector 


projection of b onto a is projab — ra = 2.3 (3,6,—2) = 35 (3,6, 2) = (22, $5, - 38). 
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a.b 0—142 1 


43. |a| = /4-- 1-- 16 = V21 so the scalar projection of b onto a is comp, b = — = ————~ = ——— while the vector 


45. 


47, 


49. 


51. 


53. 


ial 2, vn 


"€ ; n 1 — 
projection al bona spoof, ba raa ct lO = +(2i-j+4k)= xi- ajo k. 


/allal v3 vz 


(ortha b) -a = (b — proj, b) -a = b: a — (projob):a— b: ac Ign a=b. a-a laf =b-a-a-b=0. 


So they are orthogonal by (7). 


ne b= SB =2 © a-b=2|a|=2-V10. If b = (bi, bo, bs), then we need 35; + Obz — 1b3 = 2/10. 


lal 
One possible solution is obtained by taking b; = 0, b; = 0, bs = —2 V/10. In general, b = (s, t,3s — 2/10), s, t € R. 

The displacement vector is D = (6 — 0) i + (12 — 10) j + (20 — 8) k = 6i + 2j + 12 k so, by Equation 12, the work done is 
W —F.D-—(81—6j--9k)-(6i--2j -- 12k) = 48 — 12 + 108 = 144 joules. ` 


Here |D| = 80 ft, [F| = 30 Ib, and @ = 40°. Thus 
W =F.-D = |F| |D|cos@ = (30)(80) cos 40° = 2400 cos 40° ~ 1839 ft-lb. 


First note that n = (a, b) is perpendicular to the line, because if Q1 = (a1, b1) and Q2 = (a2, b2) lie on the line, then 


— + 


n: QiQ2 = aaz — aa; + bb; — bbı = 0, since aaz + bb3 = —c = aa; + bb; from the equation of the line. 


Let P; = (22,2) lie on the line. Then the distance from P; to the line is the absolute value of the scalar projection 


"m — m 
of AP; onton. comp, (PiP) = menye = ental usd 


K(3)(-2) + (743) + 5] _ 13 


Ji + (4? 3 


since az + by2 = —c. The required distance is 


. For convenience, consider the unit cube positioned so that its back left corner is at the origin, and its edges lie along the 


coordinate axes. The diagonal of the cube that begins at the origin and ends at (1, 1, 1) has vector representation (1, 1, 1). 
The angle 0 between this vector and the vector of the edge which also begins at the origin and runs along the x-axis [that is, 


(1, 1, 1) Š (1, 0, 0) 


SO = é= a i a 55°. 
(1,1, 1)11(1,0,0) ^ V3 ex C) 


(1,0, 0)] is given by cos 0 = 


. Consider the H — C —H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1, 0, 0) and 


(0, 1,0) (or any H— C —H combination, for that matter). Vector representations of the line segments emanating from the 
carbon atom and extending to these two hydrogen atoms are (1 — 4,0 — 3,0 — 4) = (3, —5, — 3) and 


(0—3,1—3,0— 5) = (75; 3; 3). The bond angle, 6, is therefore given by 


cos 6 = MEER Cb it 1 4 $2654) sos 
KB-R-DUCRR-DU Jr 3 
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59. Let a = (a1, a2, a3) and = (b1, b2, bs). 
Property 2: a-b = (a1,a2,a3) * (b1, 02,03) = aibi + a202 + asbs 
= bai + bea2 + b3a3 = (bi, b2, b3) - (a1,02,a3) = b -a 


Property 4: (ca) ‘b= (cai, ca2, ca3) . (bı, b2, 03) = (cai)bi + (ca2)b2 + (ca3)b3 
| — c (a1b1 + a2b2 + a3b3) = c(a- b) = ai(cb1) + as (cb2) + as(cba) 
= (01, 2, a3) * (cb1, cb», cb3) = a- (cb) 
Property 5: 0-a = (0,0,0) - (a1, a2, a3} = (0)(a1) + (0)(a2) + (0)(as) = 0 


61. |a- b| = | Jal |b] cos 6| = |a] |b] |cos 4]. Since |cos | < 1, Ja - b| = Ja] |b] cos 6| < |al |b]. 

Note: We have equality in the case of cos 0 = +1, so 0 = 0 or 0 = 7, thus equality when a and b are parallel. 
63. (a) The Parallelogram Law states that the sum of the squares of the 
lengths of the diagonals of a parallelogram equals the sum of the 


squares of its (four) sides. 


(b) |a + bi? = (a+b) - (a +b) = Ja? + 2(a - b) + |b]? and |a — bl? = (a — b) - (a — b) = lal? — 2(a b) + [b/*. 


Adding these two equations gives |a + b|? + |a — b|? = 2|a|? + 2 |b[*. 


12.4 The Cross Product 


ij k 
0 -2 6 —2 6 0 
f. axb=]|6 0 -2|— i — j k 
8 0 0 0 0 8 

08 O 


= [0 — (—16)]i — (0 — 0) j + (48 — 0) k = 161+ 48k 


Now (a x b) - a = (16,0,48) - (6,0, —2) = 96 + 0 — 96 = 0 and (a x b) b = (16,0,48) - (0,8,0) = 0 +0 + 0 = 0, so 


a x b is orthogonal to both a and b. 


ij k 
3 —2 i -2 t3 
$axb-|13-2|-| . E" k 
0 5 1 5 10 

-10 5 


= (15 - 0)i— (5 —2)j + [0 — (-3)]k = 151 3j +3k 
Since (a x b) - a = (151 — 3j-- 3k) - (i+3j—2k) = 15 — 9 — 6 = 0, a x b is orthogonal to a. 


Since (a x b). b = (15i — 3j + 3k) -(—i+5k) = —15--0-- 15 =0,a x b is orthogonal to b. 
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ij k 
-1 -1 $ <1}. 1 —1 
& axbz|1 -1 -1|- afi- a il tji Mies 
1 1 1 2 2 2 2 


-H-coi- B-C90D3B- C9] k-di-i Ek 
Now (ax b)-a = (3i-j-- $k).(i-j- k) = 1--1— 3 = 0 and 


(ax b)- b= ($i-—j+3k)-($i+j+ 42k) =}-—1+ 2 =0,s0a x bis orthogonal to both a and b. 


i j 
i, ijt t Yt t 1 
Taxbz|t 1 1/t|= i- j k 
oda pP t oa k 
Feil 


= (1—t)i- (t-t)j+ (P —8)k- (1-t)i+ (0 -—t’)k 
Since (a x b) -a = (1 — t,0,t? — t?) - (t, 1,1/t) = t — t? +0 +t? — t = 0, a x bis orthogonal to a. 


Since (a x b) b = (1 — t, 0, £? — ¢?)- (t°, t°, 1) =t? — t? +0 +t? — t? = 0, a x b is orthogonal to b. 
9. According to the discussion preceding Theorem 11, i x j = k, so (i xj) xk=kxk=0 [by Example 2]. 


ft. (jk) x (k — i) = (j — k) x k + (j — k) x (—i) | by Property 3 of Theorem 11 
=jxk+(—k) x k+j x (—i) + (-k) x (-i) by Property 4 of Theorem 11 
= (j x k) + (—1)(k x k) + (-1)(j x i) + (—1)°(k x i) by Property 2 of Theorem 11 
=i+(—1)0+(—1)(-k) +j=i+j+k by Example 2 and 


the discussion preceeding Theorem 11 


13. (a) Since b x c is a vector, the dot product a - (b x c) is meaningful and is a scalar. 
(b) b: c isa scalar, so a x (b: c) is meaningless, as the cross product is defined only for two vectors. 
(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 
(d) b - c is a scalar, so the dot product a - (b - c) is meaningless, as the dot product is defined only for two vectors. 
(e) Since (a - b) and (c - d) are both scalars, the cross product (a - b) x (c d) is meaningless. 


(f) a x b and c x d are both vectors, so the dot product (a x b) - (c x d) is meaningful and is a scalar. 


15. If we sketch u and v starting from the same initial point, we see that the 


angle between them is 60?. Using Theorem 9, we have 


|u x v| = [u| |v| sin = (12)(16) sin 60° = 192 - = = 96 V3. 


By the right-hand rule, u x v is directed into the page. . 
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i j 
sa er SRL ET [s (—1—6) i—(2—12)j+[4—(—4)] k = —71+10j+8k 
= -— = = = (~i~ pre 2x cul oup. = —T 1 
17. ax b $1 4 1 ð l j C j 
4 21 
T 
j : 1 ud» * bed "Nk [6 — (-1)] i- (12-2) j+(-4-4)k = 7i-10j-8k 
= = — -[6—(-1)i- (12 — —4— —7i—10j— 
m 4| 123 3a T g i J 
g =l 


Notice a x b = —b x a here, as we know is always true by Property 1 of Theorem 11. 


19. By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 


i 3 & 
3 2 1 die "UK d. k 5k 
2,1) x (71,10) = = i- MERE =-i-j+5k. 
(3, 2, ) ( ,0) 1 0 X od J -1 1 J 
-1 1 0 
" (71, —1,5) en (-1,—1,5) i 1 1 5 
So two unit vectors orthogonal to both are + ATI = — ai that is, Wl OE six) 


and (sm imc) 


21. Leta — (a1, a2, 3). Then 


i j k 
0 0| 0 ooj, 0 0 
0xa-2|000/|- E + k=0, 
a2 a3 a, ag Qj 2 
ai a2 ag 
ijk 
a2 Q03|. Qj a3], a, a2 
ax0= |a @ a3}= i- k= 
0 0 0 0 0 0 
000 


23. a x b = (abs — a3b2, a3b1 — a1b3, 0102 — a2b1) 
= ((—1)(b2a3 — 6sa2) , (—1)(bsax — bias) , (71)(b1a2 — b2a1)) 


= — (beag — b3a2,b3a1 — b1aa, b1a2 — b2a1) = — x a 


25. ax (b +c) =a x (bı + c1, 62 + c2, 3 + c3) 
= (aa(ba + c3) — a3(be + c2) , ag(bi + c1) — aı (b3 + c3), aı (b2 + c2) — a2(bi + c1)) 
= (abs + a2c3 — a303 — agc2, agby + agci — 0103 — a1c3, a1b2 + aic2 — a3b1 — aci) 
= ((a2b3 — agbe) + (a2c3 — a3c2) , (aab — a1b3) + (aac1 — aic3), (@ıb2 — aabi) + (a1c2 — a2c1i)) 


= (asba — a3b2, a3bı — aib3, a1b2 — a2b1) + (a2cs — a3c2,a3€1 — 0103, @1C2 — a2c1) 


= (a x b) + (ax c) 
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27. 


31. 


35. 


[1 CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


By plotting the vertices, we can see that the parallelogram is determined by the 


— — 
vectors AB = (2,3) and AD = (4, —2). We know that the area of the parallelogram 


determined by two vectors is equal to the length of the cross product of these vectors. 


‘ — 
In order to compute the cross product, we consider the vector AB as the three- 


dimensional vector (2, 3, 0) (and similarly for AD), and then the area of 
parallelogram A BC D is 
i j ' 
— — 
|45 x AD) -|2 3 0| -|(0)i—(0)j-- (-4— 12)k| =|-16k| = 16 
4 —2 0 


—5 — 
. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to both of these vectors 


y — — 
(such as their cross product) is also orthogonal to the plane. Here PQ = (—3, 1, 2) and PR = (3, 2, 4), so 


—> — 
PQ x PR = ((1)(4) — (2)(2), Q)(3) — (-3)(4), (-3)(2) — (1)(3)) = (0, 18, —9) 
Therefore, (0, 18, —9) (or any nonzero scalar multiple thereof, such as (0, 2, —1)) is orthogonal to the plane through P, Q, 
and R. 
(b) Note that the area of the triangle determined by P, Q, and R is equal to half of the area of the 
parallelogram determined by the three points. From part (a), the area of the parallelogram is 


|PQ x PR| = |(0, 18, —9)| = VO +324 + 81 = V405 = 9v5, so the area of the triangle is 3 - 9/5 = 2/5. 
— — 
(a) PQ = (4,3, —2) and PR = (5,5, 1), so a vector orthogonal to the plane through P, Q, and R is 
PQ x PR = ((3)(1) — (—2)(5), -2)(5) — (4)(1), (4)(5) — (3)(5)) = (13, —14,5) [or any scalar mutiple thereof]. 


— — 
(b) The area of the parallelogram determined by PQ and PR is 


— ll 
|PQ x PR| = |(13, —14,5)| = /132 + (—14)? + 57 = 390, so the area of triangle PQR is 4/390. 


By Equation 14, the volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product, 
1123 ' 
12 =I 2 = 
which isa- (b x c)=|—1 1 2|=1 -= +3 = 1(4— 2) - 2(-4 — 4) + 3(—1 - 2) = 9. 
3 $334 14 24 2 1 


Thus the volume of the parallelepiped is 9 cubic units. 


— — — 
a= PQ = (4,2,2), b = PR = (3,3, —1), and c = PS = (5,5, 1). 
42 3 . 
41 $ =i 3 
a-(bxc)=]3 3 —1|=4 — 32 — 16 +0 = 16, 
1 5 1 5.5 
55 1 


so the volume of the parallelepiped is 16 cubic units. 
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1 5-2 : 
-1 0 3 0 g = l 
37. u. (vx w)=|3 -1 0|-1 4 al Pe od + (—2) è = 4 + 60 — 64 = 0, which says that the volume 
5 9—4 " 


of the parallelepiped determined by u, v and w is 0, and thus these three vectors are coplanar. 


39. The magnitude of the torque is |r| = |r x F| = |r| |F| sin 8 = (0.18 m)(60 N) sin(70 + 10)? = 10.8sin 80° e 10.6 N-m. 


41. Using the notation of the text, r = (0, 0.3, 0) and F has direction (0,3, —4). The angle 0 between them can be determined by 


(0, 0.3, 0) - (0, 3, —4)' 6 0.9 " 5 , 
apeu AOE, ——— > 0=0.6 => @%53.1°. Th = 
cos 0 [(0, 0.3, 0) (0, 3, —4)] = cos (3) ^7. cos en |r| = |r| [F|sind. => 


100 = 0.3|F|sin53.1° => |F| = 417 N. 


43. From Theorem 9 we have |a x b| = |a| |b| sin 0, where @ is the angle between a and b, and from Theorem 12.3.3 we have 


a:b-jla||b]|cosó =  j|a||b| — BR Substituting the second equation into the first gives |a x b| — ab sin 6, so 
jax bl. ton9, Here ja x b| 152,2] = VIT 41-14 3,50tand— 1 Pl 3 a gne, 
ab a-b V3 
45. (a) The distance between a point and a line is the length of the perpendicular 


i — 
from the point to the line, here |PS | — d. But referring to triangle PQS, 


— — — 
= |Ps| = lar] sin 0 = |b| sin 0. But 0 is the angle between QP = b 


and QR = a. Thus by Theorem 9, sin 0 = la x b| 
: lal [b] 
À lb|jaxb| — jax b] 
and so d = |b] sing = ————— = —"——* 
Ibl ajb ^ Tal 


(b) a = QR = (—1,—2, —1) and b = QP = (1, —5, —7). Then 


a x b = ((—2)(—7) - (—1)(-5), (-1)(1) - (-1)(77), (-0(75) — (-2)(1)) = (9, —8, 7). 


Thus the distance is d — etl — E. V/81 + 64 + 49 = y m mb T. 


47. From Theorem 9 we have |a x b| = |a| |b| sin 0 so 


[a x bl? = |a|? |b|? sin? 6 = Jal? |b|? (1 — cos? 8) 
= |a|? |b]? — (lal |b| cos)” = Jal" [b]? — (a - b)? 


by Theorem 12.3.3. 
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49. (a — b) x (a+b) =(a—b) xa+(a—b)xb by Property 3 of Theorem 11 
—axa-(-b)xa--axb-(-b)xb by Property 4 of Theorem 11 
= (a x a) — (b x a) + (a x b) — (b x b) by Property 2 of Theorem 11 (with c = —1) 


—0-— (bxa)--(axb)—0 by Example 2 
= (a x b)+ (a x b) . by Property 1 of Theorem 11 
— 2(a x b) 


51. a x (bx c)--b x (cx a) +c x (a x b) 
= [(a: c)b — (a- b)c] + [(b- a)e — (b: c)a] + [(c - b)a — (c: a)b] by Exercise 50 
= (a - c)b — (a - b)c + (a: b)c — (b: c)a + (b: ca — (a - c)b = 0 
53. (a) No. Ifa- b = a - c, then'a - (b — c) = 0, so a is perpendicular to b — c, which can happen if b Æ c. For example, 
leta = (1,1, 1), b = (1,0,0) and c = (0, 1,0). 
(b) No. Ifa x b = a x c then a x (b — c) = 0, which implies that a is parallel to b — c; which of course can happen 
ifb £c. l l 
(c) Yes. Since a: c = a: b, a is perpendicular to b — c, by part (a). From part (b), a is also parallel to b — c. Thus since 


a Æ 0 but is both parallel and perpendicular to b — c, we have b — c = 0, so b = c. 


12.5 Equations of Lines and Planes 


1. (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these vectors are 
each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar multiples of each 


other, so these vectors, and hence the two lines, are parallel. 
(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 


(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these two normal 


vectors are parallel to each other and the planes are parallel. 
(d) False; for example, the sry- and yz-planes are not parallel, yet they are both perpendicular to the xz-plane. 
(e) False; the z- and y-axes are not parallel, yet they are both parallel to the plane z = 1. 


(f) True; if each line is perpendicular to a plane, then the lines’ direction vectors are both parallel to a normal vector for the 


plane. Thus, the direction vectors are parallel to each other and the lines are parallel. 
(g) False; the planes y — 1 and z — 1 are not parallel, yet they are both parallel to the z-axis. 


(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction vector for the 


line. Thus, the normal vectors are parallel to each other and the planes are parallel. 


(i) True; see Figure 9 and the accompanying discussion. 
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(j) False; they can be skew, as in Example 3. 
(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is perpendicular 
to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 0, 0? < 8 < 90°, and the 


line will intersect the plane at an angle 90? — 0. 


. For this line, we have ro = 2i + 2.4j + 3.5 k and v = 3i + 2j — k, so a vector equation is 


r= ro +tv = (2i+2.4j+3.5k) + t(3i-4- 2j — k) — (2+ 3t)i+ (2.4 4- 2t) j 4- (3.5 — t) k and parametric equations are 
z—2-3t,y 224--21,2 = 3.5 — 1. 


. À line perpendicular to the given plane has the same direction as a normal vector to the plane, such as 


n = (1,3, 1). So ro = i + 6k, and we can take v = i+ 3j + k. Then a vector equation is 


r= (i+ 6k) - t(132- 3j -- k) 2 (1+ t) i -- 31j 4- (6 4- t) k, and parametric equations are x = 1 + t, y = 3t, z = 6 + t. 


. The vector v = (2 — 0,1 — $, -3 — 1) = (2, 3, —4) is parallel to the line. Letting Pa = (2, 1, —3), parametric equations 


21-2 y-1 2+3 


are x = 2 + 2t, y = 1 + 31, z = —3 — 4t, while symmetric equations are Ed dams Or 
r—2 z+3 
2 =2y —2= -— 


. v = (3 — (—8), -2— 1,4 — 4) = (11, —3,0), and letting Po = (—8, 1, 4), parametric equations are x = —8 + 11t, 


2-8 9y-1 


11 -3 ’ 


y = 1-— 3t, z = 4 + 0t = 4, while symmetric equations are z = 4, Notice here that the direction number 


z—4 


€ = 0, so rather than writing in the symmetric equation we must write the equation z — 4 separately. 


The line has direction v = (1, 2, 1). Letting Po = (1, —1, 1), parametric equations are x = 1 + t, y = —1--2t,z — 1-4 


ia 


and symmetric equations are z — 1 = z-—1. 


Direction vectors of the lines are v; = (—2 — (—4),0 — (—6), —3 — 1) = (2,6, —4) and 
v2 = (5 — 10,3 — 18,14 — 4) = (—5, —15, 10), and since v» = -$vi the direction vectors and thus the lines are parallel. 


(a) The line passes through the point (1, —5, 6) and a direction vector for the line is (—1, 2, —3), so symmetric equations for 


-1 y-c5 z-6 
—el 2 -3 


i 2 
the line are 


r-1 yt+5 0-6 z-1 
—1 2 -3 —1 


(b) The line intersects the zy-plane when z — 0, so we need 


ytd 


he 2 = y= —1.Thus the point of intersection with the zy-plane is (—1, —1, 0). Similarly for the yz-plane, 


weneedz —0 > 1-2 ———-— => y= —3,z = 3. Thus the line intersects the yz-plane at (0, —3, 3). For 


z—6 ff 3 
-3 => T—-—5 


z = —$. So the line intersects the zz-plane 
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i From Equation 4, the line segment.from ro = 2i — j + 4k to rı = 4i+6j+kis 


| 19. 


E 


r(t) = (1— t)ro- tri = (1 — t)(2i —j - 4k) +¢(4i+ 6j+k) = (2i -j-- 4k) -t(2i- 7j -3k),0 « t & 1L. 


Since the direction vectors (2, —1, 3) and (4, —2, 5) are not scalar multiples of each other, the lines aren't parallel. For the 


lines to intersect, we must be able to find one value of ¢ and one value of s that produce the same point from the respective 
—A— aen aet. d — SSN SS ee ee 


parametric equations. Thus we need to satisfy the following three equations: 3 + 2t = 1 + 4s, 4 — t = 3 — 2s, 
Daci eie corse 


1 + 3t = 4 + 5s. Solving the last two equations we get t = 1, s = 0 and checking, we see that these values don't satisfy the 


first equation. Thus the lines aren't parallel and don't intersect, so they must be skew lines. 


Since the direction vectors (1, —2, —3) and (1,3, —7) aren't scalar multiples of each other, the lines aren't parallel. Parametric 


equations of the lines are Li: c = 2 + t, y = 3 — 2t, z = 1 — 3t and Lo: 2 = 3 + 5, y = —4 + 3s, z = 2 — 7s. Thus, for the 


. lines to intersect, the three equations 2 +t=3+ 8,3 — 2t = —4+ 3s, and 1 — 3t = 2 — 7s must be satisfied simultaneously. 


23. 


25. 


31. 


33. 


35. 


Solving the first two equations gives t = 2, s = 1 and checking, we see that these values do satisfy the third equation, so the 


lines intersect when t = 2 and s = 1, that is, at the point (4, —1, —5). 

Since the plane is perpendicular to the vector (1, —2, 5), we can take (1, —2, 5) as a normal vector to the plane. 

(0, 0, 0) is a point on the plane, Šo setting a = 1, b = —2, c = 5 and zo = 0, yo = 0, zo = 0 in Equation 7 gives 

l(z — 0) + (—2)(y — 0) + 5(z — 0) = 0 or x — 2y + 5z = 0 as an equation of the plane. 

i+4j+k = (1,4, 1) is a normal vector to the plane and (—1, 4,3) is a point on the plane, so setting a = 1, b = 4, c = 1, 
To = —1, yo = 3, zo = 3 in Equation 7 gives 1[r — (—1)] + 4 (y — 3) + 1(z — 3) = 0 or z + 4y.4- z = 4 as an equation of 


the plane. 


. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (5, —1, —1), and an equation of 


the plane is5(z — 1) — 1[y — (—1)] - 11z - (-1)] = 0 or 5z — y — z — 7. 


. Since the two planes are parallel, they will have the same normal vectors. So we can take n — (1, 1, 1), and an equation of the 


plane is 1(z — 1) --1(y — 3) - 1(z— 3) 2 0orz-- y - z = # or6z + 6y +62 = 11. 

Here the vectors a = (1 — 0,0 — 1, 1 ~ 1) = (1, 21,0) and b = (1 — 0, 1 — 1,0— 1) = (1,0, —1) lie in the plane, so 

a x b is a normal vector to the plane. Thus, we can take n = a x b = (1 — 0,0 + 1,0 + 1) = (1, 1, 1). If Po is the point 
(0, 1, 1), an equation of the plane is 1(a —0)+1(y-1)+1(2-1) 200rz y 2 —2. 

Here the vectors a = (8 — 3,2 — (-1),4 — 2) = (5,3, 2) and b = (—1 — 3, -2 — (—1), —3 — 2) = (—4, —i, —5) lie in 
the plane, so a normal vector to the plane is n = a x b = (—15 + 2, —8 + 25, —5 + 12) = (—13, 17, 7) and an equation of 
the plane is -13(x — 3) + 17[y — (—1)] + 7(z — 2) = 0 or —13z + 17y + 7z = —42. 

If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a — (—2, 5, 4) is one vector in the plane. We can verify that the given point (6, 0, —2) 
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does not lie on this line, so to find another nonparallel vector b which lies in the plane, we can pick any point on the line and 
find a vector connecting the points. If we put t = 0, we see that (4, 3, 7) is on the line, so 

b = (6 — 4,0 — 3, —2 — 7) = (2, —3, —9) and n = a x b = (—45 + 12,8 — 18, 6 — 10) = (—33, —10, —4). Thus, an 
equation of the plane is —33(z — 6) — 10(y — 0) — 4[z — (—2)] = 0 or 332 + 10y + 4z = 190. 


37. A direction vector for the line of intersection is a = n; x no = (1,1, —1) x (2, —1,3) = (2, —5, —3), and a is parallel to the 
desired plane. Another vector parallel to the plane is the vector connecting any point on the line of intersection to the given 
point (—1, 2, 1) in the plane. Setting x = 0, the equations of the planes reduce to y — z = 2 and —y + 3z = 1 with 
simultaneous solution y = 2 and z = 3. So a point on the line is (0, Z, 3) and another vector parallel to the plane is 
(—1, —$, — $). Then a normal vector to the plane is n = (2, —5, —3) x (—1, —8, —3) = (—2, 4, —8) and an equation of 


the plane is -2(z + 1) + 4(y — 2) — 8(z — 1) = O or x — 2y + 4z = —1. 


39. If a plane is perpendicular to two other planes, its normal vector is perpendicular to the normal vectors of the other two planes. 
Thus (2,1, —2) x (1,0,3) = (3 — 0, —2 — 6,0 — 1) = (3, —8, —1) is a normal vector to the desired plane. The point 
(1,5, 1) lies on the plane, so an equation is 3(z — 1) — 8(y —5) — (z — 1) = 0 or 3a — 8y — z = —38. 


41. To find the x-intercept we set y Som 0 in the equation 2a + 5y + z = 10 
and obtain 27 =10 = «= 5 so the x-intercept is (5,0, 0). When 
z= z = 0 weget5y=10 = y= 2,s0 the y-intercept is (0,2, 0). 
Setting z = y = 0 gives z = 10, so the z-intercept is (0,0, 10) and we  : 


graph the portion of the plane that lies in the first octant. 


43. Setting y = z = 0 in the equation 6x — 3y + 4z = 6 gives67 —6 => 
x = 1, when z = z = 0 we have —3y = 6 => y-—-2,andrz—y-0 
implies 4z =6 = z= $, so the intercepts are (1, 0, 0), (0, —2, 0), and 
(0,0, 3). The figure shows the portion of the plane cut off by the coordinate 


planes. 


x 


(4. sustiue the parametric equations of the line into the equation of the plane: (3 — £) — (2+ t) + 2(5t)=9 => 


8t=8 = t= l. Therefore, the point of intersection of the line and the plane is given by x = 3 — 1 = 2, y =2 + 1 = 3, 
and z = 5(1) = 5, that is, the point (2, 3, 5). 

47. Parametric equations for the line are z = t, y = 1 + t, z = $t and substituting into the equation of the plane gives 
4(t) — (1 rt) +3(4t) =8 = 2t —9 => t=2. Thusr=2,y=14+2=3,z= 3(2) = 1 and the point of 
intersection is (2, 3, 1). 
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49. 


51. 


53. 


55. 


57. 


59. 


61. 


63. 


Setting z = 0, we see that (0, 1, 0) satisfies the equations of both planes, so that they do in fact have a line of intersection. 
v =n; X no = (1, 1,1) x (1,0,1) = (1,0, —1) is the direction of this line. Therefore, direction numbers of the intersecting 


line are 1, 0, —1 


Normal vectors for the planes are n; = (1,4, —3) and nz = (—3,6, 7), so the normals (and thus the planes) aren't parallel. 


But n; : n2 = —3 + 24 — 21 = 0, so the normals (and thus the planes) are perpendicular. 


Normal vectors for the planes are n; = (1, 1, 1) and n2 = (1, —1, 1). The normals are not parallel, so neither are the planes. 
Furthermore, n; n3 = 1 — 1 + 1 = 1 # 0, so the planes aren't perpendicular. The angle between them is given by- 


nı ne 1 1 


uvm aA E => 6-—cos !(i) e 70.5". 


The normals are n; = (1, —4, 2) and n2 = (2, —8, 4). Since n» = 2n, the normals (and thus the planes) are parallel. 


(a) To find a point on the line of intersection, set one of the variables equal to a constant, say z = 0. (This will fail if the line of 
intersection does not cross the zy-plane; in that case, try setting x or y equal to 0.) The equations of the two planes reduce 
tox +y = 1 and z + 2y = 1. Solving these two equations gives z = 1 y = 0. Thus a point on the line is (1, 0,0). 

A vector v in the direction of this intersecting line is perpendicular to the normal vectors of both planes, so we can take 
v =n; X ng = (1,1,1) x (1,2,2) = (2 — 2,1 — 2,2 — 1) = (0, —1, 1). By Equations 2, parametric equations for the 


lineares = 1, y = —t, z — t. 


. ! 
(b) The angle between the planes satisfies cos@ = 252. = 1772-02 _ 5 Therefore Ó — cog"! (5) zæ 15.8°. 


Im|[n| | v3/9  3V3 3/3 


Setting z = 0, the equations of the two planes become 5a — 2y = 1 and 4z + y = 6. Solving these two equations gives 
x = 1, y = 2 so a point on the line of intersection is (1, 2, 0). A vector v in the direction of this intersecting line is 
perpendicular to the normal vectors of both planes. So we can use v = mi x na = (5, —2, —2) x (4,1, 1) = (0, —13,13) or 


—2 
$ed = 


equivalently we can take v = (0, —1, 1), and symmetric equations for the line are 8 Í orz—1,y—-2-2-z. 


The distance from a point (x, y, z) to (1,0, —2) is dı = J/(x — 1)? + y? + (z + 2)? and the distance from (z, y, z) to 
(3,4,0) is da = /(z — 3)? + (y — 4)? + 2. The plane consists of all points (x, y, z) where dı — da => d?-—dj + 
(z-1* +y’ c -2* (2-3)! +y -4 97 e 

az? — 2g +y? +27 -+ 4z +5 = g? —6a+y?—B8y+27+25 « A4w--8y-F4z = 20 so an equation for the plane is 
4x + 8y + 4z = 20 or equivalently x + 2y + z = 5. 

Alternatively, you can argue that the segment joining points (1, 0, —2) and (3, 4, 0) is perpendicular to the plane and the plane 


includes the midpoint of the segment. 
The plane contains the points (a, 0, 0), (0, b, 0) and (0,0, c). Thus the vectors a = (—a, b, 0) and b = (—a, 0, c) lie in the 


plane, and n = a x b = (bc — 0,0 + ac, 0 + ab) = (bc, ac, ab) is a normal vector to the plane. The equation of the plane is 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copi duplicated, or posted to a publicly accessible website, in whole or in part. 
WWW.elsolucionario.net . 


67. 


71. 


73. 


75. 


SECTION 12.5 EQUATIONS OF LINES AND PLANES O 133 


therefore bcx + acy + abz = abc + 0 + 0 or bez + acy + abz = abc. Notice that if a z 0, b Æ 0 and c Æ 0 then we can 


rewrite the equation as 34 z + < = 1. This is a good equation to remember! 
a 


. Two vectors which are perpendicular to the required line are the normal of the given plane, (1, 1, 1), and a direction vector for 


the given line, (1, —1, 2). So a direction vector for the required line is (1, 1, 1) x (1, —1,2) = (3, — 1, —2). Thus L is given 
by (z, y, z) = (0,1,2) + t(3, —1, —2), or in parametric form, x = 3t, y = 1 — t, z = 2 — 2t. 

Let P; have normal vector n;. Then n; = (3,6, —3), n2 = (4, —12,8), na = (3, —9, 6), n4 = (1,2, —1). Now nı = 3n4, 
so n; and n, are parallel, and hence P, and P4 are parallel; similarly Pz and P3 are parallel because ng = fns. However, nı 
and n» are not parallel (so not all four planes are parallel). Notice that the point (2, 0, 0) lies on both P; and P4, so these two 


planes are identical. The point (2, 0, 0) lies on P» but not on Ps, so these are different planes. 


. Let Q = (1,3,4) and R = (2, 1, 1), points on the line corresponding to t = 0 and £ = 1. Let 
as — 
P = (4,1, —2). Then a = QR = (1, —2, —3), b = QP = (3, —2, —6). The distance is 
q= l2 xb! .10,-2,-3) x (3, 2,—6) _ |(6, -3,4)| | VE ++ Vel [él 
la| I, —2, —3)| |(1,—2,-3)| P + (—2)? + (-3)? 14 14° 
By Equation 9, the distance is D = lazı + by: +21 +d] _ |3(1) + 2(—2) + 6(4) — 5] _ 1181 -.18 
Va? +b + c2 ; V 32 + 22 + 62 vV49 7 

Put y = z = 0 in the equation of the first plane to get the point (2, 0, 0) on the plane. Because the planes are parallel, the 
distance D between them is the distance from (2, 0, 0) to the second plane. By Equation 9, 

—|42)-9(0--2()-3| | 5 _ 85 „ŽV 

fa? +(-6)?7 +(2)? v56 2V4 28 
The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plane. 


Let Po = (xo, yo, zo) be a point on the plane given by ax + by + cz + dı = 0. Then azo + byo + czo + dı = 0 and the 
distance between Po and the plane given by az +- by + cz + da = 0 is, from Equation 9, 


. |]azo--byod-czo-d-de| ^ |—di--dae| _ ,|di— dəl 


D = . 


.Lur—y-z > z—y(d) L:z41-2y/2—2/3 = x+1=y/2 (2) The solution of (1) and (2) is 


x = y = —2. However, when z = 2,7 =z = z= -2,butz--1—z/3 = z= —3,acontradiction. Hence the 
lines do not intersect. For Li, fis = (1,1,1), and for La, v2 = (1, 2,3), so the lines are not parallel. Thus the lines are skew 
lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines 
would be the same as the distance between these parallel planes. The common normal vector to the planes must be 
perpendicular to both (1, 1, 1) and (1, 2, 3), the direction vectors of the two lines. So set 
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79. 


81. 


n = (1,1,1) x (1,2,3) = (3— 2, —3 + 1,2 — 1) = (1, —2, 1). From above, we know that (—2, —2, —2) and (—2, —2, —3) 
are points of Lı and L» respectively. So in the notation of Equation 8, 1(—2) — 2(—2) --1(—2) +d; =0 = d, =Oand 
1(-2) -2(-2)--1(-3)--d3 20 > d=l1. 


E- : d ones 0 — 1| 1 
By Exercise 75, the distance between these two skew lines is D — -J-u. = —, 
y Vit4+1 V6 


Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is 
n = (1,1,1) x (1,2,3) = (1, —2, 1). Pick any point on each of the lines, say (—2, —2, —2) and (—2, —2, —3), and form the 
vector b = (0, 0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar 


In-bl j|1.0-2.0-1.1| 1 
|n| JV1+4+1 V6 


projection of b along n, that is, D = 


A direction vector for Lı is vı = (2,0, —1) and a direction vector for L2 is v2 = (3, 2, 2). These vectors are not parallel so 
neither are the lines. Parametric equations for the lines are L1: z = 2t, y = 0, z = —t, and L2: x = 1 + 3s, y = —1 + 2s, 
z = 1 + 2s. No values of t and s satisfy these equations simultaneously, so the lines don’t intersect and hence are skew. We 
can view the lines as lying in two parallel planes; a common normal vector to the planes is n = v1 X v» = (2, —7, 4). Line 
Lı passes through the origin, so (0, 0, 0) lies on one of the planes, and.(1, —1, 1) is a point on L2 and therefore on the other 
plane. Equations of the planes then are 2z — 7y + 4z = 0 and 2x — Ty + 4z — 13 = 0, and by Exercise 75, the dime 


between the two skew lines is D — .o- C13). = a 


V4+49+16  V69 
Alternate solution (without reference to planes): Direction vectors of the two lines are vı = (2,0, —1) and v2 = (3, 2, 2). 
Then n = vi x v2 = (2, —7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0, 0, 0) and (1, —1, 1), 
and form the vector b = (1, —1, 1) connecting the two points. Then the distance between the two skew lines is the absolute 


[n-b |2+7+4| _ 13 
Ini 4+49+16 v69 


value of the scalar projection of b along n, that is, D — 


If a £0, thenaz --by--cz--d —0 = a(x+d/a) + b(y — 0) + e(z — 0) — 0 which by (7) is the scalar equation of the 
plane through the point (—d/a, 0, 0) with normal vector (a, b, c). Similarly, if b 0 (or if c 4 0) the equation of the plane can 
be rewritten as a(z — 0) + b(y + d/b) + e(z — 0) = 0 [oras a(z — 0) + b(y — 0) + e(z + d/c) = 0] which by (7) is the 


scalar equation of a plane through the point (0, —d/b, 0) [or the point (0, 0, —d/c)] with normal vector (a, b, c). 
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12.6 Cylinders and Quadric Surfaces 


1. (a) In R?, the equation y = z? represents a parabola. 


(b) In R$, the equation y = x? doesn't involve z, so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = z?. Thus, the surface is a 
parabolic cylinder, made up of infinitely many shifted 
copies of the same parabola. The rulings are parallel to 


the z-axis. 


. (c) In E?, the equation z = y? also represents a parabolic 
cylinder. Since x doesn't appear, the graph is formed by 
moving the parabola z = y? in the direction of the x-axis. 


Thus, the rulings of the cylinder are parallel to the z-axis. 


3. Since y is missing from the equation, the vertical traces 5. Since x is missing, each vertical trace z = 1 — y?, 
x? +z? = 1, y =k, are copies of the same circle in x = k, is a copy of the same parabola in the plane 
the plane y — k. Thus the surface z? + z =lis a a = k. Thus the surface z = 1 — y? is a parabolic 


circular cylinder with rulings parallel to the y-axis. cylinder with rulings parallel to the z-axis. 
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7. Since z is missing, each horizontal trace zy = 1, 
z = k, is a copy of the same hyperbola in the plane 
z — k. Thus the surface zy — 1 is a hyperbolic 


cylinder with rulings parallel to the z-axis. 


9. (a) The traces of x? + y? — 2? = 1inz =k are y? — z* = 1 — k’, a family of hyperbolas. (Note that the hyperbolas are 
oriented differently for —1 < k < 1 than for k < —1 or k > 1.) The traces in y = k are x? 7? —1— k?, a similar 
family of hyperbolas. The traces in z = k are x? + y? = 1+ K?, a family of circles. For k = 0, the trace in the 
zy-plane, the circle is of radius 1. As |k| increases, so does the radius of the circle. This behavior, combined with the 


hyperbolic vertical traces, gives the graph of the hyperboloid of one sheet in Table 1. 


(b) The shape of the surface is unchanged, but the hyperboloid is 
rotated so that its axis is the y-axis. Traces in y = k are circles, 


while traces in z — k and z — k are hyperbolas. 


(c) Completing the square in y gives x? + (y +1)? — 2? = 1. The 
surface is a hyperboloid identical to the one in part (a) but shifted 


one unit in the negative y-direction. 


11. For z = y? + 4z?, the traces in z = k are y? + 4z? = k. When k » 0 we 
have a family of ellipses. When k = 0 we have just a point at the origin, and 
the trace is empty for k < 0. The traces in y = k arez = 4z? + k?, a 
family of parabolas opening in the positive x-direction. Similarly, the traces 


in z = k are x = y? + 4k?, a family of parabolas opening in the positive 


z-direction. We recognize the graph as an elliptic paraboloid with axis the 


x-axis and vertex the origin. 
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z 


13. 2? = y? + 42°. The traces in x = k are the ellipses y? + 42? = k?. The 
traces in y = k are x? — 42° = K?, hyperbolas for k 4 0 and two 
intersecting lines if k = 0. Similarly, the traces in z = k are 
z? — y? = 4k’, hyperbolas for k + 0 and two intersecting lines if k = 0. 
We recognize the graph as an elliptic cone with axis the x-axis and vertex 


the origin. . 


15. —a? + Ay? — z? = 4. The traces in x = k are the hyperbolas 
4y? — z? = 4 + k?. The traces in y = k are z? + z? = 4k? — 4, a family of 
circles for |k| > 1, and the traces in z = k are 4y? — z? = 4 + k?, a family 
of hyperbolas. Thus the surface is a hyperboloid of two sheets with 


axis the y-axis. 


17. 36x? + y? + 36z” = 36. The traces in z = k are y? + 362? = 36(1 — k’), 
a family of ellipses for |k| < 1. (The traces are a single point for |k| = 1 


k 


and are empty for |k| > 1.) The traces in y = k are the circles 

3627 + 3627 —36— k^ & 2? +27 -1-dk,|k| « 6, and the 
traces in z 5 k are the ellipses 36z? + y? = 36(1 — k?), |r < 1. The 
graph is an ellipsoid centered at the origin with intercepts x = +1, y = +6, 


£g bl. 


19. y = z? — x°. The traces in z = k are the parabolas y = z? — k?; 
the traces in y = k are k = z? — x°, which are hyperbolas (note the hyperbolas 


are oriented differently for k > 0 than for k < 0); and the traces in z = k are 


` 2 22 
the parabolas y = k? — z?. Thus, t = S -= T is a hyperbolic paraboloid. 


2 2 
ME VET NT Abd 3 " 
of 0/2) + 1, with z-intercepts +1, y-intercepts +5 


(1/3)* 


and z-intercepts ti. So the major axis is the z-axis and the only possible graph is VII. 


21. This is the equation of an ellipsoid: z? + 4y? + 9z? = z? 


23. This is the equation of a hyperboloid of one sheet, with a = b = c = 1. Since the coefficient of y? is negative, the axis of the 


hyperboloid is the y-axis, hence the correct graph is II. 
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25. There are no real values of z and z that satisfy this equation for y < 0, so this surface does not extend to the left of the 
xz-plane. The surface intersects the plane y = k > 0 in an ellipse, Notice that y occurs to the first power whereas x and z 


occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI. 


' 27. This surface is a cylinder because the variable y is missing from the equation. The intersection of the surface and the zz-plane 


is an ellipse. So the graph is VIII. 


2 | ^ 2 
29. y? = a? + $27 ory? = 2? aj ri represents an elliptic 31.22 + 2y — 22? 200r2y = 22? — a? ory = 2? — > 
cone with vertex (0, 0,0) and axis the y-axis. represents a hyperbolic paraboloid with center (0, 0, 0). 


33, Completing squares in y and z gives 35. Completing squares in all three variables gives 
Aa? + (y — 2)? -- 4(z — 3)? = 4or ; (x — 2)? — (y+1)? + (z—1) =O0or 
(y-2) a © (y +1)? = (a — 2)? + (z — 1)?, a circular cone with 


m? +2“! + (z — 3)? = 1, an ellipsoid with 
center (2, —1, 1) and axis the horizontal line z = 2, 
center (0, A 3). 


Ez. 


37. Solving the equation for z we get z = --4/1 + 4g? + y?, so we plot separately z = 4/1 + 4z? + y? and 


z——4A/l-442?-rFy?. 


Goo XIII 
— NS DHT 
NNNM en, ms 
N 
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To restrict the z-range as in the second graph, we can use the option view=-4. . 4 in Maple’s plot 3d command, or 


PlotRange -> {-4, 4} in Mathematica’s Plot 3D command. 


39. Solving the equation for z we get z = +,/4x? + y?, so we plot separately z = \/4x? + y? and z = —,/4x? + y?. 


41. 43. The surface is a paraboloid of revolution (circular paraboloid) with vertex at 
the origin, axis the y-axis and opens to the right. Thus the trace in the 
yz-plane is also a parabola: y = z?, x = 0. The equation is y = z? + 2?. 


z The parabola 
yat 


45. Let P = (x, y, z) bean arbitrary point equidistant from (—1, 0, 0) and the plane z = 1. Then the distance from P to 
(—1, 0, 0) is /(z + 1)? + y? + z? and the distance from P to the plane x = 1 is |z — 1| VI? = |x — 1| 
(by Equation 12.5.9). So |z — 1| = (+1)? +y +22 & (z—-1?-(z—-1?-c-5--72 © 


r? — 2r +1 =r? +2r+1 +y? +z? &  —4x = y? + z?. Thus the collection of all such points P is a circular 


paraboloid with vertex at the origin, axis the x-axis, which opens in the negative direction. 


y? 


z? 
B'g7lL 


" 
47. (a) An equation for an ellipsoid centered at the origin with intercepts x = +a, y = +b, and z = +c i is = =} 


Here the poles of the model intersect the z-axis at z = 4-6356.523 and the equator intersects the x- and y-axes at 


x = +6378.137, y = +6378.137, so an equation is 


2 2 2 
m à y à z =" 
(6378.137)2 ` (6378.137)? | (6356.523)? 
. " yb " ya 
(b) Traces in z = k are the circles 7o37 1m + (6378.1377 ~ | — (6356.523)? 


6378.137 V? 
2 2 2 2 
Se RN (esses ) n 
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(c) To identify the traces in y = ma we substitute y = ma into the equation of the ellipsoid: 


ee, MEM iy 

(6378.137)? ^ (6378.137)? ' (6356.523)? - 
(1 4- m2)z? 2? 21 
(6378.137)? ' (6356.523) 
x 2 


(aTEISTP/A + m?) " (6356.5237 — * 
As expected, this is a family of ellipses. 
49. If (a,b,c) satisfies z = y? — z?, then c = b? —a?. Lı: x =a +t, y =b +t, z = c +2(b — a)t, 
Lo:z =a +t, y = b — t, z = c — 2(b + a)t. Substitute the parametric equations of L1 into the equation 
of the hyperbolic paraboloid in order to find the points of intersection: z = y? — g* => 
e+ 2(b —a)t = (b+ t)? — (a +t)? =b? — a? --2(b— aj = c=b? — a°. As this is true forall values of t, 
Lı lies on z = y? — x°. Performing similar operations with Lo gives: z = y? — z? => 


e—2(b+a)t = (b—t)? — (a +t)? =b? —a? —2(b--a)t = c=b? — a?. This tells us that all of Lə also lies on 


z=% 9-3. 
51. The curve of intersection looks like a bent ellipse. The projection 
of this curve onto the zy-plane is the set of points (x, y, 0) which 
dE aoa. à 
NS Mr satisfy 2? +y?=1—y? 2 +2? =1 e 
2 y? < a " " 
—— 3 = 1. This is an equation of an ellipse. 
(3) ` 
12 Review 
CONCEPT CHECK 


1. A scalar is a real number, while a vector is a quantity that has both a real-valued magnitude and a direction. 


2. To add two vectors geometrically, we can use either.the Triangle Law or the Parallelogram Law, as illustrated in Figures 3 


and 4 in Section 12.2. Algebraically, we add the corresponding components of the vectors. 


3. For c > 0, ca is a vector with the same direction as a and length c times the length of a. If c < 0, ca points in the opposite 
direction as a and has length |c| times the length of a. (See Figures 7 and 15 in Section 12.2.) Algebraically, to find ca we 


multiply each component of a by c. 
4. See (1) in Section 12.2. 


5. See Theorem 12.3.3 and Definition 12.3.1. 
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13. 


14. 


15. 


16. 
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. The dot product can be used to find the angle between two vectors and the scalar projection of one vector onto another. In 


particular, the dot product can determine if two vectors are orthogonal. Also, the dot product can be used to determine the 


work done moving an object given the force and displacement vectors. 


. See the boxed equations as well as Figures 4 and 5 and the accompanying discussion on page 828 [ET 804]. 
. See Theorem 12.4.9 and the preceding discussion; use either (4) or (7) in Section 12.4. 


. The cross product can be used to create a vector orthogonal to two given vectors as well as to determine if two vectors are 


parallel. The cross product can also be used to find the area of a parallelogram determined by two vectors. In addition, the 
cross product can be used to determine torque if the force and position vectors are known. 

Li 
(a) The area of the parallelogram determined by a and b is the length of the cross product: |a x b|. 


(b) The volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product: |a - (b x c)]. 


If an equation of the plane is known, it can be written as az + by + cz + d = 0. A normal vector, which is perpendicular to the 
plane, is (a, b, c) (or any scalar multiple of (a, b, c)). If an equation is not known, we can use points on the plane to find two 


non-parallel vectors which lie in the plane. The cross, product of these vectors is a vector perpendicular to the plane. 


The angle between two intersecting planes is defined as the acute angle between their normal vectors. We can find this angle 


using Corollary 12.3.6. 

See (1), (2), and (3) in Section 12.5. 

See (5), (6), and (7) in Section 12.5. 

(a) Two (nonzero) vectors are parallel if and only if one is a scalar multiple of the other. In addition, two nonzero vectors are 
parallel if and only if their cross product is 0. 

(b) Two vectors are perpendicular if and only if their dot product is 0. 


(c) Two planes are parallel if and only if their normal vectors are parallel. 


—-. — 
(a) Determine the vectors PQ = (a1, a2,a3) and PR = (bi, be, b3). If there is a.scalar £ such that 
(a1, a2, a3) = t (bi, b2, bg), then the vectors are parallel and the points must all lie on the same line. 
— — — —> 
Alternatively, if PQ x PR = 0, then PQ and PR are parallel, so P, Q, and R are collinear. 


Thirdly, an algebraic method is to determine an equation of the line joining two of the points, and then check whether or 


not the third point satisfies this equation. 


—3À — — 
(b) Find the vectors PQ = a, PR = b, PS —c.ax bis normal to the plane formed by P, Q and R, and so S lies on this 
plane if a x b and c are orthogonal, that is, if (a x b) - c = 0. (Or use the reasoning in Example 5 in Section 12.4.) 
Alternatively, find an equation for the plane determined by three of the points and check whether or not the fourth point 


satisfies this equation. 
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17. 


18. 


19. 


17. 


19. 


21. 
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(a) See Exercise 12.4.45. 

(b) See Example 8 in Section 12.5. 

(c) See Example 10 in Section 12.5. , 

The traces of a surface are the curves of intersection of the surface with planes parallel to the coordinate planes. We can find 


the trace in the plane x = k (parallel to the yz-plane) by setting x = k and determining the curve represented by the resulting 


equation. Traces in the planes y = k (parallel to the zz-plane) and z = k (parallel to the zy-plane) are found similarly. . 


See Table 1 in Section 12.6. 


TRUE-FALSE QUIZ 


. This is false, as the dot product of two vectors is a scalar, not a vector. 


. False. For example, if u = i and v = j then |u - v| = |0| = 0 but |u| |v| = 1- 1 = 1. In fact, by Theorem 12.3.3, 


[u -v| = [Iu] |v] cos 6]. 


. True, by Theorem 12.3.2, property 2. 


. True. If 0 is the angle between u and v, then by Theorem 12.4.9, |u x v| = |u| |v|sin6 = |v] |u| sin 8 = |v x ul. 
(Or, by Theorem 12.4.11, ju x v| = |-v x ul = |-1]|v x u| = |v x ul.) 
. Theorem 12.4.11, property 2 tells us that this is true. 


. This is true by Theorem 12.4.11, property 5. 
. This is true because u x v is orthogonal to u (see Theorem 12.4.8), and the dot product of two orthogonal vectors is 0. 


. This is false. A normal vector to the plane is n = (6, —2, 4). Because (3, —1,2) = $n, the vector is parallel to n and hence 


perpendicular to the plane. 

This is false. In R?, z? + y? = 1 represents a circle, but {(z, y;z)| r +y = 1} represents a three-dimensional surface, 
namely, a circular cylinder with axis the z-axis. 

False. For example, i. j = 0 but i # 0 and j # 0. 


This is true. If u and v are both nonzero, then by (7) in Section 12.3, u : v = 0 implies that u and v are orthogonal. But 
u x v = 0 implies that u and v are parallel (see Corollary 12.4.10). Two nonzero vectors can’t be both parallel and 


orthogonal, so at least one of u, v must be O. 
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EXERCISES 


1. (a) The radius of the sphere is the distance between the points (—1, 2, 1) and (6, —2, 3), namely, 
v6 — (CF. + (7-2 — 2)? + (3 — 1)? = V69. By the formula for an equation of a sphere (see page 813 [ET 789]), 
an —E of the sphere with center (—1, 2, 1) and radius v69 is (a + 1)? + (y — 2)? + (z — 1)? = 69. 
(b) The intersection of this sphere with the yz-plane is the set of points on the sphere whose z-coordinate is 0. Putting « = 0 
into the equation, we have (y — 2)? + (z — 1)? = 68, « = 0 which represents a circle in the yz-plane with center (0,2, 1) 
and radius 4/68. 
(c) Completing squares gives (a — 4)? + (y + 1)? + (z + 3)? = —1 + 16 + 1 +9 = 25. Thus the sphere is centered at 
(4, —1, —3) and has radius 5. 
3. u-v = |u| |v|cos 45° = (2(3)32 =3 V2. |ux v| = [u|[v| sin45? = (2)(3)2 = 3 2. 
By the right-hand rule, u x v is directed out of the page. 
5. For the two vectors to be orthogonal, we need (3,2, x) - (27,4, 2) 20 < (3)(2z)--(2)(4)--(z)(2) 20 & 
z? +6r+8=0 & (r-2)(z-4)—-0 e m-—-2orrz—-—4 
7. (a) (ux v): w 2u:(vx w) 22 
(b) u - (wx v) = u: [- (vx w)) = -u: (vx w) = -2 
(c) v- (ux w) = (vx u)-w— - (ux v)-w —2 
(d) (ux v)-v=u-(vxv)=u-0=0 
9. For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals 
joining the points (0, 0, 0) to (1, 1, 1) and (1,0, 0) to (0, 1, 1) are (1, 1, 1) and (—1, 1, 1). Let 0 be the angle between these 
two vectors. (1,1,1): (—1,1,1) =-1+1+1=1=|(1,1,1)||(—1,1,1)|cos@ =3cosð = cos@=i > 


0 = cos ! (5) = 71°. 
— — 
11. AB = (1,0, —1), AC = (0,4,3), so 
A —_  — 
(a) a vector perpendicular to the plane is AB x AC = (0 + 4, —(3 + 0), 4 — 0) = (4, —3, 4). 
(b à |AB x AC | = 31619336 = E. 


13. Let F, be the magnitude of the force directed 20° away from the direction of shore, and let Fz be the magnitude of the other 
force. Separating these forces into components parallel to the direction of the resultant force and perpendicular to it gives 


sin 30° 
n 20° 


into (1) gives F2(sin 30° cot 20° + cos30°) = 255 = > = 114N. Substituting this into (2) gives Fi œ 166 N. 


F, cos 20° + P5cos30? = 255 (1), and Fisin20? — F5sin300—0 > R= Fa 008 (2). Substituting (2) 
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15. 


17. 


19. 


21. 


23. 


25. 


27. 


The line has direction v = (—3, 2, 3). Letting Po = (4, —1, 2), parametric equations are 


$—4—34,gy-2-1-420, z 2 24-3t. 


A direction vector for the line is a normal vector for the plane, n — (2, —1, 5), and parametric equations for the line are 
172—2-420,y22-—1,2—4-4 5t. 

Here the vectors a = (4 — 3,0 — (-1),2 — 1) = (1,1, 1) and b = (6 — 3,3 — (—1), 1 — 1) = (3,4,0) lie in the plane, 
so n — a x b — (—4,3, 1) is a normal vector to the plane and an equation of the plane is 


—4(z — 3) + 3(y — (-1)) + 1(z — 1) = 0 or -4s + 3y +z = —14. 


Substitution of the parametric equations into the equation of the plane gives 2z — y + z = 2(2 — t) —(1+3t)+4¢=2 => 
—t+3=2 => t=1. Whent= 1, the parametric equations give z = 2-—1=1,y=1+3=4and z = 4. Therefore, 


the point of intersection is (1, 4, 4). 


Since the direction vectors (2, 3, 4) and (6, —1, 2) aren't parallel, neither are the lines. For the lines to intersect, the three 
equations 1 + 2¢ = —1 + 6s, 2 + 3t = 3 — s, 3 + 4t = —5 + 2s must be satisfied simultaneously. Solving the first two 
equations gives t = i ge E and checking we see these values don't satisfy the third equation. Thus the lines aren't parallel 


and they don't intersect, so they must be skew. 


ni — 4, 0, —1) and n» = (0, 1, 2). Setting z = 0, it is easy to see that (1, 3,0) isa — on the line of intersection of 
z—z = 1 and y + 2z = 3. The direction of this line is v; = n; x ng = (1, —2, 1). A second vector parallel to the desired 
plane is v2 = (1, 1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, the normal of the plane in question is 
n = vi X v2 = (4— 1,1 +2,1 + 2) = 3 (1,1, 1). Taking (xo, yo, zo) = (1,3, 0), the equation we are looking for is 


(c—1)+(y-3)+z2=0 & rt+y+z=4. 


ste m 


By Exercise 12.5.75, D — = š 
d 32 +1? + (—4)? v26 
. The equation x = z represents a plane perpendicular to l 31. The equation z? = y? + 4z? represents a (right elliptical) 
the zz-plane and intersecting the xz-plane in the line cone with vertex at the origin and axis the x-axis. 
r= 2, y= 0, 
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2 


33. An equivalent equation is —2? + Y -; 21a 35. Completing the squate in y gives 
2 
hyperboloid of two sheets with axis the y-axis. For 4a? + A(y — 1)? +2? =4ora? + (y—1)? + "1 =1, 
|y| > 2, traces parallel to the zz-plane are circles. an ellipsoid centered at (0, 1, 0). 


„A 0.2 ` a 
37. 4r? +y? =16 e E 4 Y —1. The equation of the ellipsoid i is —— EN a 16 s = |, since the horizontal trace in the 


4 ' 16 
plane z — 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained 


E 2 2 
by rotation about the z-axis. Therefore, c? = 16 and the equation of the ellipsoid is — T 1+5 + 55 =1 e 


4r? + y? +27 = 16. 
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1. Since three-dimensional situations are often difficult to visualize and work with, let 
us first try to find an analogous problem in two dimensions. The analogue of a cube 
is a square and the analogue of a sphere is a circle. Thus a similar problem in two 


dimensions is the following: if five circles with the same radius r are contained in a 


square of side 1 m so that the circles touch each other and four of the circles touch 
two sides of the square, find r. 

The diagonal of the square is v2. The diagonal is also 4r + 2a. But z is the diagonal of a smaller square of side r. Therefore 
a=V2r > V2=4r4+2r=4r+2V2r= (44+2V2)r > r= DER 


Let's use these ideas to solve the original three-dimensional problem. The diagonal of the cube is V1? + 1? + 1? = V3. 


The diagonal of the cube is also 4r + 2x where c is the diagonal of a smaller cube with edge r. Therefore 


t=VrPtrt+ra=vV3r => V3 = 4r + 2z = 4r £2 V3r = (4+2 V3)r. Thus r= 7 B= 4-8 3 
d- 


The radius of each ball is (v3 — 3) m. 


3. (a) We find the line of intersection L as in Example 12.5.7(b). Observe that the point (—1, c, c) lies on both planes. Now since 
L lies in both planes, it is perpendicular to both of the normal vectors n; and ng, and thus parallel to their cross product 
i jk 
nixno—|c 1 1|-— (2c,—c* - 1, —c? — 1). So symmetric equations of L can be written as 
r1 y-c z—c 


prre c2 Provided that c # 0, +1. 


If c = 0, then the two planes are given by y + z = 0 and z = —1, so symmetric equations of L are z = —1, y = —z. If 
c = —1, then the two planes are given by —a + y + z = —1 and a + y + z = —1, and they intersect in the line x = 0, 
y = —z — 1. Ifc = 1, then the two planes are given by z + y + z = land z — y + z = 1, and they — in the line 
y=0,2=1-—2. 


(t — c)(—2c) 
c +1 


3 


(b) If we set z = t in the symmetric equations and solve for x and y separately, we get z+1= 


(t—c)(c? — 1) a goc2et (c -1) _ (c - 2t 4 2c 
2+1 C7 Sui "Sl 


have x? + y? = t? + 1. So the curve traced out by L in the plane z = t is a circle with center at (0, 0, £) and 


radius vt? + 1. 


y-c- . Eliminating c from these equations, we 
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(c) The area of a horizontal cross-section of the solid is A(z) = m(z? + 1), so V = f? A(z)dz = [42° + zo =4 


‘3° 
5. va =projy, v2 = H v -— TEM A R 
e V3 = prOojv, = "ile 1= 9g 1 3| = gg IV11 = > 
; V2- V3 vy: = vi 5 5? 5? 5? 
fuc ee Regi Meg ik ch legge iwea s 
c _ Vat V4 _ du pew (5 _ EN s 
V5 CHAT t s o — PH za V1 = q.gilVi: v2) Vi = 54.92 "1 => 
2 
5  -— 5 De — pe -2 
[vs] ES 2.3 [vil = 3.32" Similarly, |ve| = 7.33’ |v7| = 3.30’ and in general, [va] = Qr—2, gn-3 = 3(8)" " 
Thus 
e ee 5\n—2 Z 5\n 
2) Ival= Ivil + |val + $2 3($) =2+3+ 5, 3(5) 
n=1 n=3 n=1 
=5+ » §(8)"") =54 + z [sum ofa geometric series] = 5+ 15 =20 
n= 6 


7. (a) When 6 = 6,, the block is not moving, so the sum of the forces on the block 
must be 0, thus N + F + W = 0. This relationship is illustrated 
geometrically in the figure. Since the vectors form a right triangle, we have 


F an 
tan(0,) = S = = 


= Uy. 


(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional horizontal force 
H, with initial points at the origin. We then rotate this system so that F lies along the positive x-axis and the inclined plane 


is parallel to the x-axis. (See the following figure.) 


f 
i 
| 
i 


' 
1 
1 
1 
i 


|F| is maximal, so |F| = u,n for 0 > 8s. Then the vectors, in terms of components parallel and perpendicular to the 


inclined plane, are 
N=nj F = (p,n)i 
W = (—mgsin@)i+(—mgcos 6) j H = (hmin cos 8) i+ (—hmin sin 0) j 
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Equating components, we have 


Han — mgsinO 4- hain cos — 0 = — hmin cosÓ + pn = mg sin (1) 


n — mg cos — hai, sinÜ —0 => hminsinð + mg cos =n (2) 


(c) Since (2) is solved for n, we substitute into (1): 


hmin cos 0 + p, (hmin sin 8 + mgcos0) — mgsinü => 


hmin cos 0 + hmin, Sind = mg sin 9 — mgu, cos? => 


ts sin — i, cos 0 — tan 0 — p, 
min = MI cosO+p,8nd) — 9 1-4 Lu, tané 


tan ĝ — tan 0, 


From part (a) we know 4, = tan 6,, so this becomes hmin = mg (o + tan, tang 
E] 


) and using a trigonometric identity, 


this is mg tan(0 — 0,) as desired. 

Note for 0 = s, Rmin = mg tan 0 = 0, which makes sense since the block is at rest for 0,, thus no additional force H 
is necessary to prevent it from moving. As 0 increases, the factor tan(0 — ĝs), and hence the value of hmin, increases 
slowly for -— values of ô — 0, but much more rapidly as 0 — 0, becomes significant. This seems reasonable, as the 
steeper the inclined plane, the less the horizontal components of the various forces affect the movement of the block, so we 
would need a much larger magnitude of horizontal force to keep the block motionless. If we allow 8 — 90°, corresponding 
to the inclined plane being placed vertically, the value of hmin is quite large; this is to be expected, as it takes a great 
amount of horizontal force to keep an object from moving vertically. In fact, without friction (so 0, = 0), we would have 


8 — 90° Ed hmin — 00, and it would be impossible to keep the block from slipping. 

(d) Since haa is the largest value of h that keeps the block from slipping, the force of friction is keeping the block from ` 
moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in part (b), then, 
except that we have F = — (u,n) i. (Note that |F| is again maximal.) Following our procedure in parts (b) and (c), we 
equate components: 

—p,n — mg sin + hx cos — 0. = hmax cos? — u,n = mgsind 
n—mgcos@—hmaxsind=0 =>  hmaxsinÓ + mgcos0 =n 
Then substituting, 
hmax cos ô — nu, (hax sin 8 + mg cos) = mgsinü. => 


hmax cos 0 — Amaxfl, Sin? = mg sin 0 + mgu, cos = 
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—' sinO + u, cos m tan0 + Lu, 
max = M9\ cos0— sind) (V 1— gu, tand 


u ( tan + tan 0, 


Ni — tan 0, as) = mgtan(6 + 9.) 


We would expect max to increase as 0 increases, with similar behavior as we established for Amin, but with hmax values 
always larger than TN We can see that this is the case if we graph hmax as a function of 6, as the curve is the graph of 
hmin translated 20, to the left, so the equation does seem reasonable. Notice that the equation predicts hmax — oo as 

0 — (90° — 0s). In fact, as hmax increases, the normal force increases as well. When (90° — 45) < 0 < 90°, the 
horizontal force is completely counteracted by the sum of the normal and frictional forces, so no part of the horizontal 


force contributes to moving the block up the plane no matter how large its magnitude. 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


www.elsolucionario.net 


13 [] VECTOR FUNCTIONS 


13.1 Vector Functions and Space Curves 


1. The component functions V4 — t2, e~**, and In(t + 1) are all defined when 4 — t? > 0. = —2< t € 2 and 


t+1>0 = t» —1,sothe domain ofr is (—1, 2]. 


2 
t > 1 
3. lime~* = e? = 1, lim — = lim —; — — P An 
t—0 t20 sin^t. :—0 sin*t . sint , sint p 
lim lim —— 
t2 t0 12 t—20 t 


and lim cos 2t = cos0 = 1. Thus 


e t? 
1 —9t 4 : " m 7 —3t| : : " : E T^ 
lim (e i+ Eri eeosztk) = [im e Ji+ [im zi; | i+ [im een] ie e 


—2t 
1 1 
— —; = 0 — 0 = 0. Thus 


t—oo t too t tet T 


1-0 _, (1/t?)+1_ 041 _ E nim x , 
er tea bord om 1, lim tan t= 4, lm ———— = lim 


' ite . «4, 1-8" 
im (rm aan eae ik a 


7. The corresponding parametric equations for this curve are x = sin t, y = t. 
We can make a table of values, or we can eliminate the parameter: t =y => 
c = sin y, with y € R. By comparing different values of t, we find the direction in 


which £ increases as indicated in the graph. 


9. The corresponding parametric equations are £ = t, y = 2 — t, z = 2t, which are 
parametric equations of a line through the point (0, 2, 0) and with direction vector 


(1, —1, 2). 
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11. 


13. 


15. 


17. 


O CHAPTER 13 VECTOR FUNCTIONS 


The corresponding parametric equations are x = 1, y = cos t, z — 2sint. 
Eliminating the parameter in y and z gives y? + (2/2)? = cos? t + sin? t = 1 
or y? + 2/4 = 1. Since z = 1, the curve is an ellipse centered at (1, 0, 0) in 


the plane z — 1. * 


The parametric equations are z = t°, y = t^, z = tê. These are positive 
for t # 0 and 0 when t = 0. So the curve lies entirely in the first octant. 


The projection of the graph onto the zy-plane is y = z?, y > 0, a half parabola. 


Onto the zz-plane z = z?, z > 0, a half cubic, and the yz-plane, y? = z?. 


The projection of the curve onto the zy-plane is given by r(t) = (t,sint,0) [we use 0 for the z-component] whose graph 
is the curve y = sin x, z = 0. Similarly, the projection onto the zz-plane is r(t) = (t, 0, 2 cos t), whose graph is the cosine 
wave z = 2cosz, y = 0, and the projection onto the yz-plane is r(t) = (0, sin t, 2cost) whose graph is the ellipse 


y -iz-14z-0 


zy-plane xz-plane 


From the projection onto the yz-plane we see that the curve lies on an elliptical 
cylinder with axis the z-axis. The other two projections show that the curve 
oscillates both vertically and horizontally as we move in the x-direction, 


suggesting that the curve is an elliptical helix that spirals along the cylinder. 


Taking ro = (2,0, 0) and r1 = (6, 2, —2), we have from Equation 12.5.4 
r(t) = (1— t) ro + £r1 = (1 — t) (2,0,0) + t (6,2, —2),0 € t € 1 or r(t) = (2 + 4¢, 2t, —2t);0<t<1. 


Parametric equations are x = 2+ 4t, y = 2t, z = —2t, O<t<1. 
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21. 


23. 


25. 


27. 


31. 


“curve. 
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Taking ro = (0, —1, 1) andr: = (3, 4, $), we have 
r(t) = (1-7 t)ro ct = (1 — t) (60, 1,1) + (3,9, i0 St <1 or r(t) = (36 714 $651— 30,0 <t & 1. 


Parametric equations are = 14, y= —1-- ft, z-1— $6, 0 X £ € 1. 


z —tcost, y —t, z — tsint, t 2 0. Atany point (x,y, z) on the curve, x? + z? = t? cos? t + t? sin? t = t? = y? so the 


curve lies on the circular cone x” + z? = y? with axis the y-axis. Also notice that y = 0; the graph is II. 


a=t, y=1/(1+t*), z — t?. Atany point on the curve we have z = x°, so the curve lies on a parabolic cylinder parallel 
to the y-axis. Notice that 0 < y < 1 and z > 0. Also the curve passes through (0, 1, 0) when t = 0 and y — 0, z > oo as 


t — +o, so the graph must be V. 


x = cos8t, y = sin8t, z= e" 1»0 z*4y*!- cos? 8t + sin? 8t = 1, so the curve lies on a circular cylinder with 
axis the z-axis. A point (x, y, z) on the curve lies directly above the point (x, y, 0), which moves counterclockwise around the 
unit circle in the zy-plane as ¢ increases. The curve starts at (1, 0, 1), when  — 0, and z — oo (at an increasing rate) as 


t — oo, so the graph is IV. 


Ifa — tcost, y — tsint, z = t, then z? + y? = t? cos t + t? sin? t = t? = z?, 
so the curve lies on the cone 2? = z? + y?. Since z = t, the curve is a spiral on 


this cone. 


. Parametric equations for the curve are z = t, y = 0, z = 2t — #7. Substituting into the equation of the paraboloid 


gives 2 — 1? =} — 2¢=2t? = t=0,1. Since r(0) = 0 and r(1) = i + k, the points of intersection 


are (0, 0, 0) and (1,0, 1). 


r(t) = (cost sin 2t, sint sin 2t, cos 2t). 
We include both a regular plot and a plot 


showing a tube of radius 0.08 around the 


z 0 


2! 
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33. r(t) = (t, tsin t, t cost) 35. r(t) = (cos 2t, cos 3t, cos 4t) 


m = (1 + cos 16t) cost, y = (1 + cos 16t) sint, z = 1 + cos 16t. At any 
point on the graph, l 
z? +4? = (1 + cos 16t)? cos? t + (1 + cos 16t)? sin? t 

= (1 + cos 16t)? = 2°, so the graph lies on the cone z? + y? = 2°. 


From the graph at left, we see that this curve looks like the projection of a 


leaved two-dimensional curve onto a cone. 


39. Ift = —1, then z = 1, y = 4, z = 0, so the curve passes through the point (1, 4, 0). Ift = 3, then x = 9, y = —8, z = 28, 
so the curve passes through the point (9, —8, 28). For the point (4, 7, —6) to be on the curve, we require y = 1 — 3t =7 => 


t = —2. But then z = 1 + (—2)? = —7 # —6, so (4, 7, —6) is not on the curve. 


41. Both equations are solved for z, so we can substitute to eliminate z: VEF =1+y > z4y-l42y4y!| > 
z? =1+2y = y=4(x? —1). We can form parametric equations for the curve C of intersection by choosing a 
parameter x = t, then y = $ (t? — 1) and z = 1 +y = 1 + 4 (t? — 1) = 4(¢? +1). Thus a vector function representing C 


a 


isr(t) =ti+4(? -—1)j+4(t? +1)k. 


43. The projection of the curve C of intersection onto the zy-plane is the circle z? + y? = 1, z = 0, so we can write z = cost, ` 
y = sint, 0 < t < 2r. Since C also lies on the surface z = z? — y?, we have z = z? — y? = cos? t — sin? t or cos 2t. 
Thus parametric equations for C' are x = cost, y = sint, z = cos 2t, 0 < t < 2r, and the corresponding vector function 


is r(t) = costi + sin tj + cos 2t k, 0 € t < 2r. 


45. : The projection of the curve C of intersection onto the 
zy-plane is the circle x? + y? = 4, z = 0. Then we can write 
T = 2cost, y = 2sint, 0 € t € 27. Since C also lies on 


the surface z = z?, we have z = x? = (2cost)? = 4cos? t. 


Then parametric equations for C are t = 2cost, y = 2sint, 


z = 4cos?t, 0 € t € 2r. 
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47. For the particles to collide, we ahis ri(t)=ro(t) €» (t?,7t—12,t?) = (4t — 3,0, 5t — 6). Equating components 
gives t? = 4t — 3, 7t — 12 = t?, and t? = 5t — 6. From the first equation, t? —4£--3 20 & (t—3)(t—1) —0sot—1 
or £ = 3. t = 1 does not satisfy the other two equations, but £ = 3 does. The particles collide when t = 3, at the 
point (9, 9, 9). 

49. Let u(t) = (ui(t), ua(t), us(t)) and v(t) = (vi(£), ve(t), va(£)). In each part of this problem the basic procedure is to use 
Equation 1 and then analyze the individual component functions using the limit properties we have already developed for 
real-valued functions. | 
(a) lim u(t) + lim v(t) = ( lim u(t), lim uz(1), lim us(t)) 4 (jim vı (t), lim va(£), lim va(t)) and the limits of these 

component functions must each exist since the vector functions both possess limits as t — a. Then adding the two vectors 


and using the addition property of limits for real-valued functions, we have that 
lim u(t) + lim v(t) = (Jim u(t) + lim vi (t), lim ua (f) + lim v2(t), lim u(t) + lim va(t)) 
= (Jim fur (t) + vi (£)] lim [ua(t) + v2(€)] , lim [ua(t) + va(2)]) 
= lim (us (t) + vı (t), ua(t) + va(t),us(t) + vs(t)) ^ [using (1) backward] 


= Jim (u(t) + v(6)] 
(b) lim cu(t) = Jim (cu: (t), eux(£), cus(t)) = (Jim eur (t), lim cus(t), lim cus(t)) 
- (c lim u(t), clim u(t), cim us(£)) = c (Jim u (t), im u(t), lim us(t)) 
= c lim (u(t), uo(t), ua(t)) = c lim u(t) 
(© Jim u(t) im v(t) = (im ua (£), Hm uat), lim ua (£)) - (Jim va (9, im va), jim v(t) 


= [esto] [mtt] [m oto] [mto] [m oto] [en so] 
= lim us (t)v1 (t) + lim u2(t)ve(t) + lim ua(t)va(t) 


. = lim [ui (£)vs (t) + ua (t)os(£) + us(t)va(t)] = lim [u(t) - v(t)] 
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(d) lim u(t) x lim v(t) = (lim u(t), lim ua(t), lin ua(t)) x (lim vı(t), lim v2(t), lim va(t)) 
= 4 [jaat] onto] — [pata] [ag], 
[gs0] [m i6] — [m 0] [m so] 

[E ws) [Em voto] — [m a6] [E en] 

= (tim [ux(t)va (€) — us (t)va(t)] Jim [ua (t) (t) — t (tvs (0), 
Him [ui (t)va() — ua (t) (0]) 

= im (ux(t)us(£) — us(£)ux(£) us (t) vi (t) — us (£)vs (t), us (£)vx (f) — ua (£s (0) 


= Jim fu(t) x v(0] 
51. Let r(t) = (f (t) ,g (t) , h (£)) and b = (b1, b2, b3). If lim r(t) — b, then lim r(t) exists, so by (1), 


b= lim r(t) = (Jim f(t), lim g(t), lim h(t)). By the definition of equal — we have lim f(t).— b, lim g(t) = be 
and lim h(t) = b3. But these are limits of woii functions, so by the definition of limits, for every € > 0 there exists 
51 > 0,62 > 0,63 > 0 so that if0 < |t — a| < à; then | f(t) — bi| < £/3, if 0 < |t — a| < dg then |g(t) — b»| < €/3, and 
if 0 < |t — a| < 63 then |A(t) — ba| < £/3. Letting 5 = minimum of {61, 52, 53}, then if 0 < |t — a| < 6 we have 
|f (t) — bil + lg(£) — b2| + |h(£) — bs| < €/3 + &/3 + €/3 = £. But 
Ir(£) — b| = | (F(t) — b1, g(t) — bz, A(t) — bs)| = v (F(t) — b1)? + (g(t) — 2)? + (h(t) — ba)? 
< VIFO - P + Viol) — ba}? + Vh) — bs]? = | F(t) — b1] + lt) — bal + |^(5) — bal 

Thus for every € > 0 there exists > 0 such that if 0 < |t — a| < 6 then 
|r(t) — b| € |f(t) — b1| + |g(t) — b2| + |h(t) — b3| < €. Conversely, suppose for every € > 0, there exists ó > 0 such 
thatif 0 < |t —a| < 6 then lrt) -b| «e & |(f(t)-— bi, g(t) — bo, A(t) —b3)| «e e 

FO- &F + [9(t) — ba)? + Th) — bs? <e «€ [f(t) — bi]? + [g(t) — b2]? + [h(£) — bs]? < e?. But each term 
on the left side of the last inequality is positive, so if 0 < |t — a| < ô, then [f(t) — bi]? < €?, [g(t) — ba]? < e? and 
[h(t) — ba]? < £? or, taking the square root of both sides in each of the above, | f(t) — bi| < e, |g(t) — b2| < £ and 


|k(t) — b3| < e. And by definition of limits of real-valued functions we have lim f(®) =hi, lim g(t) = b» and 


jim h(t) = bg. But by (1), lim r(t) = (lim f(t), lim g(t), lim h(t)), so lim r(t) = (b, b2, b3) = b. 
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13.2 Derivatives and Integrals of Vector Functions 


r(4.5) — r(4) 


r(4.2) — r(4) r(4.2) — r(4) 
02 


r(4.5) — r(4) 


— 2[r(4.5) — r(4)], so we draw a vector in the same 


r(4.5) — r(4) 
$9)-—05 rn 


direction but with twice the length of the vector r(4.5) — r(4). 


162) =A = 5[r(4.2) — r(4)], so we draw a vector in the same 


direction but with 5 times the length of the vector r(4.2) — r(4). 


(c) By Definition 1, r’(4) = lim atA r0) = Zon 


(d) T(4) is a unit vector in the same direction as r’ (4), that is, parallel to the 


tangent line to the curve at r(4) with length 1. 


3. Since (x +2)? =#=y-1 > (a), (c) (b) r'(£) = (1, 22), 
y = (x + 2)? +1, the curve isa r'(—1) = (1, -2) 
parabola. 

5. z= sint, y = 2cost so (a), (c) (b) r'(t) = costi — 2sintj, 


x? + (y/2)? = 1 and the curve is " 9 
E (=i 


an ellipse. 
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19. 


21. 


23. 


25. 


. Since x = e” = (e*)? = y?, the (a), (c) 


r(t)=titj+2Vik = r'() - 11-032 (jt?) k=i+—k 


CO CHAPTER 13 VECTOR FUNCTIONS 


(b) r’(t) = 2e% i+ e* j, 
curve is part of a parabola. Note r’(0) = 2i+j 


that here z > 0, y > 0. 


" ois d 52, d : , 
= = = - 24 2t 
r'(t) — t {t sin ¢] , ds taf = [t cos 2t] fentit DAT sin 2t) cos 2t) 
= (t cost + sin t, 2t, cos 2t — 2t sin 2t) 


1 
vi 


siha OO bor bo ME DEC 


143 


r'(t) = 0 +b 4-2tc = b + 2t c by Formulas | and 3 of Theorem 3. 


. r'(t) = (—te^* +e *, 2/(1+ #7), 2e) = r'(0) = (1,2,2). So |r/(0)| = VE +2 +2 = V9 = 3 and 


T(0) = om = 3( (1, 2,2) = à. $5 


r'(t) = —sinti--3j--4cos2tk = r'(0)— 3j--4k. Thus 
F8 01 
I(0] — V/02 +37 +4? 


r(t) = (&0,0) = r'(t) = (1,2530). Then r'(1) = (1, 2, 3) and [r'(1)| = V1? + 2? + 3? = V14, so 


T(0) = 3j+4k) = $(3j-- 4k) = $j+ $k. 


r(1 _ 14) — 
T(1) = = Ir Gi "(1)| - Jn (T. 2. 3) (Ja Sa A x (t) n (0, 2, 6t), so 
r'(t) x r"(t) 2 |1 2t 3? | = T dad a eal 
0 2 6 


= (12? — 6t?) i— (6t — 0) j + (2 — 0) k = (6¢?, —6t, 2) 


The vector equation for the curve is r(t) = (1 + 2 vt, t? — t, t? + t), so r'(t) = (1//t, 3t? — 1,3t? +1). The point 
(3, 0, 2) corresponds to t = 1, so the tangent vector there is r'(1) = (1,2, 4). Thus, the tangent line goes through the point 
(3, 0, 2) and is parallel to the vector (1, 2, 4). Parametric equations are x = 3 + t, y = 2t, z = 2 + 4t. 
The vector equation for the curve is r(t) = (e * cost, e * sint, e 5), so 

r'(t) = (et (sint) + (cost)(—e*), e^ cost + (sint)(—e~*), (—e7*)) 

= (—e"* (cost + sint), e * (cost — sint), —e *) 

The point (1, 0, 1) corresponds to t = 0, so the tangent vector there is 
r'(0) = (—e°(cos 0 + sin 0), e° (cos0 — sin 0), —e?) = (—1, 1, —1). Thus, the tangent line is parallel to the vector 
(—1,1, —1) and parametric equations are x = 1 + (—1)t =1-—t,y=0+4+1-t=t,z=1+(-lt=1-t. 
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27. First we parametrize the curve C of intersection. The projection of C onto the zy-plane is contained in the circle’ 


x? +y? = 25, z = 0, so we can write z = 5cost, y = 5sint. C also lies on the cylinder y^ + z? = 20, and z > 0 
near the point (3, 4, 2), so we can write z = 4/20 — y? = 4/20 — 25 sin? t. A vector equation then for C is 
r(t) = (5 cost, 5sin t, V20 — 25sin? t) => r(t)= (—5sint, 5 cos t, 1(20 — 25 sin? t)" (-50sin tcost)). 


The point (3, 4, 2) corresponds to t = cos~’ (2), so the tangent vector there is 


r (cos (8) = (-58) 5) 4 (20 25 (8?) ^ (-80(4)(8))) = (74.3, -9. 


The tangent line is parallel to this vector and passes through (3, 4, 2), so a vector equation for the line 


—1/2 


is r(t) = (3 — 4t)i + (4+ 3t)j + (2 — 6t)k. 


29. r(t) = (t,e7*,2t t) => r'(t) - (1, e^*,2 — 2t). At (0, 1,0), 


t = 0 and r'(0) = (1, —1, 2). Thus, parametric equations of the tangent $ 
line are z = t, y = 1— t, z = 2t. z0 
-2 
-2 
* 3 2" 


31. r(t) = (tcost,t,tsint) = r'(t) = (cost — tsint, 1, tcost + sint). 
At (—7,7,0), t = v and r'() = (—1, 1, —7). Thus, parametric equations 


of the tangent line are z = —7 — t, y = T + t, z = —mt. 


33. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 
intersection. Since r4 (t) = (1, 2t, 31?) and t = 0 at (0, 0, 0), r4 (0) = (1,0, 0) is a tangent vector to rı at (0, 0, 0). Similarly, 
r2(t) = (cost, 2 cos 2t, 1) and since r2(0) = (0,0, 0), r5 (0) = (1,2, 1) is a tangent vector to r2 at (0, 0, 0). If 0 is the angle 


between these two tangent vectors, then cos 0 = Jive (1,0, 0) - (1,2, 1) = 3g and 6 = cos? (33) = 66°. 


yep i- [22 5+ [at] k 


35. f? (ti— $5 + 3^ k) dt -(( tdt)i- (Jo tat) j+ (fo 3t at) k 
= 
1(4—0)i— 106—0)j--3(64 0)k 22i —4j-- 32k 
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37. fr (asin? t costi+3sint cos? tj + 2sint costk) dt 
= (^ 3s? t costdt) i4 (f 7/? 3sin t cos ^ tdt) + (jp 2sint cost dt) k 
= [sin? ¢]°/? i+ [—cos Pi j+ [sin? i^ k= (1—0)i+(0+1)j+(1—0)k=i+j+k 
39. f (sec? tit ¢(¢? + 1)? 3 -- ? Intk) dt = (sec? tdt)i+ (ftt? +1) dt) j+ (ft? mtdt)k | 
| = tanti 4 {(? +1)tj+ (3 nt — $)k 4- C, 
where C is a vector constant of integration. [For the z-component, integrate by parts with u = Int, dv = t? dt.] 
41. r'(t) 22ti- 32 j-- vik = r(0)2 Cic 0j 207 k4 C, idiot C is a constant vector. 
Buti+j=r(1) =i+j+ $k-- C. Thus C =—2k and r(t) =t i + tè j+ (307? — 2). 


For Exercises 43—46, let u(t) = (u(t), u2(t), us(t)) and v(t) = (vi (t), va(t), va (t)). In each of these exercises, the procedure is to apply 
Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 


as. 3 (o) vo] = D (ut) (0 (0) + vali) ual) + vole) 


(p n0 Ho (O1, baal) +v), uat) +0900) ) 


= (ui (t) + v4 (t), uh (t) + và (£) wh (t) + v(t) 
= (ui (t), wh (t) ,u(£)) + (v (t), và (5), v5(£)) = u'(£) + v/(t) 
< lu) xv()) = È S, (wa(t)va(t) — us (t)va(t), ua(t)va (t) — us (t)va (t), ua (£)us(£) — ua (£)vi (£) 


- ida (t) + uz (tus (t) — us(t)va(£) — us(t)vs(t), 
(0 (Dos (0) + ua (tot (E) — ui (Eva (t) — ua (O9, 
uy (£)u»(£) + ux (t)va (t) — us (£)vx (t) — us(t)vi (t) 
= (us (t)va(t) — us(t)va (t) , us(£)ux (t) — ui (t)vs(t), us (t)va(t) — ux (t) (1) 
+ (uz (t)vs(£) — ua(t)v2(t), ua(£)vi (t) — us (t)vs (t), ua (tva (t) — ua (t)vi (t)) 
= u (t) x v(t) + u(t) x v'(t) ` 
: Alternate solution: Let r(t) = u(t) x v(t). Then 
r(t-- h) — r(t) = [u(t +h) x v(t +h)] — [u(£) x v(2)] 
= [w(t + h) x v(t + h)] — [u(t) x v(2)] + [u(t -- h) x v(£)] — fu(t + h) x v(2)] 
= u(t + h) x [v(¢ +A) — v(£)] + [u(t +h) — u(t)) x v(t) 
(Be careful of the order of the cross product.) Dividing through by h and taking the limit as h — 0 we have 


rO = jm, BEEN)» MEEA VO] Lule +) - uo] x v) 
h 


u 1 / 
lim + lim = u(t) x v'(t) + u'(t) x v(t) 
by Exercise 13.1.49(a) and Definition 1. 
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47. E fa(t) - v(¢)] —u'(t) -v(£)-Fu(t)-v/(t) — [by Formula 4 of Theorem 3] 
= (cost, — sint, 1) - (t, cost, sint) + (sint, cost, t) - (1, — sint, cost) 
= t cost — cost sint + sint -+ sint — cost sint + f cost 


= 2t cost + 2sint — 2cost sin t 


49. By Formula 4 of Theorem 3, f’(t) = u’ (t) - v(t) + u(t) - v'(t), and v'(t) = (1, 2t, 3¢7), so 


f'(2) =u'(2) - v(2) + u(2) - v/ (2) = (3, 0,4) - (2,4,8) + (1,2, —1) + (1,4, 12) 26 -04-32-- 1-- 8 — 12 = 35. 
51. E [r(t) x r'(£)] = r'(t) x x'(t) + r(t) x r” (t) by Formula 5 of Theorem 3. But r'(t) x r'(t) — 0 (by Example 2 in 


Section 12.4). Thus, E [r(t) x r'(£)] = r(t) x r” (t). 


5. $ Ol = G le) nO] = Bio HOI? Dae(o) s] = re rn) 


55. Since u(t) = r(t) - [r (t) x r"(t)], 


w(t) = r (E) -E xe") + rlt) E le x2") 
— 0 + r(t) - [r" (t) x r” (t) +r'(t) x r” (t) [since r’(t) L r'(t) x r”(t)] 
= r(t) - [r'(£) x r” (t)] [since r” (t) x r” (t) = 0] 


13.3 Arc Length and Curvature 


1. r(t) = (t,3cost,3sint) = r'(t) = (1,—3sint,3cost) = 
|r’(t)| = 4/12 + (—3sint)? + (3cost)? = \/1 + 9(sin? t + cos? t) = v10. 


Then using Formula 3, we have L = p Ir (t)| dt = f°, VIO dt = vot, =10 V10. 


3. r(t) = V2tit+ejt+e'tk > r(t)=V2i+e'j-e*k = 


Ir (£)) 7 y (VZ)? + (et)? + (-e-* = V2 Fe Fe = Se Fe? — ette [since e* +e > 0]. 


Then L = f; |r'(£)| dt = f, (e* -- e^ *) dt = [ef — e]; =e- e^. 
5.r(f —i- 0j? Kk > r(0)-2tj-30k = [r'(0| = V4? +94 —t/44-9€. [since t > 0]. 


Then L = fy |r'(t)| dt = fo t V4+9F dt = à; - 2(4-- 9 in = 35 (13/2 — 43/2) = 4 (133/2 — 8). 


7. r(t) = (t, A t^) > r= (2t, 30,4 At*) => |r’(t)| (2tP + (3t2)2 + (43)? = VAt + 983 + 1685, so 
L= f? \v'(t)|dt = J? v4 3-96 F 1688 dt ~ 18.6833. 
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9. r(t) = (sint,cost,tant) — r'(t) = (cost, — sin t, sec? t) 


Ir (£)| = 4/cos? t + (— sint)? + (sec? t)? = /1 + sec! t and L = Ee |r’(t)| dt = v1 + sec* t dt © 1.2780. 


= 
— 


. The projection of the curve C onto the zy-plane is the cürve z? = 2y ory = iz? z — 0. Then we can choose the parameter 
z=t = y= $t.SinceC also lies on the surface 3z = zy, we have z = $zy = 3(t)($t?) = $4. Then parametric 
equations for C are z = t, y = 4t?, z = 4t? and the corresponding vector equation is r(t) = (t, 34^, 2¢°). The origin 


corresponds to £ = 0 and the point (6, 18, 36) corresponds to t = 6, so 
L= fE |x'(t)]at = f? |(1,t, 3t?)| dt = fp 4/12 +02 + (38) dt = f$ 1 +t + iti dt 
= fe J 1 + 242)? dt = Sf + dt?) dt = [t + t°] = 6 +36 = 42 


13. r(t) = 2ti+ (1—3t)j+(5+4t)k =  r'(t) 22i—3j - 4kand # = [r'(t)| = VAF 9 + 16 = V29. Then 
s = s(t) = fy |r'(u)| du = f; V29du = /29¢. Therefore, t = 55 5. and substituting for t in the original equation, we 
have r(t(s)) = gsi + (1 - Js) + (5 -— Jh») k 
15. Here r(t) = (3sint, 4t, 3cos t), so r’(t) = (3cost, 4, —3 sin t) and |r’(t)| = /9 cos? t + 16 + 9sin?t = V25 = 5. 
The point (0, 0, 3) corresponds to t = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive 
direction is given by s(t) = d^ |r’(u)| du = fj 5du = 5t. s(t) =5 => 5t=5, = t=1, thus your location after 
moving 5 units along the curve is (3 sin 1, 4, 3 cos 1). 
17. (a) r(t) = (t,3cost,3sint) => r'(f) — (1, —3sint,3cost) —  |r'(t)| = v1 + 9sin?t+ 9cos? t = V10. 
r'(t) . 1 b d 3 
Then T(t) = rol = Ta (1, —3 sint, 3 cost) or (e — A8 sin f£, Tio cost). 
T'(t) = Jg (0, —3cost,—3sint) =  |T'(t)| = -g VO + 9 cos? t + 9sin^t = Fa. Thus 


T(t)  1/V10 
[T()  3//10 


m s/vió a 
© H= ot) — Vio - 10 


19. (a) r(t) = (V2t,e',e"*) => r(t-—(vV2,e,—e*) = r(t) = V2 eX Fe = (et tet? — e - e7t. 


N(t) = (0, -3cost, —3sint) = (0, — cost, — sint). 


Then 

T(t) = w(t) _ (V2, e*,-e7*) = (V2e',e?, —1)  |after multiplying ios and 
lr) ete = et r 2 41 , et 

T'(t) « uu. 2e?*, 0) — eg Vie ,e, -1) 


"wen lle (gg, , 2e7*,0) — 2e?! (Vie, e?**, —1)] = ——— RENT (vet (1 — e*),2 e”, 2e?) 
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Then 
rel= ki RL BEF OY FATA = Es im NT VESTE] 
Tati piven my = wad te) | vie 
(e iF (8x1? ~ +1 
Therefore 
Np OA, el (Vae! (1 — e”), 2e”, 2e) 


TO e (e?! oF 


“agra A An- 


wnt) TO Vae — 1 — vie Vc 
(b) &(t) lr) e#+1 ete etete epey (e +1)? 


a(l e, Vie, V2 e*) 


r(t) 212j--t? k => r(t)=3tj+2tk, r"(t) -6tj--2k, |r’(t)| = VO? + (32)? + (20)? = Vor + 48, 


" n" : n " -- |r’ (t) r '(t)| 6t? z 6t? 
r (t) xr (t) = —6t? i, Ir (t) Xr (t)| = 6t?. Then «(t) = ror C (Vora = ETIE 


r(t) = 3ti+4sintj+4costk = r'(t)=3i+4costj-— 4sintk, r”(t)= —4sintj—4costk, 
|r’(t)| = V9 + 16 cos? t + 16sin?t = VI F 16 = 5, r'(t) x r”(t) = —16i+ 12costj — 12sintk, 


/ n 
Ir (£) x r” (t)| = V256 + 144 cos? t + 144 sin? t = V400 = 20. Then x(t) = kxr -— ae =, 
; let)" - 53 OB 


r(t) = (t,t?,t8) => r'(t) = (1,2t,3¢?). The point (1, 1, 1) corresponds to t = 1, and y (1) = (1,2,3) = 


[r’(1)| = VIF449 = V14. r'(t) = (0,2,6t) = r"(1) — (0,2,6). r'(1) x r"(1) = (6, —6, 2), so 


; "(y = Ir’) xr"()|] _ vv6 1 f19 
[r/(1) x r"(1)| = V36 + 36 + 4 = v76. "Ten x (Res OP ^us Vu 


mns "^ — 0 M") 0 [me| 0 i22 
fees, feeds Pe) = is d= TEPPA 7 F (typ - TF 1899 
f(z) = ze", f'z)-ze +e", f"(z) = ze* + 2e", 
"(x)| |ze* + 2e*| |z + 2] e” 
~ T+ (F(a)? P72 [LF we creep: 1 F (ee e? 
ly" (x)| - e? m TW 


To find the maximum curvature, we first find the critical numbers of «(z): 


Since y' = y" = e”, the curvature is s(x) = 


alte — eit * 1 — 2e?” 


D NM 224—3/2 zí 3 224—5/2 22 = 2108. ERS, — NN AE EC i 
wi (x) = e*(1- 67) 77 +e (—9) (1 + e7) "t" (2e*) = e (+e)? ~° xem 


&'(z) = 0 when 1 — 2e* = 0, so e?” = $ or z = —$ In 2. And since 1 — 2e?* > 0 for x < —} ln 2 and 1 — 2e?* <0 
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164 LJ) CHAPTER13 VECTOR FUNCTIONS 
for x > —4 ln 2, the maximum curvature is attained at the point (-4 1n2, e(- ^ aya) = (-3 132, y! 
Since lim e”(1 + e?")-?/? = 0, (x) approaches 0 as x — oo. 
W—oo 


33. (a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater at P. 


(b) First we sketch approximate osculating circles at P and Q. Using the 


axes scale as a guide, we measure the radius of the osculating circle 


at P to be approximately 0.8 units, thus p = > 


k= ; RS = £z 1.3. Similarly, we estimate the radius of the 
ae > 1 1 
osculating circle at Q to be 1.4 units, so & = A) Mai" 0.7. 


, y" — 627^, and 


"| — ..— lex *| 6 


35. y— 27? => y'——x- 


= p+ 2 (yy? [1 n (—20-2)2]°/? la a^ (1 4 40-6)?" 


The appearance of the two humps in this graph is perhaps a little surprising, but it is 


explained by the fact that y = £7? increases asymptotically at the origin from both 


directions, and so its graph has very little bend there. [Note that (0) is undefined. ] 
37. r(t) = (te, e, vV2t) => r'(£) = ((t+ 1)e', —e7*, V2}, v(t) = ((t + 2)e*,e7*,0). Then 


r'(t) x z"(t) = (—V2e*, V2(t + 2)e*, 2t +3), ` |r'(£) x r” (t)| = /2e-?* + 2(t + 2)?e7* + (2t + 3)*, 
PO = ERIS TED, and «o xr). vie Het eee 


I) [(t + 1)2e2t + e-2t + 2]°/? 


We plot the space curve and its curvature function for —5 < t € 5 below. 


K(i) 


0.6 
5 
z 0 
—5 0 
250 
0 50 100 500 x 


From the graph of x(t) we see that curvature is maximized for t = 0, so the curve bends most sharply at the point (0, 1, 0). 
The curve bends more gradually as we move away from this point, becoming almost linear. This is reflected in the curvature 


graph, where «(t) becomes nearly 0 as |t| increases. 


39. Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to 
be 0 or nearly 0 at these values, but the curve a isn't near 0 there. Thus, a must be the graph of y = f (x) rather than the graph 
of curvature, and b is the graph of y = (a). 
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Using a CAS, we find (after simplifying) i ' x(t) 


6 V/Acos? t — 12 cost + 13 
a(t) = (7 = Ides 72 ^ (To compute cross 
products in Maple, use the VectorCalculus or 
LinearAlgebra package and the CrossProduct (a,b) 
command; in Mathematica, use Cross [a,b] .) Curvature is 0 Qa Am 6m t 


largest at integer multiples of 27. 


t= > ¢=2% > $22, y= > y=3? > j-0t 


lzj-yà| — |(2t)(6t) — (3t?)(2)| — [122 — 6¢?| 6t? 


Ten sO = pa ppa T (as. GeypA - UREIA ~ UPF 


. z =etcost > t=e'(cost—sint) => ë= e*(—sint— cost) -- e'(cost — sint) = —2e' sint, 


y =e sint > y=e'(cost+sint) — ü= e*(—sint+ cost) + e'(cost -+ sint) = 2e* cost. Then 
(t) |zj— i| _ |e*(cost — sint)(2e’ cost) — e' (cost + sint)(—2e’ sint)| 
K ee E ——————————Á—— — as 
[a? + 92]9/2 ({et (cost — sin t)]? + [et (cos t + sin t)]?)°/? 
[2e?' (cos? t — sin t cost + sint cost + sin? t)| .. [2e**(1)] 9e?! 1 


du [e?t (cos? t — 2 cos t sin t + sin? t + cos? t + 2cos tsint + sin? t)| ^^ [?t(14-1)9/ — e39:(2)9/2 Vet 


/ ' 2 2 
(1,2 3) 1) corresponds tot=1. T(t) = v(i) = NL = pum 


Im^ vamr4amri 2841 10) $$» 
T(t) = —4t(2£ + 1)~? (2t, 2t7,1) + (2 --1)7* (2,440) [by Formula 3 of Theorem 13.2.3 
] 


= (2t? + 1)? (—84? + 4t? + 2, —8t? + 8t? + 4t, 4t) = 2(2¢? + 1)? (1 — 22,21, —21) 


N(t) = T(t) |  202841)?(1-20,2:,—2t) _ _(1—2¢?,2¢,—2t) _ (1— 20,21, 2t) 
— [|T'(t) 2(22--1)-?./1— 20)? + (20)? + (24)? V1 — 4 +4 88 — 14 28 


NG) = (- b Dr BQ) = Tx NO) -3-E- E- CE D. 1 D- CLE. 


. (0,77, —2) corresponds to t — 7. r(t) = (2sin3t,t,2cos3t) = 


r(t) |  (6cos3t,1, —6sin3t) 
Ir'()) ^ \/36 cos? 3t + 1 + 36sin? 3t 


T(r) = Js (—6, 1, 0) is a normal vector for the normal plane, and so (—6, 1, 0) is also normal. Thus an equation for the 


T(t) = 


= m (6 cos 3t, 1, —6 sin 3t). 


plane is —6 (a — 0) + 1(y — 7) + O(z + 2) = 0 or y — 6a — m. 


_v 18? sin? 3¢ + 18? cos? 3t 18 
V37 /37 


= (- sin3t, 0, — cos 3t). So N(m) = (0, 0, 1) and B(x) = Fe (—6, 1,0) x (0,0,1) = e (1,6,0). 


T'(t) = yee (718sin35,0,—18cos3t) = |T’(t)| = 


T(t) 


NO = T] 


Since B(7r) is a normal to the osculating plane, so is (1, 6,0). 


An equation for the plane is 1(z — 0) + 6(y — m) + 0(z + 2) = 0 or z + 6y = 67. 
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51. The ellipse is given by the parametric equations x = 2cost, y = 3sint, so using the result from Exercise 42, 


r(t) = |zj— 3| _ |(-2sint)(-3sint) — (3cost)(—2cost)| _ 6 
[z? + y?]8/2 (4 sin? t + 9 cos? t)3/2 — (Asin? t + 9 cos? t)3/2° 


At (2,0), t = 0: Now «(0) = £ = $, so the radius of the osculating circle is 


1/«(0) = $ and its center is (—$, 0). Its equation is therefore (x + 8)? +y =Ë, 
At (0,3), t = Z, and &(Z) = $ = $. So the radius of the osculating circle is $ and 


its center is (0, 3). Hence its equation is x? + (y — z)? =#, 


53. 


e 


The tangent vector is normal to the normal plane, and the vector (6, 6, —8) is normal to the given plane. 
But T(t) || r'(£) and (6,6, —8) || (3,3, —4), so we need to find t such that r’(t) || (3,3, —4). 


r(t) = (#8, 3¢,t4) —  r'(t) = (38,3, 419) || (3,3, —4) when t = —1. So the planes are parallel at the point (—1, —3, 1). 


55. First we parametrize the curve of intersection. We can choose y = t; then z = y? = t? and z = z? = t, and the curve is 
given by r(t) = (t?,t,t*). x'(£) = (2t, 1, 4t?) and the point (1, 1, 1) corresponds to t = 1, so r'(1) = (2, 1, 4) is a normal 


vector for the normal plane. Thus an equation of the normal plane is 


r() _ 3 
2(r —1)--1(y—1)--4(z— 1) 2 0or2z--y--4z — T. T(t 21, 1, 4t?) and 
(x )+ (y ) (z )= r 2g + y + 4z (t) = rol — ) 
T'(t) = -$(4P? +1 + 1615)" 3/? (8t + 9619) (2t, 1, 415) + (4? + 1 + 1619) /? (2,0, 121?). A normal vector for 


the osculating plane is B(1) = T(1) x N(1), but r'(1) = (2, 1, 4) is parallel to T (1) and 
T'(1) = -i(21)* */ (104) (2, 1,4) + (21) 1/7? (2,0,12) = = 5 (—31, —26, 22) is parallel to N(1) as is (—31, ~26, 22), 
so (2, 1, 4) x (—31, —26, 22) = (126, —168, —21) is normal to the osculating plane. Thus an equation for the osculating 


plane is 126(z — 1) — 168(y — 1) —21(z — 1) 20. or 6z—8y—z-— -3. 


dT|dT 
.|dT| |dT/dt|  |dr/adt| _ dT/dt  [dt|dt dT/dt — 
5T. & ds la| = ds/dt and rare" - JT jaje = bik = & by the Chain Rule. 
dt 
; d "m a 
59. (2|B|2-1 > B-B=1 => <(B-B)=0 > 255.B-0 + [1B 


(b)B=TxN => 


dB d 
ds 


(TxN)- <(r x N) z^ 7 3 GTN) Fa 


d ; 
= = (T x N) - (TX Nh cy 


-[(" <p) +) | pat TP wi 
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()B=TxN => T.LN,B LL T and B LN. So B, T and N form an orthogonal set of vectors in the three- 
dimensional space R?. From parts (a) and (b), dB /ds is perpendicular to both B and T, so dB /ds is parallel to N. 
Therefore, dB/ds = —r(s)N, where r(s) is a scalar. 

(d) Since B = T x N, T L N and both T and N are unit vectors, B is a unit vector mutually perpendicular to both T and 
N. For a plane curve, T and N always lie in the plane of the curve, so that B is a constant unit vector always 


perpendicular to the plane. Thus dB/ds = 0, but dB/ds = —r(s)N and N ¥ 0, so (s) = 0. 


61. (a r'=s T _ — r"—s"T-s' T'-—s"mT-4s ae = s" T + 4(s’)? N by the first Serret-Frenet formula. 


(b) Using part (a), we have 
r' x r” = (s' T) x [s" T + «(s')? N] 
= [(s T) x (s" T)] + [(s"T) x («(s")? N)] - [by Property 3 of Theorem 12.4.11 ] 
= (s's")(T x T) + «(s')*(T x N) =0+ «(s')? B = «(s')? B 
(c) Using part (a), we have 
r” = [s" T+ «(s’)? N]' = s" T -- s" T" + &'(s")? N + 2«s's" N + &(s')? N' 
=s" T+ ne s' + k'(s")? N + 2ks's" N + (s)? T s' 
— s" T 4- s" s'&N 4- &' (s)? N --2s's" N + &(s')*(-&' T-- TB) [by the second formula] 
= [s" — &?(s")?] T + [8&s's" + &'(8')?] N+ &r(s/)* B 
(d) Using parts (b) and (c) and the facts that B - T = 0, B: N = 0, and B - B = 1, we get 
(r'xr"').r"  &(s) B- {s —&^(s'*] T+ [3&s's" c &'(5)?] N -- &r(s")? B} w(s"ur(s) _ 
eae? Is(s')? BP (ds 
6. r—(5i10, 10) > r-(,5£05,2^—(01,20, 1"72(00,22) > vr xr’=(#,-24,1) => 
£ (r' x r^) pl! , (£^, —2t, 1) - (0,0, 2) B 2 
(o dexr o tt -- A2 4-1 (F4 41 
65. For one helix, the vector equation is r(t) = (10 cos, 10 sin t, 34¢/(27r)) (measuring in angstroms), because the radius of each 
helix is 10 angstroms, and z increases by 34 angstroms for each increase of 27 in t. Using the arc length formula, letting t go 


from 0 to 2.9 x 108 x 27, we find the approximate length of each helix to be 


l 8 
Lo f2.9x108 x2m |, o [299x108 x2« i NO 2 TT ay 34 2 MURIDAE 
L= f, [r" (£)| dt = f, (—10sint)? + (10cost)? + (3$) dt = 4/100 + (35) t 
0 


= 2.9 x 108 x 2m 4/100 + (34 ~ 2.07 x 10!" Å — more than two meters! 
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13.4 Motion in Space: Velocity and Acceleration 


1. (a) Ifr(t) = z(t)i-- y (t) j + z(t) k is the position vector of the particle at time ż, then the average velocity over the time 
interval [0, 1] is 


 r(l)-r(0) (45i--6.0j4-3.0k) — (2.714 9.8) +3.7k) 


ws i = 1.8i— 3.8j — 0.7 k. Similarly, over the other 


intervals we have 


r(1)—r(0.5)  (45i4-6.0j 4- 3.0k) — (3.5i-- 7.2j +3.3k) 


[5l]: vee M ug muB T. es 201—243 — 08k 
ro es r(2) = r0) u +783 +2.7k) : (451+ 6.05+30K) _ 955418; 03k 
a ss ALe = EQ) _ (5.9i--6.4j 2H HAE 6.0j-- 3.0 k). 28:408) —04E 


(b) We can estimate the velocity at t = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5]: 


v(1) & $((2i— 2.4j — 0.6 k) + (2.8i + 0.8j — 0.4k)] = 2.4i — 0.8j — 0.5 k. Then the speed is 


|v(1)| = VCA + (0.8)? + (-0.5) ~ 2.58. 


3. r(t) E: ($8, => At t — 2: 
v(t) 2 r'(t) = (—t,1) v(2) = (-2,1) 
a(t) = r"(t) = (—1,0) a(2) = (—1,0) 
\v(t)| = VP x1 

5. r(t) = 3costi--2sintj => Att = 7/3: 
v(t) =—3sinti+2costj v(3) 2 -$8i4j 
a(t) = —3 costi — 2sin tj a(ł)=—łi- 3j 


|v(t)| = V9 sin? t + 4cos? t = 4/4 + 5sin?t 


Notice that z? /9 + y?/4 = sin? t + cos? t = 1, so the path is an ellipse. 


7. r(t) =ti+j+2k > Att=1: 
v(t) =i+2tj v(1) =i+2j 
alij = 2] a(1) =2j 
\v(t)| = VIG 4 


Here z =t,y=t? = y=? and z= 2, so the path of the particle is a 


parabola in the plane z = 2. 
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9. 


11. 


13. 


15. 


17. 


19. 


21. 


SECTION 134 MOTION IN SPACE: VELOCITY AND ACCELERATION © 469 
r(t) = (2 +t, tt) => v()-r(t)-(2t--1,2:7130), a(t) = v'(t) = (2, 2,6t), 
|v(t)| = (t+ 1)? + Qt — 1)? + (30?) = VI + BP? + 2. 
r(t) = V2titej+etk > vit)=r'(t)=V2ite'j—e‘'k, a(t) 2 v'(t) 2 e'j-- ek, 
Iv(t)) = V2+e% +e = Jee - e7*)? — e' +e. 


r(t) = e*(cost,sint,t) = 


v(t) = r'(t) = æ (cost, sint, t) + e* (— sint, cost, 1) = e'(cost — sint, sint + cost, t + 1) 


a(t) = v'(t) = e'(cost — sint — sint — cost, sint + cost + cost — sint, t + 1+ 1) 
= e'(—2sint, 2cost, t + 2) 


|v(t)| = ef cos? t + sin? t — 2costsint + sin? t + cos? t + 2sintcost +t? + 2t - 1 
=e V? +243 


alt)=i+2j => v(t)= fa(t)dt= f(i+2j)dt=ti+2tj+ C andk — v (0) =C, 


soC=kandv(t)=ti+2tj+k. r(t) = f v(t) dt = f (ti+2tj+k)dt = 12 i4 0j tk 4 D. 


But i = r (0) = D, so D = i and r(t) = (3? -- 1) i - à j -- tk. 

(a) a(t) = 2ti+sintj+cos2tk => © (b) 
v(t) = f (2ti+ sintj + cos2t k) dt = t?i—costj+4sin2tk+C 
andi = v (0) = -j + C,soC =i +j 


0.6 
and v(t) = (t? -- 1) i+ (1 — cost) j + 3 sin 2t k. an 
0 
r(t) = f[(£? +1) i+ (1— cost) j + 1 sin 2t kJat , -10 
200 
0 y 
= (305 +t) i+ (t — sint)j — 1cos2tk + D xo -200 10 


Butj = r (0) = —į k + D, so D =j + į kand r(t) = (30 + t) i-- (t — sint + 1)j+ (4 — 1 cos 2t) k. 
r(t) = (t?, 5t,t? — 16t) = v(t) = (2t,5,2t— 16), |v(t)| = V4? + 25 + 4t? — 64t + 256 = Bt? — 64t + 281 
and E |v(t)| = 1(8? — 64t + 281) '? (16t — 64). This is zero if and only if the numerator is zero, that is, 


16t — 64 = 0 ort = 4. Since E |v(t)| « 0 fort «4 and s |v(t)| > 0 for t > 4, the minimum speed of \/153 is attained 
at t = 4 units of time. 

|F(2)| = 20 N in the direction of the positive z-axis, so F(t) = 20k. Also m = 4 kg, r(0) = 0 and v(0) = i — j. 

Since 20k = F(t) = 4a(t), a(t) = 5k. Then v(t) = 5¢k + cı where cı = i — j so v(t) = i — j + 5t k and the 

speed is |v(t)| = V1 + 14-258? = 250? +2. Also r(t) = ti — tj + $t? k + c2 and 0 = r (0), so c2 = 0 


and r(t) = ti — tj + $t k. 
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23. 


25. 


27. 


29. 


O CHAPTER 13 VECTOR FUNCTIONS 


|v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is 

(cos 60°)i + (sin 60°)j = 51+ 8 j. Thus v(0) = 200( di + $i) = 100i + 100 v3 j and if we set up the axes so that the 

projectile starts at the origin, then r(0) = 0. Ignoring air resistance, the only force is that due to gravity, so 

F(t) = ma(t) = —mg j where g z: 9.8 m/s”. Thus a(t) = —9.8j and, integrating, we have v(t) = —9.8¢j + C. But 

100i + 100 /3j = v(0) = C, so v(t) = 100i + (100 /3 — 9.82) j and then (integrating again) 

r(t) = 100ti+ (100 /3t — 4.907) j + D where 0 = r(0) = D. Thus the position function of the projectile is 

r(t) = 100ti + (100 /31 — 4.9t?) j. 

(a) Parametric equations for the projectile are x(t) = 1004, y(t) = 100/31 — 4.9¢”. The projectile reaches the ground when 
y(t) =Of(andt>0) = 100v3t-— 4.9%? =t(100 v3 — 4.9t)=0 => t= 100/3 & 35.3 s. So the range is 
s (198) = 100 (29933) & 3535 m. 

(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component 


of velocity is 0): y'(t)=0 = 100/3—9.8£—0 > t= awya æ 17.7 s. Thus the maximum height is 


(224) = 100 v3 (198) z 4.9 (asm) £z 1531 m. 


(c) From part (a), impact occurs at t = 1003 s. Thus, the velocity at impact is 


v(2998) = 100i + [100 v3 - 9.5 (29838)] j = 1001 — 100 33 and the speed is 
|v (293) | = v10,000+ 30,000 = 200 m/s. 


As in Example 5, r(t) = (vo cos45°)t i + [(vo sin 45°)t — 1gt?] j = 4 [vov2 ti + (vov2t — gt?) j]. The ball lands when 


vov2 
g 


velocity is vo = /90g = 30 m/s. 


y=O(andt>0) > t= 


s. Now since it lands 90 m away, 90 = z = ivo v2 E or và = 90g and the initial 


Let a be the angle of elevation. Then vo = 150 m /s and from Example 5, the horizontal distance traveled by the projectile is 


2 2 
_ % sin 2a: Thus 150" sin 2a Bi uk etnies 800g 


P 2 1502 0.3484 = 2a z 20.4? or 180 — 20.4 = 159.6". 


d 
Two angles of elevation then are œ œ 10.2? and o ~ 79.8°. 


Place the catapult at the origin and assume the catapult is 100 meters from the city, so the city lies between (100, 0) 
and (600, 0). The initial speed is vo — 80 m/s and let 0 be the angle the catapult is set at. As in Example 5, the trajectory of 


the catapulted rock is given by r (t) = (80 cos 6)ti + [(80 sin 0)t — 4.91] j. The top of the near city wall is at (100, 15), 


which the rock will hit when (80 cos 8)t = 100 => t= m and (80sin@)t — 4.97? — 15. => 
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2 
80 sin 8 - —5__49/—5_) —15 = 100ten0 — 76562520 0 = 15. Replacing sec? 0 with tan? 0 + 1 gives 
4 cos Ó 4cos@ 


7.65625 tan? 0 — 100 tan 0 + 22.65625 = 0. Using the quadratic formula, we have tan 0 ~ 0.230635, 12.8306 => 
8 = 13.0?, 85.5°. So for 13.0? < 0 < 85.5°, the rock will land beyond the near city wall. The base of the far wall is 


located at (600, 0) which the rock hits if (80cos0)t = 600 => t= ilg and (80sin8)t — 4.9? —0 > 


2 
BodnD 5. ag[. | 2g + a00tanf —2750955028 —0 = 
2cos@ 2cos@ 


275.625 tan? 0 — 600 tan 0 + 275.625 = 0. Solutions are tan 0 ~ 0.658678, 1.51819 = 6 = 33.4°, 56.6?. Thus the 
rock lands beyond the enclosed city ground for 33.4? < 0 < 56.6°, and the angles that allow the rock to land on city ground 
are 13.0? < 0 < 33.4°, 56.6° < 0 < 85.5°. If you consider that the rock can hit the far wall and bounce back into the city, we 


15 ra 
2cos0 


(80sin8)t — 4.9t? — 15 => 600tan0 —275.625sec?0 — 15 = 275.625tan? 0 — 600 tan 0 + 290.625 = 0. 


calculate the angles that cause the rock to hit the top of the wall at (600, 15): (80cos8)t = 600. + t= d 


Solutions are tan 0 ~ 0.727506, 1.44936 = — 0 ~ 36.0°, 55.4°, so the catapult should be set with angle @ where 
13.0° < 0 < 36.07, 55.4° < 0 < 85.5". l 


31. Here a(t) = —4j — 32k so v(t) = —4t j — 32t k + vo = —4tj — 32t k + 50i + 80k = 50i — 4t j + (80 — 321) k and 
r(t) = 50t i — 21? j + (80t — 16t?) k (note that ro = 0). The ball lands when the z-component of r(t) is zero 
and t > 0: 80t — 16t? = 16t(5—t)=0 = t= 5. The position of the ball then is 
r(5) = 50(5) i — 2(5)? j + [80(5) — 16(5)?] k = 250i — 50 or equivalently the point (250, —50, 0). This is a distance of 
2502 + (—50)? + 0? = 65,000 ~ 255 ft from the origin at an angle of tan™* (25:) ~ 11.3? from the eastern direction 


toward the south. The speed of the ball is |v(5)| = |50 i — 20j — 80 k| = ,/50? + (—20)? + (—80)? = 4/9300 ~ 96.4 fis. 


33. (a) After t seconds, the boat will be 5t meters west of point A. The velocity 20 
of the water at that location is 73; (5t)(40 — 5t) j. The velocity of the 
boat in still water is 5i, so the resultant velocity of the boat is 
v(t) = 5i + 33, (5t)(40 — 52) j = 5i + (3t — 3:1?) j. Integrating, we obtain " i 
r(t) = 5ti+ (34? — 3509) j+ C. If we place the origin at A (and consider j -4 
to coincide with the northern direction) then r(0) — 0 = C=O and we have r(t) = 5t i + (31? — 44°) j. The boat 
reaches the east bank after 8 s, and it is located at r(8) = 5(8)i + (3(8)? — 4(8)°) j = 40i + 16j. Thus the boat is 16 m 
downstream. 

(b) Let & be the angle north of east that the boat heads. Then the velocity of the boat in still water is given by 

5(cos o) i+ 5(sin a) j. At t seconds, the boat is 5(cos œ)t meters from the west bank, at which point the velocity 


of the water is 535 [5(cos œ)t][40 — 5(cos a)t] j. The resultant velocity of the boat is given by 
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v(t) = 5(coso)i + [5sina + 385 (bt cos a)(40 — 5t cos a)| j = (5cosa)i+ (5sina + $t cosa — 3t? cos? a) j. 
Integrating, r(t) = (5t cosa) i+ (5tsin œ + $2? cosa — ict? cos” a) j (where we have again placed 


the origin at A). The boat will reach the east bank when 5tcosa=40 => t= AME. 


5cosa@ cosa 


In order to land at point B(40, 0) we need 5t sin a + 3t? cos a — Pcs a=0 > 


(oz) sina + 3 (2) cos a — 3s CE a=0 > -l (40sina + 48 — 32) 20 => 
40sna+16=0 => sing = -—Ż. Thusa=sin *(—2) z —23.6°, so the boat should head 23.6° south of 
east (upstream). The path does seem realistic. The boat initially heads 12 

upstream to counteract the effect of the current. Near the center of the river, 

the current is stronger and the boat is pushed downstream. When the boat 0 40 


nears the eastern bank, the current is slower and the boat is able to progress 


upstream to arrive at point B. E 


35. If r'(£) = c x r(t) then r'(£) is perpendicular to both c and r(t). Remember that r' (t) points in the direction of motion, so if 
r' (t) is always perpendicular to c, the path of the particle must lie in a plane perpendicular to c. But r’(t) is also perpendicular 
to the position vector r(t) which confines the path to a sphere centered at the origin. Considering both restrictions, the path 
must be contained in a circle that lies in a plane perpendicular to c, and the circle is centered on a line through the origin in the 
direction of c. 

37. r(t) = (31—19)i--32j = r'(t) = (3 — 3t?)i+ 6tj, 

Ir (t)| = /(3 — 38)? + (66? = VO+ 18? FW = /(3 — 3)? = 3 4-36, 
r” (t) = —6ti+6j, r'(t) x r"(t) = (18 + 182?) k. Then Equation 9 gives 
.r(t:r"(t) _ (8 — 3t”)(—6t) + (6¢)(6) _ 184+ 1st?  18(14-25) | 


ar = rol 34-37 T3138 ^ 30018) (+8) = 6t [or by Equation 8, 
d ; ; e(t) xr"(t) 18418? — 18(1+ ¢?) 
! 2 = f= Lc — fj, 
ar=v = = [3-- 347] = d and Equation 10 gives an ir 33-85 30-8) 6 


39. r(t) = costi--sintj--tk = r’(t)=—sinti+costj+k, |r'(t)| = vsin? t+ cos?t+1 = V8, 
r'(t) 2 —costi— sintj, r'(t) x r" (t) — sinti— costj -- k. 


r'(t).r"(t) _ sint cost — sint cost lr/(£) x "() _ Vsin?t+cos?t+1_ V2 
EWE We). _ SEE OBE RENU EE coe and ap = or E, EH MUT DOR MT sues NE eua 
Meer" WR JB andan =" FO vA) v2 
4. r(t)=e'i+V/2tjt+etk > r’'(t)=e'i+V2j—e*k, |r(t)| = Ve +2+e7% = (e+e) — e' - e, 
AP AE _ ot 
eB: et —e (e -- e^ )(e* — e^) = n 
r"(t) =ei+e ik. Then ar = “ete = ~ fie C =e'—e = 2sinht 
i i —2t 2t t -t 
and gs =i i1—2j— 2e k| Xe +2+¢e lf E +e EN: 
et 4 e~t et 4 e-t e et 
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43. The tangential component of a is the length of the projection of a onto T, so we sketch 
the scalar projection of a in the tangential direction to the curve and estimate its length to 
be 4.5 (using the fact that a has length 10 as a guide). Similarly, the normal component of 


a is the length of the projection of a onto IN, so we sketch the scalar projection of a in the 


normal direction to the curve and estimate its length to be 9.0. Thus ar ~ 4.5 cm/s? and 


an © 9.0 cm/s?. 


45. If the engines are turned off at time ¢, then the spacecraft will continue to travel in the direction of v(t), so we need a t such 


that for some scalar s > 0, r(t) + s v(t) = (6,4,9). v(t) 2 r'(t) =i+ ; + SI k => 


4 8st 


S 
r(t) + sv(t) = (s4+t+a2+mt+ T gira (1p 


) => 3+t+8s=6 > s=3-t, 


— : — 2 
DX tg a 24-19 —4 . e CEP 1x46 


so 7 (2-12 (+1)? 


It is easily seen that t = 1 is a root of this polynomial. Also 2 + In 1 + i = 4, so t = 1 is the desired solution. 


13 Review 
CONCEPT CHECK 


1. A vector function is a function whose domain is a set of real numbers and whose range is a set of vectors. To find the derivative 


or integral, we can differentiate or integrate each component of the vector function. 

2. The tip of the moving vector r(t) of a continuous vector function traces out a space curve. 

3. The tangent vector to a smooth curve at a point P with position vector r(t) is the vector r’(t). The tangent line at P is the line 
through P parallel to the tangent vector r’ (t). The unit tangent vector is T(t) = S 


Ir^(t)] 
4. (a) (a) -(f) See Theorem 13.2.3. 


5. Use Formula 13.3.2, or equivalently, 13.3.3. 


6. (a) The curvature of a curve is x = A where T is the unit tangent vector. 


ds 
6) - | ^O euo EOD SI O nla) = c E; 
T. (a) The unit normal vector: N(t) = TU The binormal vector: B(t) = T(t) x N(t). 


(b) See the discussion preceding Example 7 in Section 13.3. 


8. (a) If r(¢) is the position vector of the particle on the space curve, the velocity v(t) = r’(t), the speed is given by |v(t)| 


and the acceleration a(t) = v’ (t) = r” (t). 
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11. 


13. 


. (a) The corresponding parametric equations for the curve are x = t, 


(b) a = ar T + ayN where ar = v' and ay = kv’. 


. See the statement of Kepler's Laws on page 892 [ET 868]. 


TRUE-FALSE QUIZ 


. True. If we reparametrize the curve by replacing u = t?, we have r(u) = ui + 2uj + 3u k, which is a line through the origin 


with direction vector i + 2 j 4- 3 k. 


. False. The vector function represents a line, but the line does not pass through the origin; the z-component is 0 only for t = 0 


which corresponds to the point (0, 3, 0) not (0, 0, 0). 


. False. By Formula 5 of Theorem 13.2.3, x [u(£) x v()] = u'(£) x v(t) + u(t) x v'(t). 
. False. x is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with respect to t. 


. True. At an inflection point where f is twice continuously differentiable we must have f" (x) = 0, and by Equation 13.3.11, 


the curvature is 0 there. 

False. If r(£) is the position of a moving particle at time £ and |r(t)| = 1 then the particle lies on the unit circle or the unit 
sphere, but this does not mean that the speed |r’ (t)| must be constant. As a counterexample, let r(t) = (t, VI — t2), then 
r'(t) = (1, 5£/ /1— (2) and |r(t)| = VE +1 — @ = 1 but |r’(t)| = /1--12/(1 — £2) = 1/1 — € which is not 
constant. 


True. See the discussion preceding Example 7 in Section 13.3. 


EXERCISES 


y — cos mt, z = sin mt. Since y? -- z? = 1, the curve is contained in a 
circular cylinder with axis the z-axis. Since z = t, the curve is a helix. 
(b) r(t) = ti + cos mtj+sinatk > 


r'(t) 2i— rsin mtj--7-cos zik = 


v(t) = —z?cos mtj — n’ sin mtk 


. The projection of the curve C of intersection onto the zy-plane is the circle z? + y? = 16, z = 0. So we can write 


x =4cost, y = 4sint, 0 € t € 27. From the equation of the plane, we have z =5—2—5-— 4 cos t, so parametric 
equations for C are z = 4cost, y = 4sint, z = 5 — 4cost, 0 < t € 27, and the corresponding vector function is 


r(t) = 4costi--4sintj + (b —4cost)k, 0 € t € 2. 
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5. {i (@ i+ tcos tj +sin ntk) dt = (fp t? dt) i+ (f; toos tdt) j + (Jo sin wt dt) k 


[56]; i+ (£sin «ij; — Jo + sin meat) j+ [71 cos nt]; k 


Es 


bit [bcos wil je Sko di Bit 2k 
where we integrated by parts in the y-component. 
7. e(t) = (P, t,t) => r(t) = (2t, 307,409) => ir (t))- V4t? + 9t4 + 1615 and 
. L= f$ Ir (t) dt = fj VA + 9t + 1615 dt. Using Simpson's Rule with f(t) = VAt? + 9¢ + 1618 and n = 6 we 
have At = 359 = 3 and 


Le 4 [f(0) + 4f (3) + 2f) + 4f(3) + 2f(2) + 4f (3) + £03) 


=i [vo FOF0+4-4/4(2) -- 9(3y' + 16(3 +2- v40) 4-90) + 16(1)8 
+4-4/4(3) +2 + 16(3 +2. VAO + IO F 16(2)5 
+4-4/4(8) +.9(8)* + 16(8)° + /4(B)? F98 + 16087 | 


ble 


= 86.631 


9. The angle of intersection of the two curves, 8, is the angle between their respective tangents at the point of intersection. 
For both curves the point (1, 0, 0) occurs when £ = 0. | 
ri(t)=—sintitcostj+k = ri(0)—j-Fkandró(t) — i+22j+3k => r4(0) =i 
ri(0)-r5(0) = (j--k)-i— 0. Therefore, the curves intersect in a right angle, that is, @ = 3. 

s Teh = Se, XD. QueD 
POL KED Vere +I 


(b) T(t) = —3(t* +t? + 1) 3? (4t? + 20) (t,t, 1) + (t* +t? - 1) 7? (21, 1,0) 


—9p -t 3 
= pga iyn ttl) + 


_ (20 — 8, 24 — #7, 2t — t) + (20 +208 260-0 1,0) (2t, -tt +1, 2 — t) 


1 
(t4 + t2 + 1)1/2 451,0 


(19 (3 8 3192 
Mie SO EA oe ee i AE, PIA ani 
E (t4 + t? + 1)3/2 ^" (t4 + t2 + 1)3/2 

Nit) = (tÈ + 2t, 1 — t*, —209 — t) 

(VBS GO +o +1 

(dati) EO). PERRA PETRI o VET ti 
NIC (tt + € +1)? (2 +137 
i 122? 
13. y’ = 42?, y" = 122? and K(x) = "S | | | itm 12 


[1 ER (y/)?9/2 (1 ER 1649)3/2 3 173/2* 
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15. r(t) = (sin 2t, 5i cos2t) => r'(t) = (2cos2t,1, —2sin2t) => T(t)= x (2cos 2t, 1 —2sin2t) => 
T'(t) — 3C —4sin 2t,0,—4cos2t) = N(t) = (—sin2t,0, — cos2t). So N = N(x) = (0,0, —1) and 
B=TxN= P (—1,2,0). So a normal to the osculating plane is (—1,2, 0) and an equation is 
—1(z-—0)--2(y— r) + O(2 — 1) 200rz — 2y + 2r = 0. 

17. r(t) =tlnti+tj+e™*k, v(t) 2r'(t) 2 (12-Int)i-j—e *k, 
Iv) = M0 +int? +P + (7e7*? = V2 2nt-c (Int e, alt) = v(t) = Fitek 

19. We set up the axes so that the shot leaves the athlete’s hand 7 ft above the origin. Then we are given r(0) = 7j, 
|v(0)| = 43 ft/s, and v(0) has direction given by a 45° angle of elevation. Then a unit vector in the direction of v(0) is 
ali +j) > v(0)= Sli +j). Assuming air resistance is negligible, the only external force is due to gravity, so as in 
Example 13.4.5 we have a = —g j where here g ~% 32 R/s? Since v’ (t) = a(t), we integrate, giving v(t) = —gtj + C 


where C = v(0) = sli +3 > v@= P i+ (4 — gt) j. Since r’(t) = v(t) we integrate again, so 


r(t) = Siti (331—390) j- D. BuD —() 2 7j. + (07 Sti (St - 19 7). 


(a) At 2 seconds, the shot is at r(2) — (2) i+ (330) — ig(2) + 7) 3 & 60.81 + 3.8 j, so the shot is about 3.8 ft above 


the ground, at a horizontal distance of 60.8 ft from the athlete. 


(b) The shot reaches its maximum height when the vertical component of velocity is 0: A -gt=0 => 


Fie 


(c) The shot hits the ground when the vertical component of r(t) is 0, so $t — 3g +7=0 = 


t = —— 7 0.95 s. Then r(0.95) + 28.9 i + 21.4 j, so the maximum height is approximately 21.4 ft. 


—16t? + St +7=0 => t2.11s. r(2.11) = 64.2i — 0.08 j, thus the shot lands approximately 64.2 ft from the 
athlete. 
21. (a) Instead of — directly, we use Formula 3 of Theorem 1323: r(t) - tR(t) => 

v — r'(t) = R(t) -- t R'(t) = coswti 4- sinwtj + t va. 

(b) Using the same method as in part (a) and starting with v = R(t) + t R’ (t), we have 
a — v/ = R'(t) + R'(t) + tR” (t) = 2R'(t) -tR'(t) = 2va + taa. 

(c) Here we have r(t) = e~* coswti + e™* sinwtj = e~* R(t). So, as in parts (a) and (b), 
v =r (t) -e * R'(t) -e* R(t) = e*[R'(t)- R(t) = 
a = v = e™*[R" (t) - R’ (t)] — e™* [R (t) — RO] = e™[R” (t) - 2R' (t) + RO) 

=e" aa — 2e va +e™R 


Thus, the Coriolis acceleration (the sum of the “extra” terms not involving a4) is 22e * va + e™ R. 
g 
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23. (a) r(t) = Reoswti+Rsinwtj > v —r'(t) =—wRsinwti+wRcoswtj, sor = R(coswti+ sinwtj) and 
v = wR(-—sinwti+ coswtj). v -r =wR?(—coswtsinwt + sin wt coswt) = 0, so v L r. Since r points along a 
radius of the circle, and v L r, v is tangent to the circle. Because it is a velocity vector, v points in the direction of motion. 


(b) In (a), we wrote v in the form wu, where u is the unit vector — sin wt i + cos wtj. Clearly |v| = wR |u| = wR. At 


speed wR, the particle completes one revolution, a distance 27 R, in time T = = = 2v 
wR w 
(c)a= A = —w Rcosuti — v Rsinwt j = —w? R(coswt i + sinwtj), so a = —w*r. This shows that a is proportional 


to r and points in the opposite direction (toward the origin). Also, |a| = w° |r| = wR. 
m (wR)? _ m|vl? 


(d) By Newton's Second Law (see Section 13.4), F = ma, so |F| = m |a| = mRw? = = 
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[] PROBLEMS PLUS 


d d : à è 
1. (a) The projectile reaches maximum height when 0 = Te T [(vo sina)t — $gt°] = vo sina — gt; that is, when 


t= wana and y = (vo sina) ( 


5 1 : 2 2:2 ate f 
nsina) - a (288) — 955-5. This is the maximum height attained when 


the projectile is fired with an angle of elevation œ. This maximum height is largest when a = Ẹ. In that case, sina = 1 


2 
and the maximum height is A 


(b) Let R = võ /g. We are asked to consider the parabola x? + 2Ry — R? = 0 which can be rewritten as y = a T d wi 


The points on or inside this parabola are those for which —R < z € RandO<y< ae z“ + z, When the projectile is 
fired at angle of elevation a, the points (z, y) along its path satisfy the relations x = (vo cos a) t and 
y = (vosina)t — 4gt”, where 0 < t < (2vo sino)/g (as in Example 13.4.5). Thus 


vô 


— sin 2a < |—| = |R]. This shows that —R < x < R. 


|z| < 


mmsine| en 
g 


Ug COS Qœ ( 


For t in the specified range, we also have y = t (vo sina — $9t) = je (nsns = ) 2 0 and 


= (vo sin o) 


2 
g x g 2 1 2 
ee = (t Siera 
2l ) (tan o) z Tuk cos) s = -Rosa + (tan a) z. Thus 


Vo COS & 


v- (zi * 2) "suos" a. € + (tana) 2-2 


2R 2Rcos?a 2R 
x 1 z^(1 — sec? a) + 2R (tano) x — R? 
= ial "isi + (tena)e— g = forest aa 


_ —(tan? a) z? + 2R (tana) z — R'  -[(tano)z — RP. 
B 2R 2R = 


We have shown that every get that can be hit by the projectile lies on or inside the parabola y = -gg T te a] 


R 


Now let (a, b) be any point on or inside the parabola y = -R g + z, Then —R <a € RandO<b< a a? + PE 


We seek an angle o a that (a, b) lies in the path of the projectile; that is, we wish to find an angle o such that 
~ 4 
b= —BReos® a a? + (tan o) a or equivalently b = — jg (tan? a " 1)a? + (tana) a. Rearranging this equation we get 
2 


3H + ») = 0ora?(tan " — 2aR(tan o) + (a? + 2bR) = 0 (x) . This quadratic equation 


tan? a — atan a + (= 


for tan o has real solutions exactly when the discriminant is nonnegative. Now B? —4AC >0 © 
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(—2aR)? —4a*(à? -2bR) 20 & 4a?(R?—a?-2bR)>0 & -a?~—2bR+R?>0 © 


b< a (R?-a?) & b< = a? + z, This condition is satisfied since (a, b) is on or inside the parabola 
y= E x? + 5. It follows that (a, b) lies in the path of the projectile when tan a satisfies (x), that is, when 
2aR + ./4a7(R? — a? — 2bR) R+ JR? -—?2bR-— a? 
2 — oe a 
2a? 
(c) If the gun is pointed at a target with height h at a distance D downrange, then 
" tan a = h/ D. When the projectile reaches a distance D downrange (remember 
we are assuming that it doesn't hit the ground first), we have D = x = (vo cos o)t, 
D 2 
_ D fa i i gD 
sot= aaa and y = (vosino)t — 59gt^ = D tana i em 


Meanwhile, the target, whose z-coordinate is also D, has fallen from height A to height 


h — ig? = Dtana — z 


gD? 
2v8 cos 


T Thus the projectile hits the target. 


3. (@)a=-gj > v=vo—gtj=2i-gt] > s=so+2ti-igt?j}=3.5j+2ti-dg?j > 
s = 2ti + (3.5 — dgt?) j. Therefore y = 0 when t = \/7/g seconds. At that instant, the ball is 2 \/7/g ~ 0.94 ft to the 
right of the table top. Its coordinates (relative to an origin on the floor directly under the table’s edge) are (0.94, 0). At 
impact, the velocity is v = 2i — 4/7g j, so the speed is |v| = V4 + 7g = 15 ft/s. 


HIVE _ — V8 ahs cot 9 = 
2 2 — 


“Ig 
Q 


>l plt U t 

(b) The slope of the curve when t = E Be d = a 2 
and 0 = 7.6°. 

(c) From (a), |v| = V4 + 7g. So the ball rebounds with speed 0.8 ,/4-+ 7g œ% 12.08 ft/s at angle of inclination 


ve sin 2a 


90? — @ = 82.3886°. By Example 13.4.5, the horizontal distance traveled between bounces is d = , where 


vo 12.08 ft/s and a zz 82.3886°. Therefore, d = 1.197 ft. So the ball strikes the floor at about 


2,/7/g + 1.197 = 2.13 ft to the right of the table’s edge. 


5, The trajectory of the projectile is given by r(t) = (vcosa)ti+ [(vsina)t — 1gt?] j, so 


v(t) = r'(t) = vcosai+ (vsina — gt) j and 
2 
|v(t)| = y (v cosa)? + (vsina — gt)? = yv? — (2ugsina) t + g?t? = 4/9? (e — T (sina) t+ Z) 


2 2 2 : 2 2 
Á LR v U" 3 o . v 2 
=g t- Žsina) F — —8n Ge (t-2sina) + —> cos" a 
( g P g?’ $ g g? 
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2v 
g 


(2v/g) sina (2v/g) sin « v. 2 V? 
Lo) = f Ive] ae =f gy (r- 2522) + cost ade 
0 0 


2 2 
- t — (v/g)sina (t- sina) + (2 cosa) 
2 g g 
à 2 2 
y feed]. In| t- ?sina + (t-2sina + (cosa 
2 g g g 


[using Formula 21 in the Table of Integrals] 


2 2 2 2 2 
=g P sina (2sina) + (Sese) + (Za) In V sina + "n +( cosa) 
2|g g g g g g 
v v " v 2 (v a v v 3 v x 
+ -sing (Zsina) + (2cosa) — (2 cosa) In| —-sina+ (sina) 4 (J cosa) 
g g g g g g g l 


The projectile hits the ground when (v sin a)t — 4 gt? —0 = t= 2* sino, so the distance traveled by the projectile is 


(2v/9g) sina 


0 


ale 


« 2 
= S| sna 2 + e atn ( sinat?) + Esna: 5 — 7, eot atn (- asina. 2)] 
219 g g g g g g g g g 
2 2 1 2 2 1 
aS mar oan -MiSne-O/g V. Wu V end ain LEO 
g 2g — (v/g) sina -- v/g g 2g 1—sina 


We want to maximize L(a) for 0 € a € 7/2. 


2 , 2 ; 
= Z cosa + t feos? a- 2 — 2 cosa sina 623] 
g 2g a l—sino 


2 2 ; 2 . è 
— V cosa + — cosa 1—sina ln i+sing as Bee 9 sine In itema 
g g l—sina g 1-sine. 


1+ sina 


L(o) has critical points for 0 < œ < 7/2 when L'(a)=0 > 2— sinala(4 n 


) = 0 [since cosa Æ 0]. 
Solving by graphing (or using a CAS) gives a ~ 0.9855. Compare values at the critical point and the endpoints: 
L(0) = 0, L(a/2) = v? /g, and L(0.9855) e 1.20v? /g. Thus the distance traveled by the projectile is maximized 
for a = 0.9855 or = 56°. 

7. We can write the vector equation as r(t) = at? + bt + c where a = (a1, a2, a3), b = (b1, b2, b3), and c = (ci, c2, ca). 
Then r’(t) = 2t a + b which says that each tangent vector is the sum of a scalar multiple of a and the vector b. Thus the 
tangent vectors are all parallel to the plane determined by a and b so the curve must be parallel to this plane. [Here we assume 


that a and b are nonparallel. Otherwise the tangent vectors are all parallel and the curve lies along a single line.] A normal 
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vector for the plane is a x b = (a2b3 — a3b2, a3bı — a103, 0152 — a3b1). The point (c1, c», c3) lies on the plane (when 
t = 0), so an equation of the plane is 
(a2b3 — aab2)(x — c1) + (asb — a1ba)(y — c2) + (aib2 — a2bi)(z — c3) = 0 


or 


(a2ba — aaba)z + (asb: — a1b3)y + (a1b2 — aabi)z = aabac1 — agbeci + a3bıc2 — a103c2 + aibecs — asbica 
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141 Functions of Several Variables 


1. (a) From Table 1, f(—15, 40) = —27, which means that if the temperature is — 15?C and the wind speed is 40 km/h, then the 


air would feel equivalent to approximately —27°C without wind. 


(b) The question is asking: when the temperature is —20? C, what wind speed gives a wind-chill index of —30? C? From 


Table 1, the speed is 20 km/h. 


(c) The question is asking: when the wind speed is 20 km/h, what temperature gives a wind-chill index of —49? C? From 


Table 1, the temperature is —35? C. 


(d) The function W = f (—5, v) means that we fix T at —5 and allow v to vary, resulting in a function of one variable. In 
other words, the function gives wind-chill index values for different wind speeds when the temperature is —5? C. From 
Table 1 (look at the row corresponding to T' — —5), the function decreases and appears to approach a constant value as v 
increases. 

(e) The function W = f(T', 50) means that we fix v at 50 and allow T to vary, again giving a function of one variable. In 
other words, the function gives wind-chill index values for different temperatures when the wind speed is 50 km/h . From 


Table 1 (look at the column corresponding to v = 50), the function increases almost linearly as T increases. 


3. P(120, 20) = 1.47(120)°*° (20)°*° ~ 94.2, so when the manufacturer invests $20 million in capital and 120,000 hours of 


labor are completed yearly, the monetary value of the production is about $94.2 million. 


5. (a) f(160, 70) = 0.1091(160)9-125(70)9-725 ~ 20.5, which means that the surface area of a person 70 inches (5 feet 10 
inches) tall who weighs 160 pounds is approximately 20.5 square feet. 


(b) Answers will vary depending on the height and weight of the reader. 


7. (a) According to Table 4, f (40, 15) = 25, which means that if a 40-knot wind has been blowing in the open sea for 15 hours, 


it will create waves with estimated heights of 25 feet. 


(b) h = f (30, t) means we fix v at 30 and allow t to vary, resulting in a function of one variable: Thus here, h = f (30,t) 
gives the wave heights produced by 30-knot winds blowing for t.hours. From the table (look at the row corresponding to 
v = 30), the function increases but at a declining rate as t increases. In fact, the function values appear to be approaching a 


limiting value of approximately 19, which suggests that 30-knot winds cannot produce waves higher than about 19 feet. 


(c) h = f (v, 30) means we fix £ at 30, again giving a function of one variable. So, h = f (v, 30) gives the wave heights 
produced by winds of speed v blowing for 30 hours. From the table (look at the column corresponding to t = 30), the 
function appears to increase at an increasing rate, with no apparent limiting value. This suggests that faster winds (lasting 


30 hours) always create higher waves. 
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9. (a) g(2, —1) = cos(2 + 2(—1)) = cos(0) = 1 
(b) x + 2y is defined for all choices of values for æ and y and the cosine function is defined for all input values, so the domain 
of g is R?. 


'(c) The range of the cosine function is [-1,1] and æ + 2y generates all possible input values for the cosine function, so the 


range of cos(x + 2y) is [—1, 1]. 


11. (a) f(1,1,1) = VI+ VI+ Vi-In(4—-1?-1?-12) 234-111-3 
(b) yT, J/9j, VZ are defined only when æ > 0, y > 0, z > 0, and In(4 — z? — y? — 2°) is defined when 
4—a?— —;2»0 e z^ 3^ 75 <4, thus the domain is 
((z, yz) | z? +y? +2? <4, 2 7 0, y 2 0, z > 0), the portion of the interior of a sphere of radius 2, centered at the 


origin, that is in the first octant. 


13. /2x — y is defined only when 2z — y > 0, or y < 2z. 15. In(9 — z? — 9?) is defined only when 
So the domain of f is ((, y) | y € 22]. 9 — x? — 9y? > 0, or $a? +y? < 1. So the domain of f 


is ((z, y) | $^ +y” < 1}, the interior of an ellipse. 


17. VI — 2? is defined only when 1 — x” > 0, or 19. \/y — 2? is defined only when y — x? > 0, or y > 2”. 
z? <1 & -1<a<1,and 1 — y? is defined In addition, f is not defined if 1 — x? — 0 = 
only when1—y?>O,ory?<1 & -l<y<l.- x = +1. Thus the domain of f is 
Thus the domain of f is {(@,9) | y > 2, r £1}. 


{(z,y)|-1<e<1, -l<y<]}. 
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21. We need 1 — z? — y? — 2? > Oor z? +y? + PZL 23. z = 1 + y, a plane which intersects the yz-plane in the 
soD= {(x,4 ,2)| r Hy +227 < 1} (the points inside line z = 1 + y, x = 0. The portion of this plane for 
or on the sphere of radius 1, center the origin). v 2 0, z > 0 is shown. 


(0, 1, 0) 


25. z = 10 — 4x — 5y or 4x + 5y + z = 10, a plane with 27. z — y? -- 1, a parabolic cylinder 
intercepts 2.5, 2, and 10. 


2 


29. z = 9 — z? — 9y?, an elliptic paraboloid opening. 31. z = \/4 — 4x? — y? so 4r? + y? + 2? = A or 
downward with vertex at (0, 0, 9). 2 2 


a? + ¥ += =1and z > 0, the top half of an 


(0. 0, 9) ellipsoid. 


y (0. 2, 0) 


33. The point (—3, 3) lies between the level curves with z-values 50 and 60. Since the point is a little closer to the level curve with 
z = 60, we estimate that f(—3, 3) ~ 56. The point (3, —2) appears to be just about halfway between the level curves with 


z-values 30 and 40, so we estimate f(3, —2) = 35. The graph rises as we approach the origin, gradually from above, steeply 
from below. 
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35. The point (160, 10), corresponding to day 160-and a depth of 10 m, lies between the isothermals with temperature values 


of 8 and 12°C. Since the point appears to be located about three-fourths the distance from the 8°C isothermal to the 12°C 


isothermal, we estimate the temperature at that point to be approximately 11°C. The point (180, 5) lies between the 16 and 


20°C isothermals, very close to the 20°C level curve, so we estimate the temperature there to be about 19.5°C. 


37. Near A, the level curves are very close together, indicating that the terrain is quite steep. At B, the level curves are much 


farther apart, so we would expect the terrain to be much less steep than near A, perhaps almost flat. 


39. 


43. The level curves are (y — 22)? = k ory = 2z + vk, 


k > 0, a family of pairs of parallel lines. 


4321 0 1234 


47. The level curves are ye” = k or y = ke ^, a family of 


exponential curves. 


M. 


45. The level curves are ys +y = k or y = —/z + k, a 
family of vertical translations of the graph of the root 


function y = — y7. 


49. The level curves are \/y? — x? = k or y? — a? = k’, 
k > 0. When k = 0 the level curve is the pair of lines 
y = tz. For k > 0, the level curves are hyperbolas 


with axis the y-axis. 
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51. The contour map consists of the level curves k = x? + 9y?, a family of 
ellipses with major axis the x-axis. (Or, if k = 0, the origin.) 


The graph of f(z, y) is the surface z = x? + 9y?, an elliptic paraboloid. 


If we visualize lifting each ellipse k — z? + 9y? of the contour map to the plane 
z = k, we have horizontal traces that indicate the shape of the graph of f. 


53. The isothermals are given by k = 100/(1 + z? + 2?) or 
a? + 2y? = (100 — k)/k [0 < k < 100], a family of ellipses. 


85. f(x,y) = ay? — 2° 


The traces parallel to the yz-plane (such as the left-front trace in the graph above) are parabolas; those parallel to the zz-plane 
(such as the right-front trace) are cubic curves. The surface is called a monkey saddle because a monkey sitting on the surface 


near the origin has places for both legs and tail to rest. 


57. f(x,y) = e- (2? +07)/3 (sin(z?) + cos(y*)) 


UL LA 


— 
C uc» 
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59. 


61. 


63. 


65. 


67. 


1. 


z = sin(xy) (C MI 

Reasons: This function is periodic in both z and y, and the function is the same when z is interchanged with y, so its graph is 
symmetric about the plane y = x. In addition, the function is 0 along the x- and y-axes. These conditions are satisfied only by 
C and II. 

z — sin(x — y) (a) F (b)I 

Reasons: This function is periodic in both a and y but is constant along the lines y = x + k, a condition satisfied only 


by F and I. 


z-(1-a?)ü0-y) @B (vl 

Reasons: This function is 0 along the lines 2 = +1 and y = +1. The only contour map in which this could occur is VI. Also 
note that the trace in the zz-plane is the parabola z = 1 — x? and the trace in the yz-plane is the parabola z = 1 — y?, so the 
graph is B. 


k = x + 3y + 5z is a family of parallel planes with normal vector (1, 3, 5). 


Equations for the leve] surfaces are k = y? + z?. For k > 0, we have a family of circular cylinders with axis the x-axis and 


radius Vk. When k = 0 the level surface is the x-axis. (There are no level surfaces for k < 0.) 


. (a) The graph of g is the graph of f shifted upward 2 units. 


(b) The graph of g is the graph of f stretched vertically by a factor of 2. 
(c) The graph of g is the graph of f reflected about the zy-plane. 


(d) The graph of g(x,y) = — f (x,y) + 2 is the graph of f reflected about the zy-plane and then shifted upward 2 units. 
f(z,y) = 32 — xt — 4y? — 10xy 
SN 
| IN M 
M 
I) 
0 5 5 x 


y » 
Three-dimensional view Front view . 
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It does appear that the function has a maximum value, at the higher of the two “hilltops.” From the front view graph, the 
maximum value appears to be approximately 15. Both hilltops could be considered local maximum points, as the values of f 
there are larger than at the neighboring points. There does not appear to be any local minimum point; although the valley shape 


between the two peaks looks like a minimum of some kind, some neighboring points have lower function values. 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


www.elsolucionario.net 


SECTION 14.1 FUNCTIONS OF SEVERAL VARIABLES O 189 


ory 
gi--y^ 


f(z,y) = As both z and y become large, the function values 


appear to approach 0, regardless of which direction is considered. As 
(x, y) approaches the origin, the graph exhibits asymptotic behavior. 
From some directions, f(x,y) — oo, while in others f(z, y) — —oo. 
(These are the vertical spikes visible in the graph.) If the graph is 
examined carefully, however, one can see that f(x, y) approaches 0 


along the line y — —z. 


75. f(z,y) = e^ V First, if c = 0, the graph is the cylindrical surface 


«M 


z= (whose level curves are parallel lines). When c > 0, the vertical trace d 
above the y-axis remains fixed while the sides of the surface in the x-direction 
“curl” upward, giving the graph a shape resembling an elliptic paraboloid. The 


level curves of the surface are ellipses centered at the origin. 


c = 0.5 (level curves in increments of 1) 


For c = 1 the level curves are circles centered at the origin. 


c = 1 (level curves in increments of 1) 


[continued] 
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When c > 1, the level curves are ellipses with major axis the y-axis, and the eccentricity increases às c increases. 


c — 2 (level curves in increments of 4) 
For values of c « 0, the sides of the surface in the x-direction curl downward and approach the zy-plane (while the vertical 
trace x = 0 remains fixed), giving a saddle-shaped appearance to the graph near the point (0, 0, 1). The level curves consist of 
a family of hyperbolas. As c decreases, the surface becomes flatter in the x-direction and the surface’s approach to the curve in 


the trace x = 0 becomes steeper, as the graphs demonstrate. 


c = —2 (level curves in increments of 0.25) 


7. z =z? +y? + cay. When c < —2, the surface intersects the plane z = k Æ 0 ina hyperbola. (See the following graph.) 
It intersects the plane z = y in the parabola z = (2 + c)z?, and the plane « = —y in the parabola z = (2 — c)z?. These 
parabolas open in opposite directions, so the surface is a hyperbolic paraboloid. 
When c = —2 the surface is z = x? + y? — 2ay = (x — y)?. So the surface is constant along each line æ — y = k. That 
is, the surface is a cylinder with axis x — y = 0, z = 0. The shape of the cylinder is determined by its intersection with the 


plane z + y = 0, where z = 42”, and hence the cylinder is parabolic with minima of 0 on the line y = z. 
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When —2 < c € 0, z > 0 for all z and y. If z and y have the same sign, then 
T? +y? + exy > a? +y? —2ry = (x — y)? > 0. If they have opposite signs, then cry > 0. The intersection with the 
surface and the plane z = k > 0 is an ellipse (see graph below). The intersection with the surface and the planes z = 0 and 
y = 0 are parabolas z = y? and z = x°? respectively, so the surface is an elliptic paraboloid. 

When c > 0 the graphs have the same shape, but are reflected in the plane z = 0, because 
z? +y? + cry = (7x)? + y? + (—c)(—a)y. That is, the value of z is the same for c at (x, y) as it is for —c at (—a, y). 


2 


So the surface is an elliptic paraboloid for 0 < c < 2, a parabolic cylinder for c = 2, and a-hyperbolic paraboloid for c > 2. 


P P L\* P EN 
apla aja — 
79. (a) P = 0L" K > K =bL°K Bom 263 => In K^ (ox) ) => 


(b) We list the values for In(L/ K) and In(P/ K) for the years 1899-1922. (Historically, these values were rounded to 


2 decimal places.) 


© 2012 Cengage Learning. All Rights Reserved, May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 


www.elsolucionario.ne 


192 O CHAPTER 14 PARTIAL DERIVATIVES 


After entering the (x, y) pairs into a calculator or CAS, the resulting least squares regression line through the points is 
approximately y = 0.751362 + 0.01053, which we round to y = 0.75x + 0.01. 


(c) Comparing the regression line from part (b) to the equation y = In b + ax with x = In(L/ K) and y = ln( P/K), we have 
a — 0.75 and lnb = 0.01 = b= c??* ~ 1.01. Thus, the Cobb-Douglas production function is 


P —bL*K!-* = 1.01 L9 79 925. 


14.2 Limits and Continuity 
1. In general, we can't say anything about f (3, 1)! i m. á f(a, y) = 6 means that the values of f (x, y) approach 6 as 
z,y)—(83, 


(x, y) approaches, but is not equal to, (3, 1). If f is continuous, we know that , lim 5 f(x,y) = f(a, b), so 
ZY) ea, 


li ;y) = (3,1) =6. 
€ m a t ) 


3. We make a table of values of 


xy? ab wy? -— 


f(x,y) = — for a set 


of (x, y) points near the origin. 


o [emn a] Ea as “250 
KIET]ETIET]ETIETIETIETI 
ENETIETIETIETIETIETI 

| 


As the table shows, the values of f(x, y) seem to approach —2.5 as (x, y) approaches the origin from a variety of different 
directions. This suggests "e mu. " f(x,y) = —2.5. Since f is a rational function, it is continuous on its domain. f is 
$,y)]—W 


203 | 0302 — 
defined at (0, 0), so we can use direct substitution to establish that lim — f(z,y) = gU Sos s -$ verifying 


(2,9) (0,0) B 2-0-0 


our guess. 


5. f(x,y) = 52? — xy? is a polynomial, and hence continuous, so lim — f(a, y) = f(1,2) = 5(1)? — (1)°(2)? = 1. 


{x,y)— (1,2) 
7. f(x,y) = Eu is a rational function and hence continuous on its domain. 
, r2 m 3y? 
- . : : 4—(2)(1) 2 
(2, 1) is in the domain of f, so f is continuous there and lim f(x,y) = f (2,1) T£ 


z,y)— (2,1) PEU (2)? + 3(1)? 


9. f(x,y) = (at — 4y?)/(a? + 2y?). First approach (0, 0) along the z-axis. Then f(x, 0) = z*/z? = z? for x # 0, so 
f(x,y) — 0. Now approach (0, 0) along the y-axis. For y # 0, f(0,y) = —4y?/2y? = —2, so f(x, y) + —2. Since f has 


two different limits along two different lines, the limit does not exist. 
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11. f(x,y) = (y? sin? z)/(z* + y*). On the x-axis, f (2,0) = 0 for s 4 0, so f(x,y) — 0 as (x,y) — (0,0) along the 


2in2 +2 : 2 
" r'sinz si"r lísinzr 
x-axis. Approaching (0, 0) along the line y = z, f(z, c) = [UT ERE 7 a (= ) for z # 0 and 


(x,y) — 4. Since f has two different limits along two different lines, the limit does not exist. 


TY 


13. f(z,y) = Vat 


(0, 0) such as a = y? and y = z?. So we suspect that the limit exists and equals 0; we use the Squeeze Theorem to prove our 


We can see that the limit along any line through (0, 0) is 0, as well as along other paths through 


assertion. 0 < E | if |z| since |y| € yz? + y?, and |x| — O as (x,y) — (0,0). So lim — f(z,y) = 0. 
Very (2,1) (0,0) 
2, pt 
15. Let f(z,y) = Gag Then f (z,0) = 0 for x # 0, so f(x,y) — 0 as (x, y) — (0,0) along the x-axis. Approaching 
xa? e? zie? 


a? 
(0, 0) along the y-axis or the line y = z also gives a limit of 0. But f (a, x Mas T for z Æ 0, so 


THIEF 7 mu 7 


f(x,y) > e°/5 = 1 as (x,y) — (0,0) along the parabola y = x”. Thus the limit doesn't exist. 


7. i T? +y? zy y+ +I 


A lim lim 
(w,y)—+(0,0) 4/2? +y? -1—1 miles y)—(0, 0) /2?--y?--1—1 yr? +y? +1+1 


(x? +y°) (Va +y2+1+ 1) 


ju JA n ( 
(2,9) (0,0) z?- y? as? 0) 


VFF +1) =2 


19. e" is a composition of continuous functions and hence continuous. zz is a continuous function and tan £ is continuous for 


à 


tX $ +r (n an integer), so the composition tan(zz) is continuous for zz # } + n. Thus the product 
fz,y,2) = ev tan(zz) is a continuous function for zz A $ +n. If z = v and z = į then zz # £ -- nm, so 


f(z,y,z) = f (1,0,1/3) = e” tan(z - 1/3) = 1 - tan(v/3) = V3. 


ee 0,1/3) 


ry + yz + r2? 


Sapa” Then f(a, 0,0) = 0/z? = 0 for x 7 0, so as (z, y, z) — (0,0, 0) along the x-axis, 


21. f(x,y, z) = 


f(x,y, 2) — 0. But f(z, 2,0) = z?/(2z?) = 3 for a A 0, so as (x, y, z) — (0,0, 0) along the line y = z, z = 0, 


f(z,y,2) > 


. Thus the limit doesn’t exist. 


tole 


From the ridges on the graph, we see that as (x, y) — (0, 0) along the 
lines under the two ridges, f (x,y) approaches different values. So the 


limit does not exist. 
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25. h(x, y) = g(f(x,y)) = (2x + 3y — 6)? + \/2a F 3y — 6. Since f is a polynomial, it is continuous on IR? and g is 


- continuous on its domain [t | t > 0). Thus A is continuous on its domain. 


D = ((z,y) |2z--3y 62 0} = ((z,y) | y 2 —Fa + 2}, which consists of all points on or above the line y = —22 + 2. 


From the graph, it appears that f is discontinuous along the line y = z. 

If we consider f(x, y) = e!/(*—V) as a composition of functions, 

g(z, y) = 1/(x — y) is a rational function and therefore continuous except 
wherez —y — 0 = y= z. Since the function h(t) = e* is continuous 


everywhere, the composition h(g(z, y)) = e€» = f (a, y) is 


continuous except along the line y = x, as we suspected. 


zy 


—— is continuous 
l-ez-v 


29. The functions vy and 1 + e*~¥ are continuous everywhere, and 1 + e”~” is never zero, so F(x, y) = 
on its domain R?. 


1+27+y? 
1—2?—y? 


{(z,y) | 1-2? —y? £0} = ((m y) |x? +y? £1}. 


31. F(x,y) = is a rational function and thus is continuous on its domain 


33. G(z, y) = ln(z? + y? — 4) = g( f(x, y)) where f(z, y) = £? + y? — 4, continuous on R?, and g(t) = Int, continuous on its 
domain {t | t > 0}. Thus G is continuous on its domain ((z, y) | £? +y? — 4» 0} = ((z, y) | £? +y? > 4}, the exterior 


of the circle x? + y? = 4. 


35. f(x,y,z) = h(g(v, y, z)) where g(x,y, z) = x? + y? + z?, a polynomial that is continuous 
everywhere, and h(t) = arcsin t, continuous on [—1, 1]. Thus f is continuous on its domain 
{(z,y,z)| -1 < £? y^ +2? <1} = {(2,y,z) | à? +y? +27 € 1), so f iscontinuous on the unit ball. 
2,3 
z^y 
—— df(z, 0,0 
3. f(z,y) = 4 +P (2, y) # (0,0) 
1 if (x,y) = (0,0) 


The first piece of f is a rational function defined everywhere except at the 


origin, so f is continuous on IR? except possibly at the origin. Since x? < 22? + y?, we have |a?y*/ (22? + y^)| x ly? |. We 


ays _ 


know that |y?| — 0 as (x,y) — (0,0). So, by the Squeeze Theorem, — li = calito oy ay 0. 


im 
(w,4)—+ (0,0) 


f(x. y) 
But f (0, 0) = 1, so f is discontinuous at (0, 0). Therefore, f is continuous on the set ((z, y) | (x, y) 4 (0,0). 


32g vd 3 1 (main 0 
T EV oum (r cos 0)* + (rsin 0) 


39. = A Es fi ene? 48 AY, 
(=v) +(0,0) 2? + y? — r—o* r? Peper rs que 
2 2 2 2 . - 
. e Wb € Lb ne ET (C321) m 45.4 
Haapa aye coe ro ee Ap Done Hospital's Rule] 
= lim —e7" =—e 2-1 
r—0-* 


dupligated, or posted to a publicly accessible website, in whole or in part. 
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sin(2y) if (y) # (0,0) 
a fnyei w c 
1 if (x,y) = (0,0) 


From the graph, it appears that f is continuous everywhere. We know 


> "AS 
Vti 
RK DAL 
QO AD 
RR TH 


xy is continuous on R? and sint is continuous everywhere, so 


is continuous on R? " ; 


sin(xy) is continuous on R? and d 


' 


except possibly where xy = 0. To show that f is continuous at those points, consider any point (a, b) in R? where ab = 0. 


Because zy is continuous, zy — ab == 0 as (x,y) — (a,b). If we let t = zy, then t — 0 as (x,y) — (a, b) and 
sin(xy)  ,  sin(t) j à , í 
SITY) — lim SY — 1 by Equation 2.4.2 [ET 3.3.2]. Thus — li 9) = Flat 

a. um lim —7 y quation [E ]. Thus E y) = f (a,b) and f is continuous 


on R2, 
45. Since |x — al? = |x|? + lal? — 2 |x| |a| cos > |x|? + jal? —2 |x| la| = (|x| — lal)’, we have ||>x| — lal| € |x —al. Let 
€ > 0 be given and set 6 = e. Then if 0 < |x — a| < ô, |Ix| — lal| € [x — a| < ô = e. Hence limx—a |x| = |a| and 


f (x) = |x| is continuous on R”. 


14.3 Partial Derivatives 


1. (a) OT /Ozx represents the rate of change of T when we fix y and £ and consider T as a function of the single variable x, which 
describes how quickly the temperature changes when longitude changes but latitude and time are constant. OT'/Oy 
represents the rate of change of T when we fix x and t and consider T as a function of.j, which describes how quickly the 
temperature changes when latitude changes but longitude and time are constant. OT'/Ót represents the rate of change of T 
when we fix z and y and consider T' as a function of t, which describes how quickly the temperature changes over time for 


a constant longitude and latitude. 


(b) f. (158, 21, 9) represents the rate of change of temperature at longitude 158? W, latitude 21°N at 9:00 am when only 
longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an increased air 
temperature, so we would expect f.. (158, 21, 9) to be positive. f, (158, 21, 9) represents the rate of change of temperature 
at the same time and location when only latitude varies. Since the air is warmer to the south and cooler to the north, 
increasing latitude results in a decreased air temperature, so we would expect f, (158, 21, 9) to be negative. f,(158, 21,9) 
represents the rate of change of temperature at the same time and location when only time varies. Since typically air 
temperature increases from the morning to the afternoon as the sun warms it, we would expect f,(158, 21, 9) to be 
positive. 


0) — f(—15, 30) 


3. (a) By Definition 4, fr(—15, 30) = lim f(—15 + h, 3 ) 


, which we can approximate by considering h = 5 


and h = —5 and using the values given in the table: 
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/(-10,3))- f(-15,90) _ -20~(-26)_6_,, 
5 i 5 E. nius 
f(—20,30) — f(—15,30) -33—(-26 _ —7 
; -5 = -b . -$ 


fr(—15,30) = 


fr (—15, 30) ~ = 1.4. Averaging these values, we estimate 


fr(—15, 30) to be approximately 1.3. Thus, when the actual temperature is —15°C and the wind speed is 30 km /h, the 
apparent temperature rises by about 1.3°C for every degree that the actual temperature rises. 


f(715,30 +h) — (715,30) 


Similarly, f,(—15, 30) = lim which we can approximate by considering h = 10 


h 
f(—15, 40) — f(—15,30) _ —27 — (—26) _ —1 
d h = —10: fe(—15, ys 2 t = A 
an fu(—15, 30) 10 10 10 0.1, 
—15,20) — f(—1 —24 — (— 
fu(—15, 30) = 1015,20 C150) = -0% ET 0 = —0.2, Averaging these values, we estimate 


fo(—15, 30) to be approximately —0.15. Thus, when the actual temperature is —15°C and the wind speed is 30 km/h, the 
apparent temperature decreases by about 0.15°C for every km/h that the wind speed increases. 


(b) For a fixed wind speed v, the values of the wind-chill index W increase as temperature T increases (look at a column of 


the table), so —— rita 


oT is positive. For a fixed temperature T, the values of W decrease (or remain constant) as v increases 


(look at a row of the table), so a is negative (or perhaps 0). 


(c) For fixed values of T, the function values f (T', v) appear to become constant (or nearly constant) as v increases, so the 


corresponding rate of change is 0 or near 0 as v increases. This suggests that lim (OW/Ov) = 0. 
v—oo 


5. (a) If we start at (1, 2) and move in the positive x-direction, the graph of f increases. Thus f+(1, 2) is positive. 


(b) If we start at (1, 2) and move in the positive y-direction, the graph of f decreases. Thus f, (1, 2) is negative. 


7. (a) fea = z( fr), so fzx is the rate of change of fx in the x-direction. f; is negative at (—1, 2) and if we move in the 


* 


positive x-direction, the surface becomes less steep. Thus the values of fx are increasing and f. (— 1, 2) is positive. 


(b) fy; is the rate of change of fy in the y-direction. fy is negative at (—1, 2) and if we move in the positive y-direction, the 


surface becomes steeper. Thus the values of fy are decreasing, and f, (—1, 2) is negative. 


9. First of all, if we start at the point (3, —3) and move in the positive y-direction, we see that both b and c decrease, while a 
increases. Both b and c have a low point at about (3, —1.5), while a is 0 at this point. So a is definitely the graph of fy, and 
one of b and c is the graph of f. To see which is which, we start at the point (—3, —1.5) and move in the positive x-direction. 
b traces out a line with negative slope, while c traces out a parabola opening downward. This tells us that b is the z-derivative 


of c. So c is the graph of f, b is the graph of fx, and a is the graph of fy. 
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11. f(x,y) = 16 — 4a” —y? = f(x,y) = —8rand fy(x,y)=—2y => fe(1,2) = —8 and fy (1, 2) = —4. The graph 


of f is the paraboloid z = 16 — 4z? — y? and the vertical plane y = 2 intersects it in the parabola z = 12 — 4z?, y = 2 


(the curve C in the first figure). The slope of the tangent line 
to this parabola at (1, 2,8) is f. (1,2) = —8. Similarly the 
plane x = 1 intersects the paraboloid in the parabola 

z = 12 — y?, x = 1 (the curve C» in the second figure) and 


the slope of the tangent line at (1, 2, 8) is f,(1,2) = —4. 


13. f(z,y) 2a?y? > fe =2ry?, fy =327y? 
v 


Note that traces of f in planes parallel tothe zz-plane are parabolas which open downward for y « 0 and upward for y > 0, 


and the traces of f; in these planes are straight lines, which have negative slopes for y « 0 and positive slopes for y > 0. The 


traces of f in planes parallel to the yz-plane are cubic curves, and the traces of fy in these planes are parabolas. 


15. f(z,y) 25 —3zy > falz, y) = 0 —3y = —3y, fy(z, y) = 5y* — 3x 


17. f(z,t) =e *cosmz =>  f.(m,t)—e '(—sin«z)(x) 2 —re *sinzz, fi(z,t) = e~*(—1) coste = —e~* cos ra 


a 
19. z = (2z--3y)? — 2 = 10(2x + 3y)? - 2 = 20(2z + 3y), as = 10(2a + 3y)? . 3 = 30(2a + 3y)? 


Ou 


1 2 


2. f(zy)9-z/yozy^ > fe(a,y)=y =1/y fy(a,y) ay" 


zy 


23. f(x,y) = az + by => fe(x,y) = (cx + dy)(a) T (aa + by)(c) - (ad — bc)y 


cx + dy (cx + dy)? ~ (ca + dy)?’ 
_ (cu +dy)(b) — (az +by)(d) _ (bc — ad)z 
Wey) =" (ata (ea ty)? 
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27. 


31. 


35. 


37. 


41. 
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g(u,v) = (wv — 99)? —  g.(u,v) = 5(u?u — v?)* - 2uv = 10uv(u?v — v?)*, 


gu(u, v) = 5(u?v — v?) (u? — 3v?) = 5(u? — 3v?) (u?v — v?) 


R(p,q) —-tan^ (pg) => T R(p,q) = 


«2p — 
rom? - pgs "TES? Pt Te pig 


F(x,y) = f cos(e'")dt = F,(z,y)= x 1 cos(e") dt = cos(e”) by the Fundamental Theorem of Calculus, Part 1; 
y Y 


Fy(2,y) = à i cos(e") dt = a |- [ cos(e") a = E £ cos(e*) dt = — cos(e"). 


f(z, y, z) =22z—5a7y2z4 =>  f.(m,y,z)-z-—10xy?z*, fy(£,y,z) = —15z^y?z^, f.(m,y, 2) =x — 2022? 2? 


= Á E. OS SS Mes Em. 
atari E ara Bp aly e 00077 


3 Ou tj Qu 1 e cyz m 
— 1 — =a 1 — = k 1 * [p et A 1 
u-—zysin (yz) => gz = ysin (yz), x” cy i Gay (z) - sin ^ (yz): x 1-52 -Frsin '(yz), 


Qu 


< 1 m zy! 
8; 7 ET gp we 
h(z,y,z,t) = z?ycos(z/t) => he(x,y,z,t) = 2xy cos(z/t), hy(x,y,z,t) = x? cos(z/t), 
hz (x,y, z,t) = —2?y sin(z/t)(1/t) = (—2?y/t) sin(z/t), hi(z, y, 2, t) = —@?ysin(z/t)(—z2t~*) = (a? yz/t?) sin(z/t) 


_ oi ES. 2 af — Ti 
= z4xi4. ax. For each i = 1,..., n, us, = $ (2? +23 + Ra) dg T xo d 


f(a,y) = In(a + a y!) => 


[1-36 9) ^02] = 


1 1 x 
s(z,y) 2 —— = es y E | 
fal y) z+ /z? + y? zc rdi zu 


so fx(3,4) = 


— [1 + ——— } = 4 (1+ 2) =: 
as ( are! i( 3) 
= y _i(z+y+z)-y(1) _ z+z 
f(x,y; 2) = g+yt+z = fy(x,y, 2) ii (£ +y +2)? E (z4- yz) 
ua SPI 1 

so fy(2,1,-1) = Bap 4 
. f(z,y) =ay? -°y => 

i (x, ) = lim ferme) f(x,y) _ imn eth)? zer (zy? = 3y) 

x y = Bm 

= lim "n lim (y? — 32*y — Sayh — yh?) = y? — 30y 


_ n flay +h)—flasy) _, zly +h)? -—z?(y +h) -— (zy? —s?y)  ,  h(2zy-- zh — 2?) 
he) ee h 


= Jim (2zy T rh—az?)-2zy — z? 
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47. 2? + 2y?+322=1 > 2 cay? +324) = 2 (1) > EEE W- = UL NDS => 


Ox Ox 
Oz | —2xr x O 23 2 2 à Oz Oz 
— = — = —— — = — 4 cae i Pooks m 
Da E a, 5 + 2y* + 32°) By => O+ tore 0 => ore 4y => 
AM AES. 
Oy 6z 32 
a sy 8 T NAE: TE, 
49. e^ — zyz => a €)75 (zyz) => e 8 Zi 1) — e an Yp Ue > 


es d 222 _ (9 T 2 uw M 
5y €) 7 ay Ue) > e C +2:1) => e By aa a => (e ay) 5 = eso 


Oz zz 


ðy e —ay 


51. (a) z = f(z)- g(y) => e = f'(z), x = g'(y) 


Oz  dfOu df 


(b) z = f(x +y). Letu — z +y. Then 3^ = du Oz = qu 0 7 fu) = f(x y), 
(Oz _ df Ou d pulp 
ey u Tee 


53. f(x,y) — a?y5 -22*y => fela, y) — 3a7y® + 82°y, f, (m, y) = 5z?y* +224. Then fox(x,y) = 6xy* + 2422, 
fay(z, y) = 152y* + 82°, fy (a, y) = 152?^y* + 82°, and fy, (a, y) = 20z*y?. 


n 2 i — i5 21-1/2. 9,, — u zx 21—1/8 . ng. — v 
55. w = Vu? +u => w,-3(w-v) 2u Vea a (u^ +v’) 2u = ay Then 


_ 1 Va +o -u dv) (2u) Vapo -uV F wt? v? 
Wuu = o e =a u? + y2 e (u? + v2)3/2 — (u? + v2)3/2* 
= 1\ /,2 , .2\—3/2 * uv ET E: E .:42y—3/3 -- uv 
Wuv = u(—4) (u? - v?) (2v) = -aF E Wou = v ( 3) (i 4-9) "^ (2u) = TETO 
wo ole Ew -v p 40?) Qv) VP VEFE to OO 
> (e+e) zin uv? (quern T qe vin 
57. z — arctan — ty 
1—sy 
pet — ae aii) —--GC Gd GN 
” 34 (zz) | Q-zyy Q-zyf-c-(rtyf 1+g? +y? +27y? 
Ser 
143? 1 


UFA) 043 
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59. 


61. 


63. 


65. 


Lol 2, Qü- ay) - (s y)72) _ 1-2? 20 l+ __1 

" aeg (1— zy ü-zyy-(-5) CHAH 1-y^ 
l-xy 

Pies ni rE eg aua Si 0, dare - LAE e a 

en zzz; = —(1 + a7) T=- FA — » Zyx2 =0, zyy =—(1 +y") y= 3.433 


u= y? -yt > u- 4r?y?, Uszy = 192354? and uy = 3z*y? — 4y?, uy, = 12z3y?. 


Thus uz, = Uys. 


u = cos(z?y) => us = —sin(z?^y)-2zy = —2rysin(z’y), 

Uny = —2ay - cos(x”y) - z? + sin(xy) - (-2z) = —2z°y cos(z?y) — 2x sin(z^y) and 

uy = —sin(x?y)- £? = —a? sin(a?y), uy; = —2? - cos(z?y) - 2ry -- sin(a?y) (72x) = —2z?y cos(z?^y) — 2x sin(z?y). 
y 


Thus try = Uys- 


f(a,y) =z -zy > f- 4a?y? — 3z?y, fi, = 12z?y? — 6xy, fese = 24ry^ — 6y and 


fey = 82° y — 32”, frys = 242?y — 6x. ' 


.2 .2 .2 .2 .2 2 
f(z,y,2)9e" => feme .yz =y27e"¥* , fay =y e (a2) te z? = (eyz + z7)e™, 


feyz = (wyz* + 22) - eY? (Qaryz) + e79” . (4ry2? + 22) = (2n7y?25 + 6zyz? + 2z)e*v*, 


u= ind = D" =e? cos + sind e? (r) = e"? (cos@ + r sin 6), 


ex 06. 
Pu TO fos : ro ro à : 
5r86 l (sin 0) + (cos0 -- r sin) e" (0) =e" (sind + 8 cos0 + r0 sin 0), 
3 
"T = e" (0 sin 0) + (sin + 0 cos 0 + rü sin 0) - e"? (0) = 0e"? (2sin 0 + 0 cos + rd sin 6). 
FPEM E -1 ðw _ a Ow T -2A$-. =2 
Ow - : -3 = — -— 4 Ow — -2 = -2 
pau -(-2)(y + 22) "Q2) = 4(y + 2z)" = ETT ud um z(—l)(y-22) (1) = —2(y 22) ^, 
Ow a Ow _ 
ðrðy B uL Ox? Oy ` 


71. 


73. 


Assuming that the third partial derivatives of f are continuous (easily verified), we can write fezy = fyez. Then 


f (x,y,z) = ay?z? + arcsin (« vz) => fy = 2eyz* +0, fyz = 2yz?, and Jyzz = 6yz^ = fazy- 


By Definition 4, f, (3,2) = lim A+A- which we can approximate by considering h = 0.5 and h = —0.5: 
f(3.5,2) — f(3,2) _.22.4— 17.5 


f(2.5,2) — f(3,2) _ 10.2 — 17.5 
0.5 0.5 = 


05 5 = 14.6. Averaging 


ECS + h,2.2) — f(3,2:2) rich 
h 


fx(3,2) & = 9.8, fir(3,2) ~ 
these values, we estimate f; (3, 2) to be approximately 12.2. Similarly, f2(3, 2.2) = jim 
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81. 


SECTION 14.3 PARTIAL DERIVATIVES O 201 
f(3.5,2.2) — f(3,2.2) _ 26.1 — 15.9 


we can approximate by considering h = 0.5 and h = —0.5: fe (3, 2.2) = 05 a5 = 20.4, 
fx(3,2.2) & £05,223) 1922) = n = 13.2. Averaging these values, we have fz(3, 2.2) = 16.8. 

To estimate fzy(8, 2), we first need an estimate for. fa (3, 1.8): . 
58,18) £85.18) = 8.18) _ 200-181. 9g f (3,18) m EOSL — fG18) _ 125-181 _ 19 


0.5 0.5 —0.5 —0.5 


i ð us l 
Averaging these values, we get fx (3, 1.8) e 7.5. Now fzy(z, y) = ay [fs (z, y)] and fa (x, y) is itself a function of two 


: ; h) — fal, 
variables, so Definition 4 says that fey (x, y) = 4 Hlas lim Sae 9) — fein) => 
fa(352)— lim AREN RO We can estimate this value using our previous work with h = 0.2 and h = —0.2: 


fe(3,2.2) — fe(3,2) _ 16.8 — 12.2 wm fe(3, 1.8) — fo(3,2) _ 7.5— 122 


m LAM = ——- — 23, fry (3, 2 = 23.5. 
fey (3, 2) 0.2 0.2 3, f: ul ) —0.2 —0.2 — 
Averaging these values, we estimate f. (3, 2) to be approximately 23.25. 
use" tinke > uz =ke ®t coska, us, = —k^e-^ 5" gin ka, and ut = -ake 9^ F*t sin ke, . 
Thus a7 tex = us. 
ü= EM __ > u= (—3) (2? 4 y? 2i 39-93 (39) = —a(2? +y? 4 47-35 and 


/ x2 +y? + 2? 


Be em —(x? +y? eye m z(-3)(z? +y? + 22)- 9/2 (23) = 


9g? — y? — 2? 


(x? + y? + 22)8/2" 


203) -23-2 i _ 2R- 
By symmetry, uy, = CESES and uz. = CEET 


Qa? — y? — 42) — r? — 22 4.22? —2? y? 
Thus thea: Uyy + Use = rs oor”) -——— nm = 0. 


Lfe) + 9(w)] _ df(v) v , do(w) dw 


Letv=x+at, w-— r—at. Thenw = En dv 8t ur e 


= af'(v) — ag'(w) and 


— laf (v) — ag'(w)] 
ó 8t 


us = f'(v) + g' (w) and ues = f^ (v) + g” (w). Thus tie = a^uss. 


uL = aja f” (v) + ag" (w)] = a? [f" (v) + g” (w)]. Similarly, by using the Chain Rule we have 


Oz e? Oz e" Oz , Oz e” e” e* + ev 

E a y Loo -—- E —— — = ——— —— = = 
a=] el) => Ox epe and 7 +e On Oy e+e! ete e* + eu 
Pz  e'"(e-e")—e"(c") ^ e Pa  O-e%(e") ^ e and 
Ort (e7 + ev)? — (e+e)? Ozdy (e+e) (e + ev)?” 

2 UP UY. oot oy 
B a PIE) EU) Te) ui MA GR . Thus 
of — (exey rep 


Oz Oz az V erty erty etty F (e™+v)? (e7 tv)? 
aa nth) tae Te ra rex) UE zen pray 
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83. 


85. 


87. 


89. 


91. 


93. 


95. 


97. 


101. 


By the Chain Rule, taking the partial derivative of both sides with respect to Ri gives 
OR? ƏR — Al(1/Ri) + (1/Ra) + (1/R3)] -9 OR _2 oR R 
OR BR; = Ri or —R aa  ™ ied EM 
. j , : dP P. , x ; 
If we fix K = Ko, P(L, Ko) is a function of a single variable L, and ITOT"? separable differential equation. Then 
= = ot > TÈ =]/a = => In|P| =aln|L| +C (Ko), where C(Ko) can depend on Ko. Then 


[P| = e*ni2l + CU) and since P > 0 and L > 0, we have P = e*!n 4e(Ko) — eC(Ko) gin L*. — C3 (KKo)L* where 


Ci(Ko) = e€ (Ko), 


(P+ 5) Vv nb) = ner T: r- (P+ TE) - me 98 = xv - nn = 0, 

We can also write P + = VL = P= DI - m — nRT(V — nb)! — n?aV 7, so 

= = -nRT(V — ny") + 2n*aV-3 = E - Woam 

By Exercise 88, PV =mRT => P= TAT T = TE Also, PV = mRT v= RE apg OV, mR 
Since T = Ywehave TSE OF = FV mR mE mR 

=} ci ok L mo, OK Th gx 7 ivm = K 


fe(z,y) =x£+4y => fay(x,y) =4and fy(2,y)=32—y => fya(z,y) = 3. Since fry and fyz are continuous 
everywhere but fry (x,y) Æ fyx(#, y), Clairaut’s Theorem implies that such a function f(x, y) does not exist. 

By the geometry of partial derivatives, the slope of the tangent line is f. (1, 2). By implicit differentiation of 

4a? + 2y? + 2? = 16, we get 8a + 2z (0z/0z) 2 0 = ðz/ðx = —42/z,s0 when x = 1 and z = 2 we have ` 
ðz/ðx = —2. So the slope is f:(1,2) = —2. Thus the tangent line is given by z — 2 = —2(z — 1), y = 2. Taking the 


parameter to be t = x — 1, we can write parametric equations for this line: z = 1+ 4, y= 2, z = 2 — 2t. 


By Clairaut’s Theorem, fryy = (few) y m (fuz), = fysy = (Fu). zi (fu) ya = fus 


. Let g(x) = f(x, 0) = z(z?) ?/?&? = 2 ||”. But we are using the point (1,0), so near (1,0), g(a) = 2~*. Then 


g'(x) = —2z? and g'(1) = —2, so using (1) we have fx(1,0) = g'(1) = —2. 


(a) (b) For (x,y) # (0,0), 
3a7y — y?) (x? 4 2) (344 — ry?) (2 
haj- Se ay y — zy )(2z) 
O z*y + Ar^? ats y5 
=~ (a? + y?)? 


z5 — 4a3y? — ryt 


and by symmetry fy (z, y) = (x? + y?y? 
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, 4059) = $0.9) L iry OMY =O L o and poo) = Jim OH = 10.0) _ 


= jim 


(c) fo(0,0) = lim 


2(0,h «(0,0 A —hë —0)/h* 
(d) By (3), fey (0,0) = 2E = Jim 0.9 — 0,0) = lim cn 


= —1 while by (2), 


£50) 500). MUM 


_ Ofy _ 
(e) For (x,y) 4 (0,0), we use a CAS to compute 
a? + ay? — 92244 — 5. 
fey(z,y) = EE 7o -- " 


Now as (x,y) — (0, 0) along the a-axis, fsy(z, y) — 1 while as 


(x,y) — (0,0) along the y-axis, f«,(z, y) — —1. Thus fay isn’t 


continuous at (0, 0) and Clairaut's Theorem doesn't apply, so there is 
no contradiction. The graphs of fz, and fy. are identical except at the 


origin, where we observe the discontinuity. 


144 Tangent Planes and Linear Approximations 


1.2=f(2,y) = 3y? -21° +2 => fe(z,y)=—4e+1, fy(z,y) = 6y, so f. (2, 1) ==7, f,(2, 1) = —6. 
By Equation 2, an equation of the tangent plane is z — (—3) = fz(2, -1)(z — 2) + f,(2, -1)]y - (-1] = 


z +3 = —7(x — 2) — 6(y + 1) or z = —7x — 6y +5. 


3. z = f(z,y) = Vzy > fe(z,y) = (2y)? -y = 4 Vus, fula, y) = (zy) ? -£= 1/z/y, so f(1,1) = 4 
and fy(1, 1) = 3. Thus an equation of the tangent plane is z — 1 = f;(1,1)(z— 1) + fy(1,1)(y-1) > 


z—1-i(z-1)-c$(y—1)orz-4 y —2z —0. 


5. z = f(x,y) = vsin(r--y) => falz, y) = £x: cos(x +y) --sin(z -- y): 1 — zcos(z + y) + sin(z + y), 
fy (x,y) = x cos(z + y), so f. (—1,1) = (—1) cos0 + sin0 = —1, f,(—1, 1) = (—1) cos0 = —1 and an equation of the 


tangent plane is z — 0 = (—1)(z + 1) + (—1)(y—1) or z +y +z — 0. 


7. z= f(z,y) = 2? + zy + 3y?, so fa(m,y) =2e+y => fe(1,1)=3, fy(e,y)=2+6y =>  fy(1,1) — 7 andan 


equation of the tangent plane is z — 5 = 3(z — 1) + 7(y — 1) or z = 3% + Ty — 5. After zooming in, the surface and the 
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11. 


13. 


tangent plane become almost indistinguishable. (Here, the tangent plane is below the surface.) If we zoom in farther, the 


surface and the tangent plane will appear to coincide. 


iet: | E. E EN 
f(x,y) = zysn(z—y) AGAS gives f(a, y) = ysin (x — y) + zycos (z y)  2z'ysin(z — y) 
1+ 2? +y? (+r? 4- y2)? 


142243? and 


xsin (x — y) — zycos(r— y) _ 223? sin (a — y) 


i+ y (14a? +42)?" We use the CAS to evaluate these at (1, 1), and then 


fy(z,y) = 


substitute the results into Equation 2 to compute an equation of the tangent plane: z = iz - iy. The surface and tangent 


l plane are shown in the first graph below. After zooming in, the surface and the tangent plane become almost indistinguishable, 


as shown in the second graph. (Here, the tangent plane is shown with fewer traces than the surface.) If we zoom in farther, the 


surface and the tangent plane will appear to coincide. 


f(z,y) —1-4zln(zy— 5). The partial derivatives are f(z, y) = x- m (y) -In(zy —5)-1= — z t In(zy — 5) 
2 
and fy(z,y) =z- = 5 (2) = aoe so fx(2,3) = 6 and f,,(2,3) = 4. Both fx and fy are continuous functions for 


sy > 5, so by Theorem 8, f is differentiable at (2, 3). By Equation 3, the linearization of f at (2, 3) is given'by 


L(z,y) = f(2,3) + fe(2,3)(@ — 2) + fy(2,3)(y — 3) = 1 + 6(z — 2) +4(y — 3) = 6x + 4y — 23. 


I(x + y) — a(1) 


bip e 


f(x,y) = € The partial derivatives are fv, y) = 


fy(z, y) = z(-1)(z +y)? -1— —c/(x +y)’, so f2(2, 1) = 4 and f,(2, 1) = —2. Both f; and f, aré continuous 
functions for y 4 —z, so f is differentiable at (2, 1) by Theorem 8. The linearization of f at (2, 1) is given by 


L(z,y) = f(2,1) + fe(2, (s — 2) + fy(2;1)(y — 1) = $+ 3(z— 2) — §(y—1) = ga - gut $- 
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. Let f(z, y) = 
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. f(x,y) — e^?" cosy. The partial derivatives are f,(2, y) - e *"(—y)cosy = —ye *” cos y and 


fy(z,y) = € ^" (-siny) + (cosy)e *"(—z) = —e7? (sin y + z cos y), so f« (7,0) = 0 and f, (7,0) = — 
Both f+ and fy are continuous functions, so f is differentiable at (7, 0), and the linearization of f at (7, 0) is 
L(z,y) = f(7,0) + fz(1,0)(z — T) + fy(1,0)(y — 0) 21--0(z—7)— (y — 0) = 1 — my. 


2r 4-3 


i and f,(z, y) = (2x +3)(—1)(4y + 1) (4) = 


. Then f(x, y) = Both fs and fy 


4y F 4y +1 » Ts ar 
are continuous functions for y # —4, so by Theorem 8, f is differentiable at (0,0). We have f.(0,0) = 2, fy(0,0) = — 


and the linear approximation of f at (0,0) is f(a, y) e f(0,0) + fx(0,0)(a — 0) + f£,(0,0)(y — 0) = 3 +4 2z — 12y. 
We can estimate f (2.2, 4.9) using a linear approximation of f at (2,5), given by. 


f(z,y) © f(2,5) + f«(2, 5)(z — 2) + fy(2,5)(y — 5) = 6 + 1(z — 2) + (C1)(y — 5) = z — y + 9. Thus 
f(2.2,4.9) ~ 2.2 — 4.9 +9 = 6.3. 


DNE - E E — — — "m PER 
f(2,y,z)= Y2? +y? +22 => fe(z,y,2z) = Ara fy(z, y, 2) Pg 


z 


f.(x,y, 2) = —= s so f,(3, 2,6) = 3, fy(3,2, 6) = 2, f.(3,2,6) = Ê. Then the linear approximation of f 
Va? + y? + 2? 


at (3, 2, 6) is given by 
f(x,y, 2) az f(3, 2, 6) of f«(3, 2, 6)(a P 3) US fy (3, 2, 6)(y cd 2) xi f:(8, 2,6) (z d 6) 
—T7-3(z—3)- 2(y — 2) + (z - 6) = 2x + 2y + $z 
us /(3.02)? + (1.97)? + (5.99)? = £ (3.02, 1.97,5.99) ~ 3(3.02) + 2(1.97) + $(5.99) ~ 6.9914. 


From the table, f (94,80) = 127. To estimate fr (94, 80) and fr (94, 80) we follow the procedure used in Section 14.3. Since 


fr (94,80) = lim fQ4 x h, 80) — (4,80) we approximate this quantity with h = +2 and use the values given in the 
table: 
fr (94, 80) = f(96, n 80) = m 127 — 4 — fr(94,80) = HUM 80) _ = å 


tM A so we use h = +5: 


Averaging these values gives fr (94,80) ~ 4. Similarly, frr (94, 80) = lim 


f (94,75) — f(94,80) _ 122 — 127 


fu (94, 80) ~ = = 


=1,  fir(94,80) ~ 


f (94, is f(94,80) 132—127 = 
uS EE CE " 


Averaging these values gives fy (94, 80) ~ 1. The linear approximation, then, is 


f(T, H) z f (94,80) + fr(94, 80) (T — 94) + frr(94, 80)(H — 80) 
~ 127 +4(T —94)--1(H —80) [or4l +H — 329] 
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25. 


27. 


29. 


31. 


35. 


a 


37. 


Thus when T = 95 and H = 78, f (95, 78) ez 127 + 4(95 — 94) + 1(78 — 80) = 129, so we estimate the heat index to be 


approximately 129°F. 
z = e **cos2at => 
Oz dz —2z / —2x : —2z —2z o; 
dz ant -= ord =e ^*(—2) cos 2rt dz + e ^^ (— sin2zt)(27) dt = —2e °" cos 2nt dz — 2re ?* sin 2rt dt 
m-—pq* > dm= em dp 4- on dq = 5p4q? dp + 3p?q? dq 
Op ôq 
R-of'coy > dR= a da+ d dB + x dy = B? cosy da + 2aß cosy dB — ap? sin y dy 


dz = Ax = 0.05, dy = Ay = 0.1, z =5a?+y", Za = 102, zy = 2y. Thus when x = 1 and y = 2, 
dz = z,(1,2) dx + z,(1,2) dy = (10)(0.05) + (4)(0.1) = 0.9 while 


Az = f(1.05, 2.1) — f(1,2) = 5(1.05)? + (2.1)? — 5 — 4 = 0.9225. 


OA OA 


. dA = — dx + — dy = y dz + z dy and |Az| < 0.1, |Ay| € 0.1. We use dz = 0.1, dy = 0.1 with x = 30, y = 24; then 


Ox Oy 


the maximum error in the area is about dA = 24(0.1) + 30(0.1) = 5.4 cm?. 


The volume of a can is V = zr?h and AV ~ dV is an estimate of the amount of tin. Here dV = 2zrh dr + mr? dh, so put 
dr = 0.04, dh = 0.08 (0.04 on top, 0.04 on bottom) and then AV c dV = 27(48)(0.04) + 1(16)(0.08) ~ 16.08 cm?. 


Thus the amount of tin is about 16 cm?. 


|. mgR " i ; 
= prs so the differential of T' is 
_ OT OT ,  (2r?- R?)(mg) — mg R(2R) (2r? + R?)(0) — mgR(4r) 
temetes peger + — Qen.mp F 
|mgQr? - RP) , — 4mgRr 
— (2r? +R?) ai (2r? +R?) " 


Here we have AR = 0.1 and Ar = 0.1, so we take dR = 0.1, dr = 0.1 with R = 3, r = 0.7. Then the change in the 


tension T' is approximately 


ar = ™gl2(0.7)° — (31 9 4) — ene (0.1) 


"^. [2(0.7)2 + (3)2]? [2(0.7)? + (3)? 


_ _0.802mg | 0.84mg _ 1.642 - 
= (9.98? (9.98)? . 99.6004 9 


= —0.0165mg 


Because the change is negative, tension decreases. 
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39, First we find fe implicitly by taking partial derivatives of both sides with respect to Ri: 
1 : 


Then by symmetry, 


8 (iV. Ə[(1/Rı) + Q1/R2) + (1/Rs)I pc me ƏR R 
se (x)- ðR: *o amc ^ 7 as TRE 


ôR R ƏR R | E 
IA = ORs = When R; = 25, Re = 40 and R3 = 50, = 5 200 


for each R; is 0.5%, the maximum error of R is attained by setting AR; = 0.005R;. So 


R = 39? Q, Since the possible error 


OR OR OR i a O. | 
f = — —-— =, ARs -(0.005)R"| — + = — dm 0. i 
AR & dR — jp; AR + ap ARs + gr, ARs = (0.005) (x; Umm j= (0.005)R = + ~ 0.059 Q 
41. The errors in measurement are at most 2%, so = |s < 0.02 and HE < 0.02. The relative error in the calculated surface 
area is 
AS dS  0.1091(0.4259-42571)59.75 dw + 0.10914: 4? (0.72559-72571) dh dw dh 
Z à 43", a ee DV 0.425-. + 0-7257 
To estimate the maximum relative error, we use aw = ic = 0.02 and dh _ = | =0.02 2 
w w h h 
dS 


| dm 0.425 (0.02) + 0.725 (0.02) = 0.023. Thus the maximum percentage error is approximately 2.3%. 


43. Az = f(a + Az,b + Ay) — f (a,b) = (a+ Az)? + (b+ Ay)? — (a? +°) 
=a? + 2a Az + (Az)? +b? + 2b Ay + (Ay)? — a? — b? = 2a Az + (Az)? + 2b Ay + (Ay)? 
But f; (a,b) = 2a and f,(a, b) = 2b and so Az = f (a, b) Az + fy(a, b) Ay + Az Ac + Ay Ay, which is Definition 7 


with £1 = Az and e2 = Ay. Hence f is differentiable. 
45. To show that f is continuous at (a, b) we need to show that Eon á f(x,y) = f(a,b) or 
z,9)—42, 


equivalently - "p. — f(a -- Az, b -- Ay) = f(a, b). Since f is differentiable at (a, b), 


f (a 4- Az,b 4- Ay) — f(a,b) = Az = fe(a,b) Ax + f, (a, b) Ay + €1 Ax + €2 Ay, where e; and e? — 0 as 
(Az, Ay) ^ (0, 0). Thus f(a + Az, b + Ay) = f(a, b) + f«(a, b) Ax + f, (a, b) Ay + &1 Ax + £2 Ay. Taking the limit of 


both sides as (Az, Ay) — (0, 0) gives T ES. "T f (a -- Az, b -- Ay) = f(a, b). Thus f is continuous at (a, b). 
z,Ay)—(0, 


14.5 The Chain Rule 


dz Ozdx , Ozdy 
2 2 ; —- = o aac SC) | t 
1. z =x" +y" + ry, r—siní,y-—-e => 7 — 9r di + By dt (2x + y) cost + (2y + z)e 


3.z2-—4/l-4z?-4-y?, , c=mnt, y=cost > 


Ge D de , 2509 A 10 a? +y?) (2). E+ E+? ey?) 1" Qu) (- sint) = — (= — vsint) 


dt Oxdt Oydt VIFT? +y? 
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5, w = r, t=ť°, y=1-t, z=1+2t > 


dw  Owdz ,Owdy  ,Owdz Jj; sad 1 cuf D — r ry 
i eh he a OR t Re (x) 12-9^[n-2- 


=~ 


z= y", c=scost, y=ssint > 
© B: _ bz Ox | Oz Oy 
Os Ox0s dy As 


Oz | Oz Ou | Oz by _ 
Ot Ox Ot Oy dt — 


= 2xy? cost + 3273? sint 


(223?) (—5sint) + (3z?y?)(s cost) = —2szy? sint + 3sx7y? cost 


. z = sin ĝ cos d, 0—st?^, ¢=s*t > 
Oz 0200  0z0¢ 


hati cmp eee 23. al: S 2 gt 3 = 2 u n E 
Os 00 Bs * 86 Os (cos @ cos ¢)(t”) + (— sin sin $)(2st) = t^ cos@ cos ¢ — 2stsin 0 sing 


Oz 0200 , 0z OQ 


at^ 26 8t + 85 at = (cos @ cos $)(2st) + (— sin 0 sin $)(s?) = 2st cos cos ó — s? sin@ sing 


11.2 — e" cosb, r 25st, 0— Js* t^ > 


Fe T Beast BB Be c 6 90 tee (int) GP e) P) = te cost — e sind - TE 3 
=e" (test - sint) 

x -Za 2z OF — e c0s8- 5-46" (—sind) - (s? + #2)-"/(2t) = se" cos 0 — e sind - eT 
= e" (cos - ata sind) 


13. When t = 3, z = g(3) = 2 and y = A(3) = 7. By the Chain Rule (2), 


dz t ' 
di Ge dt Op dt TONIO +AT = (95) (C979 = 62 
15. g(u,v) = f(z(u, v),y(u,v)) where z =e“ --sinv, y — €" +cosv > 
Ox u Ox Oy u Oy 


Oz _ yu Ox _ LOS AP i Og _ Of Ox , Of dy 
A? : oy ^ 99" B. t d um sin v. By the Chain Rule (3), du Br arp. T 


9«(0,0) = f«(z(0,0), y(0,0)) z«(0,0) + fy (2(0, 0), y(0, 0)) yu (0,0) = fe(1, 2)(e°) + fy(1, 2)(e°) = 2(1) + 5(1) = 7. 


ag _ Of On , Of By 
be into ee 


gu(0, 0) = fa (a(0, 0), y(0, 0)) xu (0, 0) x fy (x(0, 0), y(0, 0)) Yo (0, 0) = fa(1, 2)(cos 0) F fy, 2)(— sin 0) 
= 2(1) 4- 5(0) — 2 


Similarly, 


17. ou u= f(z,y), ©=2(r,s,t), y=y(r,8,t) => 
3 du _ dude , Oudy du _ dude , dudy 
/\\ JT. ðr  OzOr  OyOr' Os  Or0s OyOs 
rox d r s t Ou ðuðr Ou Oy 


Ot Ox Ot Oy Bt 
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w= f(r,s,t), r — r(z, y), 8 = s(z, y), t=t(z,y) > 


w 
fl Ow  OwóOr , dwds , Ov Ot Ow OwGr | OwOs , Ow dt 


r s t Be Or Ou ' Os Oz Ot On’ Oy = Gr Oy ! 8s By ^ Ot By 


z=at+a7y, c=s+2t—u, y=stu? > 
Oz Oz0u , OzOy 


e ee (4z* + 2zy)(1) + (z^) (tu^), 


Oz — 92 dx , dz dy 
Ot Ou Ot” Dy At 


Oz _ Bro» , 82 Oy 
Ou  OÓrOu Oy du 


= (4a? + 2zy)(2) + (z?)(su?), 


= (4a° + 21y)(—1) + (a?) (2stu). 


- When s = 4, t = 2, and u = 1 we have x = 7 and y = 8, 


m & - (1484)(1) + (49)(2) = 1582, 22 e = (1484) (2) + (49)(4) = 3164, 2 — (1484)(- —1) + (49)(16) = —700. 


w = zy +yz + zz, x =rcosĝ, y —rsinÓ, z=rd => 
ðw ôðwôðr , OwOy , OwOz . 
Or Ou or * Oy Or Oz Or = (y + z)(cos0) + (x + z)(sin6) + (y +2)(9), 


Ow | OwOz  Owdy , OwOz ; 
A Ga Be + By 86 + pr - = (y 4- z)(—rsin6) + (x + z)(r cos0) + (y + z)(r). 


ð 
When r = 2 and 0 = 7/2 we have x = 0, y = 2, and z = "a = (2 + T)(0) + (0 + 7)(1) + (2 4-0) (7/2) = 27 and 


Oe = (2+ m)(=2) + (0 +7)(0) + (2+0)(2) = 


EH, p=u+vw, q =v +uw, r=w+uv => 


ƏN _ ON Op | ƏN ðq , ƏN ar. 


Qu Opdu dq du Or ðu 
_ (p+r)(1)- (P+9Q) (1) + (p -- r)(1) — (p + a)(0) (w) + (p +1)(0) — (p+ Q)(1) ,,, 


(p+r)? (p+r)? (p+r)? (v) 

(ra) * (pc r)w — (p * a)v 

i (p+r)? l 
ƏN _ ON Op | ON Og | ON Or | r—q- p+r —(p +9) p (r-a)w- (ptr) — (p+ 
ðv Op dv" Oq dv” Or Ov. (p+r? (w) + Gane O+ Grr in = se ames 
ON _ ƏN Op _ ON Og , ƏN Ər | r—q (p 4- q) + (p4 ad 
[m = Op Ow ' Og Bw ðr oe Gap t Ga Ot "YT p= =a og pra), 
— ——— A— As Zur 

_ CDA +24 ~(25)(2)_ -30 5 na ON CDO + (24)(2)-25 20 5 
A (24)? ^ 576 96" on (24)? 576 «144° 
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27. y cosg = z? + y’, so let F(z, y) = ycosz — z? — y? = 0. Then by Equation 6 


dy Fe -ysinz—2z 2r ysinz 
dz F, cost—2y cosz—2y' 


29. tan? (z?y) = x + zy?, so let F(x,y) = tan"! (z?y) — z — zy? = 0. Then 


S pe 29 2 _ 2ay-(1+y*)(1+2%y’) 

= gyp i e a os 
. _ 1 à GE | Oz? —2zy(14 z*y?) 
me) = iye O Sgap S — ilg 


dy | F. __[aey- (144) taty’) aty) — (1y + aty?) — 2zy 


d = = — 
™ dz Fy [z? — 2zy(1 + 2*y?)]/(1 + 4?) a — 2zy(1 + ay?) 


_ l+aty? +y? + arty’ — 2y 
E — 2zy — 225? 


91. 2? + 2y? + 32? = 1, so let F(z,y, z) = a? + 2y? + 32? — 1 = 0. Then by Equations 7 


Os fe. A Bz fy. 3v. 2 
ðr F, 6z 3z Oy Fe 6z 3z 
, " Oz FK —yz yz 
.e = t =g — = U. — = —— Se = 
33. e? = xyz, so let F(x,y, z) = e^ — zyz 0. Then an F. Suge ous and 
Oz — Fy _ —zz Tz 


Oy F e&—mzy e€-—mzy 


dT  OTdz , OT dy p 


! ftT 
35. Since x and y are each functions of t, T(z, y) is 4 function of t, so by the Chain Rule, —- "imi aa ae + Dy dt 


dx — 1 1 Io dy 1 
= — = = Ate = = =- = 
3 seconds, z = VI +t = VI +3 = 2,y = 2+ {t = 2+ $(3) = 3, > de ae ec a 2/173 T and 5, = 3° 
Then “= =I; 3) a 3a T5 (2, 3) = 4(4) -- 3(4) = 2. Thus the temperature is rising at a rate of 2°C/s. 
37. C = 1449.2 + 4.67 — 0.055T? + 0.000297? + 0.016D, so a = 4.6 — 0.11T + 0.00087T? and us — 0.016. 


According to the graph, the diver is experiencing a temperature of approximately 12.5? C at t = 20 minutes, so 


S = 4.6 — 0.11(12.5) + 0.00087(12.5)? ~ 3.36. By sketching tangent lines at ¢ = 20 to the graphs given, we estimate 


SD gh go mL ps ect E e DEED, E gD 


d gC _ OC dT | 8C aD ,, (5.36) (—) + (0.016) (3) = —0.33. 
di 3 dt 10 dp OF d 8D d (3.36) (35) + (0.016) (3) ~ —0.33 


Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute. 


39. (a) V — £wh, so by the Chain Rule, 


g ƏV de , ƏV dw , ƏV dh vi ey rta d 


—— ENT "T es comis 
CUM d Sw d Bhd di dt 2-2-24+1-2-24+1-2-(—3) = 6 m/s. 
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(b) S = 2(£w + £h + wh), so by the Chain Rule, 


dS oasde 88 dw OS dh 
A Sta udi +EP = ow +n) T +2 h) T2 + 2(e+ w) s 


= 2(2 + 2)2 + 2(1 + 2)2 + 2(1 + 2)(—3) = 10 m/s 


OPP H = ap = 20 55 +w w 2h55 = 2(1)(2) + 2(2)(2) +22- Bi md) =p 
dL /dt = 0 m/s. 
dP dT T dV _831dT T dP 
uc M AMEN V — 831g and 5- = P dt — 8.3155 UC Thus when P = 20 and T' = 320, 


dV en [uus 15 —(0.05)(320) 


c = 15 | & —0.27 L/s. 


43. Let x be the length of the first side of the triangle and y the length of the second side. The area A of the triangle is given by 


= $y sin 0 where 8 is the angle between the two sides. Thus A is a function of z, y, and 6, and æ, y, and ĝ are each in turn 


functions of time t. We are given that ae zx a- —2, and because A is constant, e — 0. By the Chain Rule, 


dA  OAdz Ady , 0Ad0 WA. tous "T ug d dé 
ua m di oy ado p = aysinó dr * acsine dt + 3200080 =. When x = 20, y = 30, 


and 0 = 7/6 we have 


0= 3 (30) (sin £)(3) + $20) (sin 2) (-2) + 4 (20) 0) (cos 3) P 


z 20) (si 
=45. 4 — 20 - 4 +300- "Te 2403F 


a 
> 


Solving for £ gives g = = = E so the angle between the sides is decreasing at a rate of 


dt  150y/3 . 12 
1/ (12 V3) = 0.048 rad/s. 


‘ ðz Oz Oz . Oz Oz " Oz 
45. (a) By the Chain Rule, a. or cos 9 + Dy sin 6, m Iz (^r sin 9) + p ae 


Oz 2 Oz Oz , azy. 2 
(b) pu 3E (5 3l cos dur 7 cos @ sind + (=) sin“ 0, 


2 2 
(5) = t3 r? sin? 9 — 2 92 22 r°? cos 0 sin@ + (a) r? cos? 0. Thus 


00 Ox z Oy 

OzV 1 faz? 0z Y Oz Oz Oz Y 

OROROORO ENOO] 
di. lita rie E eS. = and & = & (- —1). Thus 9* 4 2% =0. 


ðr dudz du Oy Or Oy 


© 2012 Cengage Leaming. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 
www.elsolucionario.net 


212 © CHAPTER 14 PARTIAL DERIVATIVES 
49. Letu = x -- at, v = z — at. Then z = f(u) + g(v), so 8z/3u = f'(u) and 0z/8v = g' (v). 
Oz _ Oz ðu ðzðv u 4 
Thus $t ^ T Duet = af'(u) — ag'(v) and 


2 1 , 
T coa fu) do = o( LOH 


ii du Ot dv 3) = ATUM. 
2 
Similarly 2: = f'(u) - g'(v) and = = f" (u) + g" (v). Thus E =a’ a. 
Oz Oz 0z 
51. às = Bg 2+ x Then 


Oz Oz ð (dz 
8rüs Or x (3 2) ur (Sor) 


_ Oz da a] (5) dz ð 0?z Oy 8 BE Oz 


^ Bat or t5) a) or ot Se be + at dr" * Ba (3y) Or rt oy" 
Oz az z a z Oz 
=4rs 532 t By Oz oz L—— 4s? t+ wt at andy dui ^ 
"a : Oz 0?z "Wis Oz 
By the continuity of the partials, Dros =4rs s CE dre oe = = + (4r? + 4s ) Bn dy TER 
Oz Oz Oz ð Oz Oz 
, Oz _ Or LU OZ IZ rsin + = pcos. Th 
53 Be E cos 0 4- ay sin 0 and ET 5, 5m + y en 
Oz O°z az . 8z aa 
D = cos 0 iL z cos 5 c By Ox sind) + sin 0 (55 z sin 0 + Jz Ze cos) 
2 
= cos D + 2e0s0 sind aE + sin? T 
and 
E Oz z o?z 3 &z 
98 7 —rcos0 = + (-rsin6) (Zi rin) + aero?) 
want 490008 Parent oe (- —rsin@) 
~ Oy Oy? 
Oz Oz Oz az az 
= -r 0030 5 — rsind 5 +7? sin do a cos 6 sind 5 +9? cos Ex 
Thus 


Oz, 182 Les 
ou ugs tra = (cos? 6 + sin? 0) ČZ + (sin? 0 + cos? PE 


-ico 5025 — + sin os +e (cos 2202 + sin9 2) 
Oz gz 


= on? + aa ay as desired. 


55. (a) Since f is a polynomial, it has continuous second-order partial derivatives, and 
f (tw, ty) = (tz)? (ty) + 2(tx) (ty)? + 5(ty)® = t?z?y + 2 zy? + 5t*y? = (a? y + 2zy? + 5y?) = C f (x,y). 
Thus, f is homogeneous of degree 3. 
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(b) Differentiating both sides of f (tx, ty) = t" f(x, y) with respect to t using the Chain Rule, we get 


f.) = I fi) e 


O(tz) ð O(ty) _ ð ð EM, 
CRA , a ee f(z, y). 


Setting t = 1: z —- 2 Hay) tue f(x,y) = nf (a, v). 
57. RUN both sides of f (£z, ty) = t" f (x, y) with respect to x using the Chain Rule, we get 
Š fts, ty) = È ere, y] € 
p ð .9(ty) m 3 jh 
Dlr gas fte t y): dn + 8 (ty) f (ta, ty) Dr sg Da f(z,y) € tfz(tz, ty) =t" fe(x,y). 


Thus f; (tx, ty) = t^^! f. (x, y). 


59. Given a function defined implicitly by F(x, y) = 0, where F is differentiable and F, 4 0, we know that y = -=. Let 
: 3 
F, dy 
G(z,y) = -FE so T - G(z, y). Differentiating both sides with respect to z and using the Chain Rule gives 
y 


dy OG dz 8G dy wife we [o] ( &)-- Fy Fee — Fly. 0G ð (-&) - SAL Et 


da? ðr dr ` Oy dz dz dc «(Ox X F F2 “Oy Oy N F, F2 
Thus 
dy. Fy Fox — FoF yx (1) + _ Fy Foy — Fa Fyy _ Fr 
da? F F2 F, 
o0 Fea Fy — Fy Fo Fy — Foy Fy Fa + FyyF? 
-— MEME IMMUNE 


But F has continuous second derivatives, so by Clauraut's Theorem, Fy. = Fry and we have 


dy — Fas Fg — 2Fz Fi Fy + BS 


dz? = F3 as desired. 
E ' 


14.6 Directional Derivatives and the Gradient Vector 


1. We can approximate the directional derivative of the pressure function at K in the direction of S by the average rate of change 
of pressure between the points where the red line intersects the contour lines closest to K (extend the red line slightly at the 
left). In the direction of S, the pressure changes from 1000 millibars to 996 millibars and we estimate the distance between 


these two points to be approximately 50 km (using the fact that the distance from K to S is 300 km). Then the rate of change of 


pressure in the direction given is approximately 996—299? — 0.08 millibar/km. 


3. Du f(-20,30) = Vf (-20,30) - u = fr(-20,30) (35) + f.(-20, 30) (3). 


f(—20 +h, 30) — f(—20, 30) 


^ , SO we can approximate fr(—20, 30) by considering h = +5 and 


fr(~20, 30) = lim 
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using the values given in the table: fr(—20,30) = 1035,90) (720,80) = 25-9) —14, 
f(-25,30)— f(-20,30) | —39 — (33) 
—5 T —5 


tim f 20, 30 + Ee f(—20, 30) 


fr(—20, 30) = = 1.2. Averaging these values gives fr(—20, 30) ~ 1.3. 


Similarly, f,(—20, 30) = , SO we can approximate f,(—20, 30) with h = +10: 


f(—20, 40) — f(—20,30) | —34— (—33) 


fu(—20, 30) ~ dose. c cc ee — ^ MEN = —0.1, 
fu(—20, 30) = 1020,20) 720,8) = as —0.3. Averaging these values gives f,(—20, 30) ~ —0.2. 


Then D, f(—20, 30) = 1.3(J5) + (—0.2)( 5) ^ 0.778. 


e 


.f(my)—-ye ^ => f.(r,y)-— —ye ^ and f,(x, y) = e ^. If u is a unit vector in the direction of 0 = 27/3, then 


from Equation 6, Du f(0, 4) = fx(0, 4) cos(27) + f,(0, 4) sin(2#) = —4- (—}) +1- J =2+ X3, 


~ 


. f(x,y) = sin(2z + 3y). : 
(a) Viy) = SL i E j = [eon2n + 3y) — 3]j = 2cos (2x + 3y) i + 3 cos (2z + 3y)j 
(b) Vf(—6,4) = (2cos0) i + (3cos0) j = 2i4-3j 


(c) By Equation 9, Du f(—6,4) = Vf(—6, 4) -u = (21-33) - 3(/3i—3) = 1 (2V3 - 3) = v3 - 8. 


d 


f(x, y, 2) = z^ yz — zyz? 
(a) Vf (x,y,z) = (fe(2,y, 2), fy(2,y, 2), fi (my, 2)) = (2xyz — yz? x? z — 223, 27y — 3zyz?) 
(b) Vf(2, 71,1) = (—4 + 1,4 — 2, —4 + 6) = (—3, 2, 2) 


(c) By Equation 14, Du f (2, —1, 1) = Vf (2, —1, 1) -u = (—3, 2, 2) - (0, 4,-2) =0+ $-$ =2. 


11. f(x,y) =e*siny => Vf(z,y) = (e^ siny,e* cosy), Vf(0,7/3) = X8, 1), anda 


unit vector in the direction of v is u = ar ee —6,8) = -6, 8) = (-2, 4), so 


Du f(0,7/3) = Vf(0,7/3) -u= (933,3) -(-$,$) = 28 + - t5. 


13. g(p,q) 2 p -p° > Vo(p, q) = (4p? — 2pq*) i+ (-3p? q?) j, Vg(2, 1) = 28i — 12j, and a unit 


vector in the direction of v is u = Jus +3j)= Tali +3,j), so 


Du g(2,1) = Vg(2,1) -u = (281— 123) - Ag (i+ 33) = Ag (28 — 36) = — A5 or - 229. 


15. f(z,y,z) = xe" -- ye? --ze* => Vf(z,y,z) = (e" + ze", xe" + e^, ye? +e”), Vf (0,0,0) = (1, 1, 1), and a unit 


vector in the direction of v is u — zm 1,—2) m Jm (5,1, —2), so 


Du f(0,0,0) = Vf(0,0,0)-u = (1,1,1): Js (5,1,-2) = Jm 
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17. h(r, 8, t) =In(3r +6s+9t) =  Vh(r,s,t) = (3/(3r + 6s + 9t), 6/(3r + 6s + 9t), 9/(3r + 6s + 9t)), 
Vh(1,1,1) = (2, 4, $), and a unit vector in the direction of v = 4i + 12j -- 6k 


isu = Jem (414+ 125+6k) = Fi+ $i+7k so 


19. f(x,y) = Vay > pea) = (^9) Hana) - ( = 2 evre = (14) 


—À 
The unit vector in the direction of PQ = (5 — 2,4 — 8) = (3, 4) isu = (2, —$), so 


D, f(2,8) = Vf(2,8)-u= (53): (5-5) = 0. 


21. f(z,y) - 4y/v. =>  Vf(z,y)— (4y da^, Az) = (y/ V2, 4/2). 
-V f (4, 1) = (1,8) is the direction of maximum rate of change, and the maximum rate is. |V f (4, 1)| = /1 +64 = /65. 


23. f(z,y) =sin(zy) =  Vf(z,y) = (ycos(zy), x cos(zy)), Vf(1,0) = (0, 1). Thus the maximum rate of change is 
IV f(1, 0)| = 1 in the direction (0, 1). 
` D. fley z) = 254-4542 => 


VF (ae, 2) = (Fa? +y? +2). 2, Ba? Hy? 2?) 2y, E? +y? +2?) . 2z) 


- g — — — 
Vm Hy H2? a Hyp HH Ya Hy) 


Vf(3,6, —2) = (Ji: NE 3) = ($,$, — 2). Thus the maximum rate of change is 


Iv/(3,6,—2)) = J/ (3)? + (S)?  (-2) = V HIS = Lin the direction (2, $, —2) or equivalently (3, 6, —2). 


27. (a) As in the proof of Theorem 15, Du f = |V f| cos0. Since the minimum value of cos 0 is —1 occurring when 0 = ~, the 
minimum value of Du f is — |V f| occurring when 0 = ~, that is when u is in the opposite direction of V f. 
(assuming Vf # 0). 
(b) f(z,y) —-2*y —a?y? =>  Vf(v,y) = (4a?y — 2zy? a^ — 32? y?), so f decreases fastest at the point (2, —3) in the 
direction — V f (2, —3) = — (12, —92) = (—12, 92). 
29. The direction of fastest change is V f (x, y) = (2x — 2) i + (2y — 4) j, so we need to find all points (x, y) where V f(x, y) is 


paralleltoi+j <= (2r-—2)i+(2y—4)j=k(i+j) 9 k—2vc—2andk = 2y — 4. Then27 — 2 = 2y- 4 > 


y =z + 1, so the direction of fastest change is i + j at all points on the line y = z + 1. 
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31. 


33. 


35, 


3 


N 


k 
T = ————— and 120 = T (1,2,2) = S sok = 360. 
/z? +y? +z 2 
(a) u = ao 24 


DuT(1,2,2) = VT(1,2,2)-u [ 360(z? + y? +2?) (2,92)] 9 u = —49(1,2,2)- (1, -1,1) = 


—8/2 


(b) From (a), VT = —360 (a? +y + 27) (x, y, z), and since (x, y, z) is the position vector of the point (a, y, z), the 


vector — (x, y, z), and thus VT, always points toward the origin. 
VV (a, y, z) = (10x — 3y + yz, zz — 32, zy), VV(3,4,5) = (38, 6, 12) 
(a) Du V(3, 4,5) = (38, 6, 12) - 2&(1,1, 1) = 32 
(b) VV (3, 4, 5) = (38, 6, 12), or equivalently, (19, 3, 6). 
(c) |VV(3, 4,5)| = V382 + 6 + 12? = 1604 = 2 V406 
A unit vector in the direction of AB is i and a unit vector in the direction of AC is j. Thus D f(1,3) = f; (1,3) = 3 and 
D f(1,3) = f,(1,3) = 26. Therefore Vf(1,3) = (f.(1,3), f,(1,3)) = (3, 26), and by definition, 
D> f(1,3) = Vf - u where u is a unit vector in the direction of AD which is (55, 32). Therefore, 


Do f (1,3) = (3,26) (35,99) 23:35 26:13 = BF. 


. (a) V(au + bv) = (Arim Nene) = (a5 + oo ase Ebo) =a(% EIC x) 


Oy Ox’ Oy Ox’ Oy 


=aVu+bVv 


Ou Ov Ou Ov ðu Ou Ov Ov 
O V(w) = (vos euro TE hu a) | (aea) e (aoa) cn Vea 


WS " Em "(Roa 
o v(2) = (72x a 9v I) = ðr’ Oy 


v? v? 


Ou OuN — /dv Ov 
Ox’ Oy _ vVu-uVv 


5 BE 


(d) Vu" = eR A » = (nu oe nut 2) = nu" Vu 


39. 


Ox Oy 

f(z,y) = 2° 4 52y y? => 
Duf (x,y) = Vf(z, y) u = (3z? + 10zy, 5a? + By?) - (2, $) = 2a? + Gry + 4x? + By? = 39a? + Gay + By’. Then 
Dif (2,y) = Du [Def(z,y)] = V [Duf(z,y)] -u = (82 + 6y, 6x + By) - (8,4 


= ig. By + r+ By = Sir Bey 


and Di f(2,1) = 3 (2) + 3 (1) = S. 
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Let F(x,y, z) = 2(z — 2)? + (y — 1)? + (z —3)?. Then 2(z — 2)? + (y — 1)? + (z — 3)? = 10 is a level surface of F. 
F.(z,y,z) — 4(z—2) = Fa(3,3,5) = 4, Fy(m,y,2) 2 2(y— 1) = F,(3,3,5) = 4, and 
F.(z,y,z) =2(z-3) =  F:(3,3,5)—4. 
(a) Equation 19 gives an equation of the tangent plane at (3, 3, 5) as 4(z — 3) + 4(y—3)+4(z-5)=0 & 
4a + 4y + Az = 44 or equivalently z +y + z = 11. 


" ; i —3 —3 —5 ; 
(b) By Equation 20, the normal line has symmetric equations = r = P == 7 oO equivalently 


gz — 3 = y — 3 = z — 5. Corresponding parametric equations are t = 3 +t, y — 3--t,2 —5-- t. 


. Let F(z, y, z) = zyz?. Then zyz? = 6 is a level surface of F and VF (z, y, z) = (yz? xz", 2xyz). 


(a) VF(3,2,1) = (2,3, 12) is a normal vector for the tangent plane at (3, 2, 1), so an equation of the tangent plane 
is 2(z — 3) + 3(y — 2) + 12(z — 1) = 0 or 2x + 3y + 122 = 24. 
(b) The normal line has direction (2, 3, 12), so parametric equations are x = 3 + 2t, y= 2+ 3t, z = 1 + 12t, and 


etri ti ees s pus x1 
symmetric equations are —— = ^—— = ~z ` 


. Let F(z,y, z) — z-Fy-z-—e"".Thenz--y-z = e®™ is the level surface F(x, y, z) = 0, 


and VF(z,y,z) = (1 — yze^'^,1 — zze*"^,1 — zye^"*). 
(a) V F(0,0, 1) = (1, 1, 1) is a normal vector for the tangent plane at (0, 0, 1), so an equation of the tangent plane 
is 1(x —0) + 1l(y—0)+1(z-1) =Oorez+y+z=1. 
(b) The normal line has direction (1, 1, 1), so parametric equations are z = t, y = t, z = 1 + t, and symmetric equations are 


$—3-z—1. 


F(z,y,z) = zy +yz + zo, VF(v,y,z) = (y--z, v 4- z,y +2), VF(1,1, 1) = (2,2,2), so an equation of the tangent 
plane is 2a + 2y +2z = 6 or z + y + z = 3, and the normal line is given by x — 1 = y —1-z-—10rz = y = z. To graph 


3— xy 
rc4y 


the surface we solve for z: z — 
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49. f(z,y) - zy => Vf(z,y) = (y,2), Vf(3.2) = (2,3). VF(3, 2) 


51. 


is perpendicular to the tangent line, so the tangent line has equation 
Vf(3,2)(—39y—2)20 => (2,3)-(@-3,2-2)=0 > 
2(x — 3) + 3(y — 2) = 0 or 2x + 3y = 12. 


229 2yo 2 ‘ > 
VF(zo, Yo, zo) = (=. » Zay, Thus an equation of the tangent plane at (£0, yo, zo) is 


220 2yo 2z0 = x3 Và zg = ex. " " 3 Y - 
Qty v9 tua t- x (3 tatu — 2(1) — 2 since (zo, yo, zo) is a point on the ellipsoid. Hence 
ty 4+ 2% —1isane uation of the tangent pl 
witpyutaz= q gent plane. 
2x9 2yo —1N |... 229 2 1 2x), 2 z 
. VF (x0, yo, zo) = (=, ox =). so an equation of the tangent plane is “7% + ay nó- um E + T = = 


2 2 2 2 2 | . 
T WX. gga 20 y. o « =, ie E = T0 4 Y so the equation can be written as 
a c c c @ p 
I 


. The hyperboloid z? — y? — 2? = 1 is a level surface of F(x,y, z) = 2? — y? — z? and VF (a, y, z) = (22, —2y, —2z) isa 


normal vector to the surface and hence a normal vector for the tangent plane at (z, y, z). The tangent plane is parallel to the 
plane z 2 z--yorz--y-— z = 0 if and only if the corresponding normal vectors are parallel, so we need a point (zo, yo, zo) 
on the hyperboloid where (270, —2yo, —220) = c (1, i. —1) or equivalently (zo, —yo, —zo) = k (1, 1, —1) for some k Æ 0. 
Then we must have 29 = k, yo = —k, zo = k and substituting into the equation of the hyperboloid gives 


k? —(—k)?—k? =1 < —k? = 1, an impossibility. Thus there is no such point on the hyperboloid. 


. Let (zo, yo, zo) be a point on the cone [other than (0, 0, 0)]. The cone is a level surface of F(x, y, z) = x? + y? — z? and 


VF (a, y, z) = (2x, 2y, —2z), so VF (xo, yo, zo) = (2x0, 2yo, —22o) is a normal vector to the cone at this point and an 
equation of the tangent plane there is 2zo (x — zo) + 2yo (y — yo) — 220 (z — zo) = 0 or zoz + yoy — zoz = 28 + yà — zà- 


But x3 + y@ = zà so the tangent plane is given by rox + yoy — zoz = 0, a plane which always contains the origin. 


. Let F(a, y, z) = £? + y? — z. Then the paraboloid is the level surface F(z, y, z) = 0 and VF(z, y, z) = (2, 2y, —1), so 


VF(1,1,2) = (2,2, —1) is a normal vector to the surface. Thus the normal line at (1, 1, 2) is given by x = 1 + 2t, 
y = 1 4-2t, z = 2 — t. Substitution into the equation of the paraboloid z = x? + y? gives2 — t = (1+ 2t)? + (1+2) © 
2—t=2+8t+8? = 8t?4+9t=0 <  t(8t+9) =O. Thus the line intersects the paraboloid when t = 0, 

5 


corresponding to the given point (1, 1, 2), or when t — -$, corresponding to the point (—4, -5, 2), 
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65. 


67. 
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Let (zo, yo, zo) be a point on the surface. Then an equation of the tangent plane at the point is 


z y 2 Veet VIR VE gu JR 


vo + V/Zo = Ve, so the equation is 


E 


2 vto 2 vio 2 zo 
z y z i . y à $ l 
— + —_ + — = Ve. The z-, y-, and z-intercepts are ,/cxo, ,/Cyo and „/czo respectively. (The x-intercept is found b 
atm a Ve y Vero, v/cyo and v/czo p y 


setting y = z = 0 and solving the resulting equation for x, and the y- and z-intercepts are found similarly.) So the sum of the 


intercepts is /c(/zo + yo + /zo ) = c, a constant. 


If f (z,y, z) = z — a? — y? and g(x,y, z) = 4a? + y? + 2°, then the tangent line is perpendicular to both V f and Vg 
at (—1, 1, 2). The vector v = V f x Vg will therefore be parallel to the tangent line. 


We have V f(z, yz) = {—2z, —2y, 1) > Vf(-1, 1,2) = (2, —2, 1), and Vg(z, Vy z) = (82, 2y, 22) sr 


i jk 
Vg(—1,1,2) = (—8, 2,4). Hence v = Vf x Vg=| 2-2 1|— —10i— 16j — 12k. 
"3 


Parametric equations are: c = —1 — 10t, y = 1 — 16t, z = 2 — 12t. 


(a) The direction of the normal line of F is given by V F, and that of G by VG. Assuming that 
VF £0 £z VG, the two normal lines are perpendicular at P if VF- VG —0at P = 
(OF /dx, OF /Oy, 0F/0z) -(0G/02,0G/0y, 0G/0z) =0at P &  F,G.- F,G,-- F.G. —O0at P. 

(b) Here F = z? + 3? — z? and G = a? + y? + 2? — r°, so 
VF. VG = (27,2y, —2z) - (2x, 2y, 22) = Ax? + 4y? — 42? = AF = 0, since the point (z, y, z) lies on the graph of 
F = 0. To see that this is true without using calculus, note that G = 0 is the equation of a sphere centered at the origin and 
F = 0 is the equation of a right circular cone with vertex at the origin (which is generated by lines through the origin). At 
any point of intersection, the sphere's normal line (which passes through the origin) lies on the cone, and thus is 


perpendicular to the cone's normal line. So the surfaces with equations F = 0 and G = 0 are everywhere orthogonal. 


Let u = (a, b) and v = (c, d). Then we know that at the given point, Du f = Vf - u = afz + bf, and 
Dy f = Vf: v = cf; + df,. But these are just two linear equations in the two unknowns f; and fy, and since u and v are 


not parallel, we can solve the equations to find Vf = (fx, fy) at the given point. In fact, 


| /dDuaf -bD, f aDyf—cDuf 
vi-( ad—bc ° ad—be ) 
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14.7 Maximum and Minimum Values . 


1. (a) First we compute D(A, 1) = few (1,1) fyy(1, 1) — [fey(1, 1)]? = (4)(2) — (1)? = 7. Since D(1, 1) > 0 and 
fas (1, 1) > 0, f has a local minimum at (1, 1) by the Second Derivatives Test. 


(b) D(1,1) = fz«(1, 1) fy (1, 1) — [fs (1, 1)? = (4)(2) — (3)? = —1. Since D(1, 1) < 0, f has a saddle point at (1, 1) by 


the Second Derivatives Test. 


3. In the figure, a point at approximately (1, 1) is alou by level curves which are oval in shape and indicate that as we move 
away from the point in any direction the values of f are increasing. Hence we would expect a local minimum at or near (1, 1). 
The level curves near (0,0) resemble hyperbolas, and as we move away from the origin, the values of f increase in some | 
directions and decrease in others, so we would expect to find a saddle point there. 

To verify our predictions, we have f(x,y) = 4--a? +y? —3ry => felz, y) — 32? — 3y, fy(x,y) = 3y? — 3x. We 
have critical points where these partial derivatives are equal to 0: 3x? — 3y = 0, 34? — 3x = 0. Substituting y = x” from the 
first equation into the second equation gives 3(z2)? — 3z — 0 = 3z(z?—1)—0 = æ= Qorx — 1. Then we have 
two critical points, (0, 0) and (1, 1). The second partial derivatives are f; (x, y) = 62, f«y(v, y) = —3, and fyy(v, y) = 6y, 
so D(z,y) = fes (2.9) fov(2, 9) — [fey(x,y)]? = (62)(6y) — (73^ = 36zy — 9. Then D(0,0) = 36(0)(0) - 9 = —9, 
and D(1,1) = 36(1)(1) — 9 = 27. Since D(0,0) < 0, f has a saddle point at (0, 0) by the Second Derivatives Test. Since 


D(1,1) > 0 and f; (1,1) > 0, f has a local minimum at (1, 1). 


5 f(z,y) =a? +ry +y +y > fe =22 +y, fy =r+2y +1, fes =2, fay =1, fyy = 2. Then fr = 0 implies 
y = —2z, and substitution into fy = x + 2y +1=0 gives æ +2(—2z)+1=0 > -3z—-1 > r= i. 
Then y = —2 and the only critical point is (4, —3). 

D(z,y) = fer fyy — (fs)? = (2)(2) — (1)? = 3, and since 
D(4,—3) 23» Oand fes ($, -3) = 2 > 0, f (3, -3) = —$ isa local 


minimum by the Second Derivatives Test. 


T. f(z,y) - (s y)ü- zy) 22—9 —a^y-- zy) > fe=1—2ey+y?, fy — —1— a^ 2xy, fen = —2y, 
fey = —2x + 2y, fyy = 2x. Then f; = 0 implies 1 — 2zy + y? = 0 and fy = 0 implies —1 — z?-F2xzy = 0. Adding the . 
two equations gives 1 +y? —1— a7 — 0 > y=a? = y= r, butify = —« then fe = 0 implies 
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13. 


lH 22?- a? —0 = 32° = —1 which has no real solution. If y =x 
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then substitution into fz = 0 gives1—227+2?=0 > a?—-1 > 
x = +1, so the critical points are (1, 1) and (—1, —1). Now 


D(1,1) = (-2)(2) - 0? = —4 « 0 and 


D(-1, —1) = (2)(-2) — 0? = —4 < 0, so (1, 1) and (—1, —1) are 


saddle points. "Y 


. f(x,y) =y? + 307y — 6a? — 6? +2 > fe — 6zy — 122, fy = 3y? +32? — 12y, far = 6y — 12, fey = 6a, 


fyy = 6y — 12. Then f; = 0 implies 6z(y — 2) = 0, so z = 0 or y = 2. If z = 0 then substitution into fy = 0 gives 
3y? —12y=0 => 3y(y—4)=0 = y=Oory=4,so we have critical points (0, 0) and (0, 4). Ify = 2, 
substitution into f, = 0 gives 12 + 32? — 24 = 0 —— 

x = +2, so we have critical points (+2, 2). 

D(0,0) = (—12)(—12) — 0? = 144 > 0 and f... (0,0) = -12 « 0, so 
f(0,0) = 2isalocal maximum. D(0,4) = (12)(12) — 0? = 144 > 0 
and f... (0,4) = 12 > 0, so f (0,4) = —30 is a local minimum. 


D(3-2,2) = (0)(0) — (+12)? = —144 < 0, so (2-2, 2) are saddle points. 


f(z,y)— a? —12zy-8y? = fe = 3a — 12y, fy = —12z + 2dy?, fer = 62, fey = —12, fyy = 48y. Then fe = 0 
implies x? = 4y and fy = 0 implies « = 2y?. Substituting the second equation into the first gives (2y?)? = 4y > 


4y4=4dy => 4y(y3-1)=0 => y=Oory=1.Ify=Othen 


x = 0 and if y = 1 then x = 2, so the critical points are (0, 0) and (2, 1). ji 
nes Jl, 
D(0,0) = (0)(0) — (—12)? = —144 < 0, so (0,0) is a saddle point. "9 Vg z 
PPP DA] 
D(2,1) = (12)(48) — (—12)? = 432 > 0 and f. (2,1) = 12 > 0 s0 -200 Mi Hasta RH 
-4 


f(2,1) = —8 is a local minimum. y X 0 


f(x,y) =e" cosy => f.-—e"cosy, fy —e"siny. 
Now fz = 0 implies cosy = 0 or y = $ + nr for n an integer. 


But sin(£ + n7) 7 0, so there are no critical points. 
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15. f(x,y) = (a? +y)? => 
fe = (2? +y?) -* (—22) + 22e ^-^ = 22e 7 (1 — x? — y?), 
fy = (2? - yP)e (2y) + 2ye- = 2ye - (1 + 2? +g), 
fee = 22e- (-22) + (1 — 2? — y?) (22(—2nev"-=") + 29-9) = 2e 7 ((1 — 2? — y?)(1 — 222) — 227), 
hj 2geV ^ (—2y) + 2z(2y)e!" ~a? (1-2? —y?)= —Aaye" 7^ (a? +y7), 


vy = 2ye 7 Qy) - (1 a? +y?) 2p (ye 7) 227-9) 2e (a e + y?) (1 + 2y?) + 2^). 


fy = 0 implies y = 0, and substituting into fe = 0 gives 


N 


rami 
ER 


JA) 


2re-* (l1—2?)=0 = m-—0orz-— +1. Thus the critical points are 


(0,0) and (+1, 0). Now D(0,0) = (2)(2) — 0 > Oand frx(0,0) = 2 > 0, 


i " Y) ia 


so f(0,0) = 0 is a local minimum. D(+1,0) = (—4e^!)(4e)) -0 < 0 0 
so (+1, 0) are saddle points. 


17. f(z,y) =y? -2ycosz => fz =2ysina, f, —2y — 2cosz, 


few = 2y cos z, fay = 2sin z, fy, = 2. Then fe = 0 implies y = 0 or jl 
WW 
snz=0 = 2=0,7, or 2x for —1 € x < 7. Substituting y = 0 into Nt 


fy = 0 gives cost =0 > v = Ẹ or %, substituting z = 0 or z = 2 


into fy = 0 gives y = 1, and substituting z = 7 into fy = 0 gives y = —1. 
Thus the critical points are (0, 1), (3,0), (x, —1), (3,0), and (27, 1). 
D (4,0) = D (32,0) = —4 < 0 so (2,0) and (37, 0) are saddle points. D(0,1) = D(7, —1) = D(27,1) = 4 > 0 and 


fzz (0,1) = fza(T, —1) = fz«(27,1) = 2 > 0, so f(0,1) = f(a, —1) = f (2a, 1) = —1 are local minima. 


19. f(z,y) -2?-4y? —4ayt+2 => fe —2z— 4y, fy = 8y — Az, feo = 2, fay = —4, fyy = 8. Then f, = 0 
and fy = 0 each implies y = $2, so all points of the form (zo, $0) are critical points and for each of these we have 
D(zo, $20) = (2)(8) — (—4)? = 0. The Second Derivatives Test gives no information, but 
f(z,y) = 2? + Ay? — day +2 = (x — 2y)? + 2 > 2 with equality if and only if y = 4a. Thus f (zo, 30) = 2 are all local 


(and absolute) minima. 
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21. f(z,y) 2 32 y? x7? y 
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From the graphs, there appear to be local minima of about f (1, +1) = f (—1, +1) e 3 (and no local maxima or saddle 
points). fr = 2a —2a~%y-?, fy = 2y — 22 ?y 3, fes — 2-F 6x y ?, fey = Av 3y 3, fy = 2+ 6x7?y t. Then 
f. = 0 implies 2x*y? — 2 = 0 or zty? = 1 or y? = x^^. Note that neither z nor y can be zero. Now fy = 0 implies 
2z^y^ — 2 = 0, and with y? = z^ this implies 27$ — 2 = 0 or zê = 1. Thus z = +1 and if z = 1, y = +1; if x = —1, 
y = +1. So the critical points are (1, 1), (1, —1),(—1, 1) and (—1, —1). Now D(1, +1) = D(—1, +1) = 64 — 16 > 0 and 


fas > 0 always, so f(1, +1) = f(—1, +1) = 3 are local minima. 


23. f(x,y) = sing +siny + sin(x +y), 0 < z < 2r, 0€ y € 2r 


From the graphs it appears that f has a local maximum at about (1, 1) with value approximately 2.6, a local minimum 


at about (5, 5) with value approximately —2.6, and a saddle point at about (3, 3). 

fe = cosx + cos(s +y), fy = cosy + cos(z +y), fez — —sinz — sin(x +y), fyy = — siny — sin(x + y), 

fey = — sin(x + y). Setting fz = 0 and fy = 0 and subtracting gives cos z — cosy = 0 or cosx = cos y. Thus z = y 
or z = 2r — y. If z = y, fe = 0 becomes cos z + cos 2a = 0 or 2cos? x -+ cosa — 1 = 0, a quadratic in cos x. Thus 
cosz = —1 or 4 and z = 7, £, or ££, giving the critical points (x, 7), (4, $) and (34, $£). Similarly if 

qz = 2m — y, fe = 0 becomes (cos x) + 1 = 0 and the resulting critical point is (m, m). Now 


D(z,y) = sing siny + sinz sin(x + y) -- sing sin(x + y). So D(v,«) = 0 and the Second Derivatives Test doesn't apply. 


However, along the line y = x we have f(x, z) = 2sinx +sin 2g = 2sin x + 2sin x cosx = 2sin z(1 + cos x), and 
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25. 


27. 


f(z, x) > 0 for 0 < z < r while f(x, x) < 0 for < x < 27. Thus every disk with center (7, m) contains points where f is 


positive as well as points where f is negative, so the graph crosses its tangent plane (z = 0) there and (7, 7) is a saddle point. 
D($,$) 2 $ > Oand fzz(3, 2) < 0so f(2, 2) = avi is a local maximum while D(3z, 5X) = 2 > 0 and 


> 0, so f (5, 5x) = —2 is a local minimum. 
3° 3 2 


g^ 
8 

em 
olf 
em 


f(z,y) = 1t +y —4a?y+2y => f. (z, y) = 4z? — 8zy and fy(2, y) = 4y? — 42? +2. f. =0 = 


4a(x® — 2y) = 0, so x = 0 or z? = 2y. If x = 0 then substitution into fy = 0 gives 4y? = -2 > y= — Bq 80 


(0, -+) is a critical point. Substituting z? = 2y into fy = 0 gives 4y? — 8y + 2 = 0. Using a graph, solutions are 
approximately y = —1.526, 0.259, and 1.267. (Alternatively, we could have used a calculator or a CAS to find these roots.) 
We have x? = 2y > r= +V, so y = —1.526 gives no real-valued solution for x, but 

y=0.259 = {æ +0.720 and y = 1.267 = & æ% +1.592. Thus to three decimal places, the critical points are 
(o. -3) & (0, —0.794), (4-0.720, 0.259), and (+1.592, 1.267). Now since fzx = 12z? — 8y, fzy = —8z, fyy = 124°, 
and D = (12x? — 8y)(12y?) — 642?, we have D(0, —0.794) > 0, f. (0, —0.794) > 0, D(+0.720, 0.259) < 0, 
D(+1.592, 1.267) > 0, and fre (4-1.592, 1.267) > 0. Therefore f (0, —0.794) ~ —1.191 and f(2-1.592, 1.267) & —1.310 
are local minima, and (3-0.720, 0.259) are saddle points. There is no highest point on the graph, but the lowest points are 


approximately (4-1.592, 1.267, —1.310). 


Wr 


i M 


f(z,y)-2'-5—3a2?-4y?--z—2y--1 >  f.(z,y)- 4x? — 6x + 1 and f,(x,y) = 3y? + 2y — 2. From the 


l graphs, we see that to three decimal places, f+ = 0 when x = —1.301, 0.170, or 1.131, and fy = 0 when y & —1.215 or 


- 0.549. (Alternatively, we could have used a calculator or a CAS to find these roots. We could also use the quadratic formula to 


find the solutions of fy = 0.) So, to three decimal places, f has critical points at (—1.301, —1.215), (—1.301, 0.549), 
(0.170, —1.215), (0.170, 0.549), (1.131, —1.215), and (1.131, 0.549). Now since fer = 122” — 6, fey.=0, fyy = 6y + 2, 
and D = (12a? — 6)(6y + 2), we have D(—1.301, —1.215) < 0, D(—1.301, 0.549) > 0, fex(—1.301, 0.549) > 0, 
D(0.170, —1.215) > 0, fr2(0.170, —1.215) < 0, D(0.170, 0.549) < 0, D(1.131, —1.215) < 0, D(1.131, 0.549) > 0, and 


fx (1.131, 0.549) > 0. Therefore, to three decimal places, f(—1.301, 0.549) ~ —3.145 and f (1.131, 0.549) ~ —0.701 are 
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local minima, f (0.170, —1.215) = 3.197 is a local maximum, and (—1.301, —1.215), (0.170, 0.549), and (1.131, —1.215) 


are saddle points. There is no highest or lowest point on the graph. 


5 3 


mm m MIS — 
RA 


10 


29. Since f is a polynomial it is continuous on D, so an absolute maximum and minimum exist. Here fs = 2r — 2, fy = 2y, and 
setting f; = fy = 0 gives (1, 0) as the only critical point (which is inside D), where f(1,0) = —1. Along Li: x = 0 and 
f(0,y) = y? for —2 € y € 2, a quadratic function which attains its minimum at y = 0, where f (0, 0) — 0, and its maximum 
at y = +2, where f(0, +2) = 4. Along L2: jud RU <2 € 2, and f(z,z — 2) = 22? — 6x + 4 = 2(x — 3)? —4, 

a quadratic which attains its minimum at z = 3, where f ($, — 5) = —3, and its maximum at x = 0, where f(0, —2) = 

Along La: y = 2 — x for 0 < x < 2, and 

f(a,2—2) = 20? —6r+4=2(2-3 A 3, a quadratic which attains 

its minimum at z = 3, where f (2,4) = —4, and its maximum at z = 0, 

where f (0, 2) = 4. Thus the absolute maximum of f on D is f(0,+2) = 4 


and the absolute minimum is f(1,0) = —1. 


31. f(x,y) = 22 oF 2zy, fuls, y) = 2y F ut, and setting fa pe fy =0 
gives (0, 0) as the only critical point in D, with f(0,0) = 4. 
On Li: y = —1, f(x, —1) = 5, a constant. 


On La: z = 1, f(1,y) = y? + y +5, a quadratic in y which attains its 


maximum at (1,1), f(1,1) = 7 and its minimum at (1,—3), f (1, -3) = 32. 
On La: f(x, 1) = 2x? + 5 which attains its maximum at (—1, 1) and (1, 1) 


with f(+1,1) = 7 and its minimum at (0, 1), f(0,1) = 5. 
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33. 


35. 


37. 


On La: f(-1,y) =y? +y +5 with maximum at (—1, 1), f(—1,1) = 7 and minimum at (—1, — 2), f(-1,—1) = 38. 


Thus the absolute maximum is attained at both (+1, 1) with f(+1,1) = 7 and the absolute minimum on D is attained at 
(0, 0) with f(0,0) = 4. 

f(a, y) = a + y^ — 4ay + 2 is a polynomial and hence continuous on D, so 
it has an absolute maximum and minimum on D. f;(z, y) = Az? — 4y and 
fu (v, y) = Ay? — 4a; then fs = 0 implies y = z?, and substitution into 


y=0 > z-y !givsaz?—z—0 = sz(3$—1)—-0 = z-0 


or x = +1. Thus the critical points are (0, 0), (1, 1), and (—1, —1), but only 
(1,1) with f(1, 1) = 0 is inside D. On L1: y = 0, f(z,0) = x* + 2, 

0 € x < 3, a polynomial in z which attains its maximum at x = 3, f(3,0) = 83, and its minimum at x = 0, f (0,0) = 2. 

On Lo: x = 3, f(3,y) = y! — 12y + 83, 0 € y < 2, polynomial in y which attains its minimum at y = 4/3, 

f (3, V3) = 83 — 9 J/3 ~ 70.0, and its maximum at y = 0, f (3,0) = 83. 

On Ls: y = 2, f(a, 2) = z^— 8x --180 € € 3a polynomial in z which attains its minimum at x = i2, 

f(¥2,2) = 18 — 6 4/2 ~ 10.4, and its maximum at x = 3, f(3,2) = 75. On L4: x = 0, f(0,y) = y* A 49, O<y<2,a 
polynomial in y which attains its maximum at y = 2, f(0, 2) = 18, and its minimum at y = 0, f(0,0) = 2. Thus the absolute 


maximum of f on D is f(3, 0) = 83 and the absolute minimum is f(1,1) = 0 


fa (zm, y) = 6x? and fy(x, y) = 4y?. And so fy = 0 and fy = 0 only occur when z = y = 0. Hence, the only critical point 
inside the disk is at z = y = 0 where f(0,0) = 0. Now on the circle z? + y? = 1, y? = 1 — z? so let 
g(x) = f(a, y) = 223 + (1 — 22)? = 2 + 22? — 22? + 1,-1 € x € 1. Then g'(z) = 42° + 62? — 4r=0 > 2=0, 


—2, or $. f(0,+1) =9(0)=1, f (4,4) = g(3) = 16» and (— —2, —3) is not in D. Checking the endpoints, we get 


.f(—1,0) = g(—1) = —2 and f (1,0) = g(1) = 2. Thus the absolute maximum and minimum of f on D are f (1,0) = 2 and 


Another method: On the boundary x? + y? = 1 we can write x = cos, y = sin 6, so f (cos 6, sin 9) = 2 cos? 8 + sin* 0, 
0 € 0 € 2r. 
f(z,y)--(z-1?-(dy-z-1? 2 f(my)--2(-1)92z)-2(z^y — z — 1) (2zy — 1) and 


Sy(a, y) = —2(a^y — x — 1)z?. Setting f, (a, y) = 0 gives either r = 0 orz?y — x — 1 = 0. 


There are no critical points for z = 0, since fe(0, y) = L2, sowesetz?y —27—1—0 & y= —- i [x 4 0], 


so f; (s. 2 = —2(z? — 1)(2z) — G fI —z2— 1) (2024 Sr? -1) = —4x(x? — 1). Therefore 


fe(x,y) = fy(x, y) = 0 at the points (1, 2) and (—1, 0). To classify these critical points, we calculate 
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fas (z,y) = —122? — 122?y? + 12zy + 4y +2, fyy(m, y) = 22^, 


and fry(x,y) = —8z?y + 6x + Ax. In order to use the Second Derivatives 
Test we calculate 

D(-1,0) = fex(—1,0) fyy(—1, 0) — [fey(—1, 0)]? = 16 > 0, 
fza(—1,0) = —10 < 0, D(1, 2) = 16 > 0, and fex(1, 2) = —26 < 0, so 


both (—1, 0) and (1, 2) give local maxima. 


Let d be the distance from (2, 0, —3) to any point (x, y, z) on the plane z + y + z = 1, sod = y (x — 2)? + y? + (z +3)? 
where z — 1 — z — y, and we minimize d? = f(z,y)- (x - 2)? +y? + (4 — x — y)?. Then 

fa(z, y) = 2(r — 2) + 2(4 — z — y)(-1) = 4a + 2y — 12, f(x,y) = 2y + 2(4 — z — y)(—1) = 2x + 4y — 8. Solving 
4z + 2y — 12 = 0 and 2z + 4y — 8 = 0 simultaneously gives x = $, y = $, so the only critical point is ($, 2). An absolute 


minimum exists (since there is a minimum distance from the point to the plane) and it must occur at a critical point, so the 


shortest distance occurs for z = §, y = 2 for which d = ,/($ — 2)” + (2)? + (a- 8-3)! = "EE 2 


Let d be the distance from the point (4, 2, 0) to any point (x, y, z) on the cone, so d = \/(x — 4)? + (y — 2)? + 2? where 

z? = x? +y?, and we minimize d? = (z — 4)? + (y — 2)? + z? 4-3? = f(x,y). Then 

f(x,y) = 2 (x — 4) + 2x = Ax — 8, fy(x, y) = 2 (y — 2) + 2y = 4y — 4, and the critical points occur when 

fo =0 => @=2, fy=O = y= 1. Thus the only critical point is (2, 1). An absolute minimum exists (since there is a 
minimum distance from the cone to the point) which must occur at a critical point, so the points on the cone closest 


to (4, 2,0) are (2, 1,+V5). 


. £ +y + z = 100, so maximize f(x,y) = zy(100 — x — y). fx =100y—2ry—y?, fy = 100z — z? — 2xy, 


fer = —2y, fyy = —22, fey = 100 — 2z — 2y. Then f. = 0 implies y = 0 or y = 100 — 2z. Substituting y = 0 into 
fy = 0 gives x = 0 or x = 100 and substituting y = 100 — 2a into fy = 0 gives 37? — 1002 = 0 so z = 0 or 1%, 

Thus the critical points are (0, 0), (100, 0), (0, 100) and (429, 129). 

D(0,0) = D(100,0) = D(0, 100) = —10,000 while D (15°, 199) = 19999 and fe (199, 199) = —299 < 0. Thus (0, 0), 


(100, 0) and (0, 100) are saddle points whereas f (499,25?) is a local maximum. Thus the numbers are z = y = z = 1%, 


. Center the sphere at the origin so that its equation is z? + y? + z? = r°, and orient the inscribed rectangular box so that its 


edges are parallel to the coordinate axes. Any vertex of the box satisfies z^ + y? + 2? = r°, so take (a, y, z) to be the vertex 


in the first octant. Then the box has length 2x, width 2y, and height 2z = 2 ,/r? — x? — y? with volume given by 
V(z,y) = (22)(2y) (2 Vr? — r? — y) = Bry /r? — x? — y? fotQ« x < r,0 < y <r. Then 


2 9,2 ,2 2.22. 535 
Ve = (8zy) - Ar? — 2? — P) Y? (-22) + fr? =a - yi. By = UE 284). "i T. alin. Men. 


e a an 
[rà — z2 — y? 


Setting Vz = 0 gives y = 0 or 2z? + y? = r°, but y > 0 so only the latter solution applies. Similarly, V, = 0 with z > 0 
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implies x? + 2y? = r°. Substituting, we have 227 +y? =2?4+2y? > a?—4? > y=r. Thnz?^42,-75 > 
Ja? =r? => {g= y/r?/3 = r/V3 = y. Thus the only critical point is (r//3,r/ V3). There must be a maximum 


volume and here it must occur at a critical point, so the maximum volume occurs when x = y = r/4/3 and the maximum 
volume is V (+ x) =8(5 T ale {ry 8 a 
Va VB) TAV al -ial “pa” 


47. Maximize f (z, y) = T (6 — x — 2y), then the maximum volume is V = xyz. 


fo = 4 (6y -2ry — 4?) = 3y(6 — 2x — 2y) and fy = 3a (6 — x — 4y). Setting f = 0 and fy = 0 gives the critical point 


(2, 1) which geometrically must give a maximum. Thus the volume of the largest such box is V = (2)(1)(2) = 4. 


49. Let the dimensions be c, y, and z; then 4a + 4y + 4z = c and the volume is 
V = zyz = sy(łc — z — y) = cry —2°y — zy’, £ > 0, y > 0. Then V, = $cy — 2zy — y? and V, = 1ez — z? — 22y, 
so V, = 0 = Vy when 2z + y = $c and x + 2y = 1c. Solving, we get z = $6 y = cand z = 1e— x — y = yc. From 


the geometrical nature of the problem, this critical point must give an absolute maximum. Thus the box is a cube with edge 


length dc. 


51. Let the dimensions be z, y and z, then minimize zy + 2(az + yz) if xyz = 32,000 cm?. Then 
f(x,y) = zy + [64,000(z + y)/zy] = zy + 64,000(z7* + y^), fe = y — 64,0007, fy = x — 64,0000y ?. 
And f. = 0 implies y = 64,000/2?; substituting into fy = 0 implies z? = 64,000 or z = 40 and then y = 40. Now 
D(a, y) = [(2)(64,000)]?z y? — 1 > 0 for (40, 40) and f... (40, 40) > 0 so this is indeed a minimum. Thus the 


dimensions of the box are x = y = 40 cm, z = 20 cm. 


53. Let x, y, z be the dimensions of the rectangular box. Then the volume of the box is vyz and 
L=/224+y42 > Pax 4+y42? > :-D-a?-y. 


Substituting, we have volume V (z, y) = zy yL? —2? — y? (x,y > 0). 


Va = zy i(L5—a?- y?) 1? (-2x)a y L? — z? — y? = y yL? — 2? — 


: 2 
y- —— —| 
/IÀ —a3 — y? 
2 
Vy = 2/L? — 2? —y? — —— y, =0 implies y(L? -r?° -y*)=a7y > y(L? -22 -—y)=0 > 
/IÀ — %2 — y? 
2%? +y? = L? (since y > 0), and V, = 0 implies x(L? — z? — y?) = zy? > 2(L?-2?-2y")=0 = 
x? + 2y? = I? (since x > 0). Substituting y? = L? — 22? into z? + 2y? = L? gives a? + 2L? — 43? = L? > 
3a? =L? => z= L/V3 (since z > 0) and then y = / I? — 2(L/ V3 Ý = L/ V3. 
So the only critical point is (L/ 3, / V3 ) which, from the geometrical nature of the problem, must give an absolute 


maximum. Thus the maximum volume is V (L/ v3, L/V3) = (L/V3y 4/ L? — (L/V3y — (L/V3) = 13/(3 V3) 


cubic units. 
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55. Note that here the variables are m and b, and f(m,b) = Y; [yi — (mai -- b)". Then fm = X —2zi[y; — (mz; + b)] = 0 
i=l i=1 


implies E (ziyi — mz? — bai) = 00r X ziyi =m »» z? +b 7 ai and f; = > —2[yi — (mai + b)] = 0 implies 


i=l i=1 i=l ini 


Y yi—m > £i + Y b= m( T z) + nb. Thus we have the two desired equations. 


i=l 


Now fmm = Y 222, for = * 2 = 2n and fm» = Y 2zi. And fmm(m, b) > 0 always and 
i=1 i eer 


i=1 


a1 i=l i=1 


n n 2 n nm 2 
D(m, b) = in( 7 3 = a( ES a) =4 ( S 2 - ( Y a) | > 0 always so the solutions of these two 
iz1 i 


LU 
equations do indeed minimize 3^ d?. 
i-1 


148 Lagrange Multipliers 


1. At the extreme values of f, the level curves of f just touch the curve g(x, y) = 8 with a common tangent line. (See Figure 1 
and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve 
f(x,y) = c with the largest value of c which still intersects the curve g(x, y) = 8 is approximately c = 59, and the smallest 
value of c corresponding to a level curve which intersects g(a, y) = 8 appears to be c = 30. Thus we estimate the maximum 


value of f subject to the constraint g(x,y) = 8 to be about 59 and the minimum to be 30. 


3. fis y) =x? + y?, 9(2,y) = zy = l,and Vf =AVg =>  (22,2y) = (Ay, Ax), so 2z = Ay, 2y = Aw, and zy = 1. 
From the last equation, z Æ 0 and y # 0, so 2r = ày = A= 2z/y. Substituting, we have 2y = (27/y) y = 
y? =r? => y= +r. Butzy = 1, so x = y = +1 and the possible points for the extreme values of f are (1, 1) and 
(—1, —1). Here there is no maximum value, since the constraint zy — 1 allows z or y to become arbitrarily large, and hence 


f(x, y) = x? + y? can be made arbitrarily large. The minimum value is f(1,1) = f(—1, —1) = 2. 


5. f(x,y) 2 y^ — 2”, g(z,y) = 1a? +y? 2 land Vf =AVg => (—2x,2y) = (102, 2Ay), so —2z = lAz,2y = 2Xy, 
and iz? + y? = 1. From the first equation we have z(4-- A) 20 = — z—00rA = —4. If z = 0 then the third equation 
gives y = +1. If A = —4 then the second equation gives 2y = —8y = y = 0, and substituting into the third equation, 
we have x = +2. Thus the possible extreme values of f occur at the points (0, +1) and (+2, 0). Evaluating f at these points, 


we see that the maximum value is f (0, +1) = 1 and the minimum is f(+2,0) = —4. 


7. f(z,y,z) = 22 --2y +z, g(z,y,z) — a^ +y? +2? — 9,andVf = AVg => (2,2,1) = (2Az, 24, 2Az), so 2Ax = 2, 
2Xy = 2, 2Az = 1, and z? + y? + 2° = 9. The first three equations imply z = i y= > and z = = But substitution into 


2 2 2 
the fourth equation gives (3) -— (3) Ed (5) =9 > A =9 => A= +3, so f has possible extreme values at 
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11. 


13. 


15. 


17. 


the points (2, 2, 1) and (—2, —2, —1). The maximum value of f on z? +y? +2? = 9 is f(2,2,1) = 9, and the minimum is 
f(-2, —2, —1) =-9. 


. f(z, y,z) = zyz, g(z,y,z) = £? + 2y? +327 =6.Vf=AVg =>  (yz,zz, xy) = A (2x, 4y, 62). If any of z, y, or z is 


zero then z = y = z = 0 which contradicts x? + 2y? + 32? = 6. Then À = (yz)/(2«) = (x2)/(4y) = (xy)/(6z) or 


z? = 2y? and z? = 2y?. Thus z? + 2y? + 32? = 6 implies 6y? = 6 or y = +1. Then the possible points are 


(và, +1, V3)» (v3, +1, -/3), (-v2, +1, V3), (—v3, +, -/2). The maximum value of f on the ellipsoid is 


Se, occurring when all coordinates are positive or exactly two are negative and the minimum is — occurring when 1 or 3 of 


the coordinates are negative. 


f(z,y,z) =a? +y? +2, o(a,y,2) mai yz —1 > Vf = Qz,2y, 22), AVg = (4AT? , 4Ay*, 4425). 

Case 1: If x #0, y # 0 and z Æ 0, then V f = AVg implies à = 1/(2z?) = 1/(2y?) = 1/(22?) or z? = y? = 2? and 
304 = Lorz = +} giving the points (+-+, 4,4), (245—125 35). (35 39 8). (44,-4,-4) 
all with an f-value of 4/3. 

Case 2: If one of the variables equals zero and the other two are not zero, then the squares of the two nonzero coordinates are 
equal with common value Z and corresponding f value of /2. 


Case 3: If exactly two of the variables are zero, then the third variable has value +1 with the corresponding f value of 1. Thus 
on z* + y + z* = 1, the maximum value of f is \/3 and the minimum value is 1. 

f(z,y,z,t) zy zt, g(z, yz t) +yt274+P=1 => (1,1,1,1) = (2Az,22y, 2dz, 2At), so 

A = 1/(2z) = 1/(2y) = 1/(2z) = 1/(2t) and zx = y = z = t. But z? +y? -- z? -- 1? = 1, so the possible points are 
(3:3, 3-3, 1-3, 3). Thus the maximum value of f is f(2, 5,4, 4) = 2 and the minimum value is 

f(-h-h-h-9 =- 

f(z,y,z) =2+2y, g(z,y,2) =2+y+z=1, h(a,y,z)=y?+27=4 => Vf= (1,2,0), AVg = (4,2) 

and u Vh = (0, 2uy, 2uz). Then 1 = À, 2 = A+ 2uy and 0 = A+ 2uz so uy = $ = —pz ory = 1/(29), z = —1/(2p). 
Thus z +y + z = 1 implies z = 1 and y? + z? = 4 implies jj = +545. Then the possible points are (1, x2, T42) 
and the maximum value is f (1, /2, —/2) = 1 + 2/2 and the minimum value is f (1, —/2, V2) = 1 — 2 2. 
f(m,y,z) = yz-- xy, g(m,y,z) = zy = 1, h(z,y,z) 2? -z2—1 > VF=ly,2+2,y), AVg = (Ay, Az, 0), 
Vh = (0,219, 2uz). Then y = Ay implies à = 1 [y Æ 0 since g(x, y, z) = 1], z + z = Ac + 2py and y = 2uz. Thus 


u = z/(2y) = y/(2y) or y? = z?, and so y? + z? = 1 implies y = t7 g= t5- Then zy = 1 implies z = +./2 and 
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the possible points are (+v2, ti à) k (22, t -—) Hence the maximum of f subject to the constraints is 


f (83, dg t ) = $ and the minimum is f(v} Fh) =. 

Note: Since xy = 1 is one of the constraints we could have solved the problem by solving f(y, z) = yz + 1 subject to 

y +2? =1. 

f(x,y) = a? + y? + 4x — 4y. For the interior of the region, we find the critical points: fs = 2x + 4, fy = 2y — 4, so the 
only critical point is (—2, 2) (which is inside the region) and f(—2, 2) = —8. For the boundary, we use Lagrange multipliers. 
g(z,y) 2 a? +y? =9,s0 Vf =AVg = (21 -4,2y — 4) = (22, 2dy). Thus 2z + 4 = 2x and 2y — 4 = 2X. 
Adding the two equations gives 2s +- 2y = 2àx +2ày =>  z-4y-—A(z-y) =  (z4y)(A—1)-O0,so 
et+y=0 => y=-worA-1=0 = Ac-lL.ButA = 1 leads to a contradition in 2 + 4 = 2Az, so y = —c and 


a? +y? =9implies 2y? =9 = y= 4. We have f (3, -,) = 9+ 12/2 ~ 25.97 and 


a er a ; PERE sit ; M Xo 
f (73 X) =9 12/2 = —7.97, so the maximum value of f on the disk x +y <9is f (3s, d) =9 + 12v3 


and the minimum is f(—2, 2) = —8. 


f(x,y) =e "". For the interior of the region, we find the critical points: f = —ye ^", fy = —xe~*", so the only 
critical point is (0,0), and f(0,0) = 1. For the boundary, we use Lagrange multipliers. g(z,y) = z?--4y? 21 => 
AVg = (2Az, 8Xy), so setting Vf = AVg we get —ye ^" = 2Àz and —ze ^" = 8Ay. The first of these gives 


e *" = —2)a/y, and then the second gives —x(—2Ax/y) = 8Ay => a? = 4y”. Solving this last equation with the 
constraint z^ + 4y? = 1 gives z = +- and y = gig. Now f(t: Fz) = el/^ ~ 1.284 and 


f (235. +15) = e~ 1/4 = 0.779. The former are the maxima on the region and the latter are the minima. 


(a) f(x,y) =z, g(z,y) 2 y) -a* —a? 20 => Vf =(1,0) — AVg =A (4r? — 32”, 2y). Then 
; A(4z? — 3x”) (1) and 0 = 2Ay (2). We have A + 0 from (1), so (2) gives y = 0. Then, from the constraint equation, 
z*—ag?—0 = sz(x—1)—0 => m-—0orz- 1. Butz = 0 contradicts (1), so the only possible extreme value 
subject to the constraint is f (1,0) = 1. (The question remains whether this is indeed the minimum of f.) 


(b) The constraint is y? 4- 2^ — 2? =0 & y? = z? — z^. The left side is non-negative, so we must have z? — z* > 0 
which is true only for 0 < x < 1. Therefore the minimum possible value for f(x, y) = x is 0 which occurs for z = y = 0. 
However, AVg(0,0) = A (0 — 0,0) = (0,0) and Vf (0,0) = (1,0), so V f (0,0) z: AVg(0, 0) for all values of A. 


(c) Here Vg(0,0) = 0 but the method of Lagrange multipliers requires that Vg 4 0 everywhere on the constraint curve. 
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25. 


27. 


31. 


33. 


35. 


P(L,K) = bL*K**, g(L, K) - mb--nK =p > VP= (abr K1-*,(1— a)bL? K ^), AVg = (Am, An). 
Then ab(K/L)*~* = Xm and (1 — a)b(L/K)* = An and mL 4- nK = p, so ab(K/L)!-*/m = (1 — o)b(L/ K)^/n or 
na/[m(1 — a)] = (L/K)*(L/K)*~* or L = Kno/[m(1 — a)]. Substituting into mL + nK = p gives K = (1— o)p/n 
and L = ap/m for the maximum production. 

Let the sides of the rectangle be x and y. Then f(a, y) = zy, g(x,y) = 2a+2y=p => Vf(z,y) = (yz), 


AVg = (24,22). Then A = 3y = $2 implies z = y and the rectangle with maximum area is a square with side length 1p. 


. The distance from (2, 0, —3) to a point (x, y, z) on the plane is d = 4/(x — 2)? + y? + (z + 3)2, so we seek to minimize 


d? = f(x,y, z) = (x — 2)? + y? + (z + 3)? subject to the constraint that (2, y, z) lies on the plane x + y + z = 1, that is, 
thatg(z,y,z) —- z--y--z —1. ThenVf 2AVg = (2(z—2),29,2(z -3)) = (A,A,A), sox = (A + 4/2, 


y = 4/2, z = (A — 6)/2. Substituting into the constraint equation gives à - á + à + A =1 > 3\-2=2 => 
A = $,soz = $, y = 2, and z = —£. This must correspond to a minimum, so the shortest distance is 


Let f(x,y,z) = d? = (a — 4)? + (y — 2)? + 2”. Then we want to minimize f subject to the constraint 

g(2,y,2)=2? +y?—27=0. Vf -AVg => (Q2(x—4),2(y —2),2z) = (2da, 2y, —2Az), so z — 4 = Az, 

y —2 = Ay, and z = —Az. From the last equation we have z + Az =0 =  z(1-- A) —0,soeither z = 0 or À = —1. 
But from the constraint equation we havez =0 =  z?--3? 20 = {x= y = 0 which is not possible from the first. 
two equations. So à = —1andrz—4— Ar > r—2,y—2—)0y > y-liandz?44?— 2220 > 
4+1—z?=0 = z=+¥5. This must correspond to a minimum, so the points on the cone closest to (4, 2, 0) 


are (2,1,+V5). 


f (x,y,z) = xyz, g(a, y,z) =a2@+y+z2=100 > Vf = (yz,rz,ry) =AVg = (A, à, A). Then A = yz = zz = zy 


implies z = y = z = 129. 


If the dimensions are 2z, 2y, and 2z, then maximize f(x, y, z) = (2x)(2y)(22) = 8zyz subject to 


glz, y, z) =x? +y’ +2 =r? (x >0,y>0,2>0). Then Vf 2AVg => (8yz,8z2,8xzy) = A(22,2y,22) > 


8yz = 2Àx, 8rz = 2Ay, and 8ry = 2\z, so A = s = = = doy This gives z?z — y?z => a? =y? (since z #0) 
4 z 


G 


and ry? = zz? > 2 =y°, sog? =y? =z? > s= y — z, and substituting into the constraint 


2 


equation gives 337 =r? > s= r/V3 = y = z. Thus the largest volume of such a box is 


! (293938) = 8 (8) (He) (8) = 3v3 
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37. f(x,y,z) = zyz, g(z, y, z) = 2--2y--32 2 6 => Vf = (yz, zz, zy) = AVg = (A, 24,3). 


4. 


Then À = yz = 1zz = $zy implies x = 2y, z = 2y. But 2y + 2y + 2y = 6 so y = 1, £ = 2, z = 2 and the volume 


i ao i 
isV = 3%. 


. f(x,y, z) = zyz, o(z,y,z) = 4(x +y +z)=¢ > Vf- (yz, xz, xy), AVg = (4A, 4A, 4A). Thus 


4\ = yz = ez = Tyo T =Y =Z = ic are the dimensions giving the maximum volume. 
If the dimensions of the box are given by z, y, and z, then we need to find the maximum value of f (x, y, z) = zyz 
[z, y, z 0] subject to the constraint L = \/a? + y? + 2 org(z,y,z) = 3^ +y? +27 =L. Vf —AVg = 


(yz, xz, ry) = A(22,29,22),50 yz = 2207. => =Z Ar rz = 2y => Asa ,andzy- 222 => à= 2 


A 
Thus À i'm => z’ =° [sinez 40] => x =yand\ = É = => r-—z [sincey z 0]. 


Substituting into the constraint equation gives z? +x? +x? = L? > 2? =L?/3- > {m= L//3 =y = zand the 


maximum volume is (LJ 3) = I3/ (343). 


l We need to find the extreme values of f (x, y, z) = x? + y? + z? subject to the two constraints g(z,y,z) =e@+y4+2z=2 


and h(r,y,z) =£? +°- 2-0. Vf — (2x, 2y, 2z), AVg = (4, A, 2A) and uVh = Qua, 2uy, — u). Thus we need 

2r —A-2uz (D, 2y— A--2uy (2), 22=2\—p (3, e+y+2z=2 (4), anda? +y? — 2 — 0 (5). 

From (1) and (2), 2(z — y) = 2u(a — y), so if x A y, p = 1. Putting this in (3) gives 22 = 24 — 1 or À = z + 3, but putting 
u = 1 into (1) says À = 0. Hence z + 4 = 0 or z = —4. Then (4) and (5) become z + y — 3 = 0 and x? + y? +4 = 0. The 
last equation cannot be true, so this case gives no solution. So we must have á = y. Then (4) and (5) become 2x + 2z = 2 and 
22? — z = 0 which imply z = 1 — z and z = 2a”. Thus27? = 1 — @ or 227 +x — 1 = (2z — 1)(z + 1) = 0 so z = } or 
z = —1. The two points to check are (3, 2, $) and (-1, —1, 2): f(3, 3, 3) = $ and f(—1, —1, 2) = 6. Thus (1, 3, 4) is 


the point on the ellipse nearest the origin and (—1, —1, 2) is the one farthest from the origin. 


. f(z,y,z) = ye*^, g(x,y, z) = 92? + Ay? + 362? = 36, h(z,y,z) = zy--yz 21. Vf =AVg+tyVh > 


Kye" = e. —ye*—*) = A(18z, 8y, 722) + uly, x +z, y), so ye” * = 18Ax + uy, e*^? = 8Xy + uls + 2), 
—ye*-? = T2Az + uy, 9x? + Ay? + 362° = 36, ry + yz = 1. Using a CAS to solve these 5 equations simultaneously for 2, 
Y, Z, A, and ys (in Maple, use the al 1 values command), we get 4 real-valued solutions: 

x 20.222444, yx —2.157012, zæ —0.686049, A2 —0.200401, pu% 2.108584 

x œ% —1.951921, y= —0.545867, z œ 0.119973, A = 0.003141, u œ —0.076238 


x = 0.155142, y = 0.904622, z = 0.950293, A œ —0.012447, pu = 0.489938 
T = 1.138731, y 71.768057, | zæ% —0.573138, A =œ 0.317141, u & 1.862675 


Substituting these values into f gives f (0.222444, —2.157012, —0.686049) zz —5.3506, 
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f (—1.951921, —0.545867, 0.119973) ~ —0.0688, f (0.155142, 0.904622, 0.950293) ~ 0.4084, 
f (1.138781, 1.768057, —0.573138) ~ 9.7938. Thus the maximum is approximately 9.7938, and the minimum is 
approximately —5.3506. 
47. (a) We wish to maximize (21,22, ..., 4) = X/Tir2--- Tn subject to 
g(T1, T2, ...,24) = T1 +22 +-+ + 24 = cand vj > 0. 
Vf= (&(izo z tn) (ma saxa. 1 (a.m ği tn)" (2123 WR), ss 4 (xia ^R) 7 (gs . 2-1) 
and AVg = (A, A, ..., A), so we need to solve the system of equations 
1 (a, 09 -++an)* ^ (va +++ an) = - alg... = nàm 
| 1/ngl/n gif 


2 
i (gizo En)" ‘ayag+++tn)=A > c In” —nAÀza 


4(2122- pe 7 (este) =A ai^ gl". Lal" = nan 
This implies nÀzi = nAz2 = :-:: = NAG. Note A Æ 0, otherwise we can't have all s; > 0. Thus z1 = T2 = ::: = Tn. 
Butzi--z2--:..-2$4—0 > mnzi-c > t= = = £2 = T3 = +--+ = Zn. Then the only point where f can 
have an extreme value is (5, £ ETA £). Since we can choose values for (21, £2, . . . , 2») that make f as close to 


zero (but not equal) as we like, f has no minimum value. Thus the maximum value is 


iE c e) = v2 c E _ £ 
n'n' "m n n n mn 


(b) From part (a), z is the maximum value of f. Thus f (£1, 22, ...,@n) = V/Tir2-- X4 X - But 


L———— These two means are equal when f attains its 


qi--X2--: + Tn — 6,80 Q/2122--- 34 < 
z [^ " z e € c r 
maximum value a but this can occur only at the point (5, wo” <) we found in part (a). So the means are equal only 


when ti = z9 = $3 —:-.— En = 


14 Review 
CONCEPT CHECK 


1. (a) A function f of two variables is a rule that assigns to each ordered pair (x, y) of real numbers in its domain a unique real 
number denoted by f(z, y). 
(b) One way to visualize a function of two variables is by graphing it, resulting in the surface z = f(x, y). Another method for 
visualizing a function of two variables is a contour map. The contour map consists of level curves of the function which are 
horizontal traces of the graph of the function projected onto the zy-plane. Also, we can use an arrow diagram such as 


\ 


Figure 1 in Section 14.1. 
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2. A function f of three variables is a rule that assigns to each ordered triple (x, y, z) in its domain a unique real number 


12. 


13. 


14. 


f(x, y, z). We can visualize a function of three variables by examining its level surfaces f(x,y, z) = k, where k is a constant. 


lim ü f(z,y) = L means the values of f(x, y) approach the number L as the point (x, y) approaches the point (a, b) 
z,y)—(a, 


along any path that is within the domain of f. We can show that a limit at a point does not exist by finding two different paths 


approaching the point along which f(z, y) has different limits. 


. (a) See Definition 14.2.4. 


(b) If f is continuous on R?, its graph will appear as a surface without holes or breaks. 


. (a) See (2) and (3) in Section 14.3. 


(b) See “Interpretations of Partial Derivatives” on page 927 [ET 903]. 


(c) To find fz, regard y as a constant and differentiate f(a, y) with respect to z. To find fy, regard x as a constant and 


differentiate f(x,y) with respect to y. 


. See the statement of Clairaut's Theorem on page 931 [ET 907]. 


. (a) See (2) in Section 14.4. 


(b) See (19) and the preceding discussion in Section 14.6. 


. See (3) and (4) and the accompanying discussion in Section 14.4. We can interpret the linearization of f at (a, b) geometrically 


as the linear function whose graph is the tangent plane to the graph of f at (a, b). Thus it is the linear function which best 


approximates f near (a, b). 


. (a) See Definition 14.4.7. 


(b) Use Theorem 14.4.8. 


. See (10) and the associated discussion in Section 14.4. 


. See (2) and (3) in Section 14.5. 


See (7) and the preceding discussion in Section 14.5. 


(a) See Definition 14.6.2. We can interpret it as the rate of change of f at (zo, yo) in the direction of u. Geometrically, if P is 
the point (zo, yo, f (zo, yo)) on the graph of f and C is the curve of intersection of the graph of f with the vertical plane 
that passes through P in the direction u, the directional derivative of f at (xo, yo) in the direction of u is the slope of the 


tangent line to C at P. (See Figure 5 in Section 14.6.) ii 
(b) See Theorem 14.6.3. 
(a) See (8) and (13) in Section 14.6. 


(b) Du f(z, y) = Vf(z, y) u or Du f(z,y,z) = Vf(z,y,z):u 
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15. 


16. 


17. 
18. 


= 


wo 


o 


~ 


wo 


11. 


. True. f,(a, 5) = lim 


. False. fry = 
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(c) The gradient vector of a function points in the direction of maximum rate of increase of the function. On a graph of the 
function, the gradient points in the direction of steepest ascent. 

(a) f has a local maximum at (a, b) if f(z,y) < f(a, b) when (z, y) is near (a, b). 

(b) f has an absolute maximum at (a, b) if f(x,y) < f(a, b) for all points (x, y) in the domain of f. 

(c) f has a local minimum at (a, b) if f(x,y) > f(a, b) when (x,y) is near (a, b). 

(d) f has an absolute minimum at (a, b) if f(z, y) > f(a, b) for all points (x, y) in the domain of f. 

(e) f has a saddle point at (a, b) if f(a, b) is a local maximum in one direction but a local minimum in another. 

(a) By Theorem 14.7.2, if f has a local maximum at (a, b) and the first-order partial derivatives of f exist there, then 
fa (a, b) = 0 and f, (a,b) = 0. 

(b) A critical point of f is a point (a, b) such that f: (a, b) = 0 and f, (a, b) = 0 or one of these partial derivatives does 
not exist. 

See (3) in Section 14.7. 

(a) See Figure 11 and the accompanying discussion in Section 14.7. 

(b) See Theorem 14.7.8. 


(c) See the procedure outlined in (9) in Section 14.7. 


. See the discussion beginning on page 981 [ET 957]; see "Two Constraints" on page 985 [ET 961]. 


[ 


TRUE-FALSE QUIZ 


Hob 1) - fle?) from Equation 14.3.3. Let h = y — b. As h — 0, y — b. Then by substituting, 


we get fy (a, b) = lim 


f(a,y) — f(a,b) 
y—b ` 


OF 
Oy Ox" 


False. See Example 14.2.3. 


. True. If f has a local minimum and f is differentiable at (a, b) then by Theorem 14.7.2, f(a, b) = 0 and f,(a, b) = 0, so 


Vf(a, 0) = (f (a, b), fy(a, b)) = (0, 0) = 0. 


. False. V f(x,y) = (0,1/y). 


True. Vf = (cosx, cos y), so |V f| = ./cos? x + cos? y. But |cos0| € 1, so |V f| € V2. Now 


Da f(x,y) = Vf -u = |V f| |u|cos6, but u is a unit vector, so |Du f(x, y)| € VZ -1-1 = v2. 
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EXERCISES 


1. In(z + y+ 1) is defined only when s +y +1>0 = y»-z-1, 
so the domain of f is ((z, y) | y > —x — 1), all those points above the 


line y = —z — 1. 


3. z = f(z,y) = 1 — y^, a parabolic cylinder 5. The level curves are 4/4z? + y? = k or 4z? + y? = k?, 
k > 0, a family of ellipses. 


9. f is a rational function, so it is continuous on its domain. 


Since f is defined at (1, 1), we use direct substitution to 


evaluate the limit: lim " -—- AU). = d 


(23)5(,1) 2 + 2y? 1? + 2(1)? 


11. (a) Ta (6,4) = jim setae eS, o we can approximate T. (6, 4) by considering h = +2 and 
.. T(8,4)—T(6,4) _ 86—80 — 


2 2 a 


using the values given in the table: T; (6, 4) 


T(4,4)—T(6,4) _ 72—80 


T2 (6,4) z =) g S 4. Averaging these values, we estimate T+ (6, 4) to be approximately 
3.5°C/m. Similarly, T;, (6,4) = jim TSS T(.9) which we can approximate with h = +2: 


T(6,2)— T(6,4) 87—80 _ 


T(6,6)— T(6,4) _ 75 — 80 
T,(6, 4) ~ 76.6) “76.9 -Eg = d 


= —2.5, T, (6, 4) © 


values, we estimate T,,(6, 4) to be approximately —3.0°C/m. 
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(b) Here u = (3s, 4) so by Equation 14.6.9, Du T(6,4) = VT (6,4) - u = Ta (6,4) 25 + Ty(6, 4) 3. Using our 
estimates from part (a), we have Du T(6, 4) ~ (3.5) Z5 + (73.0) 25 = 335 © 0.35. This means that as we move 
through the point (6, 4) in the direction of u, the temperature increases at a rate of approximately 0.35°C/m. 


i T(6+h+,4+h+) - T(6,4) 
Alternatively, we can use Definition 14.62: Du T(6, 4) = jim (8+ hy teh ae) Ti] 


h—0 h 
aie : . T(8,6)— (6,4  80—80 
which we can estimate with h = +2 y2. Then D, T'(6, 4) x ————————— = — D, 
v2 (6, 4) N ET 
ON = - 
Da T(6, 4) = ae = = = = m Averaging these values, we have Du T'(6, 4) © 255 £z 1.1*C/m. 


Tz (m, y + h) — T. (z, y) 


h FAG, A+) Taf) which we can 


ð s " 
(c) Toy (2,9) = ET [Tx (a, y)] = lim , SO Try (6,4) = jim 


estimate with h = +2. We have T; (6, 4) œ% 3.5 from part (a), but we will also need values for Tz (6, 6) and Tz (6, 2). If we 


use h = +2 and the values given in the table, we have 


7.(8,6) © T(8,6) ~T(6,6) _ 80 -75 ,. 7.(6,6) © T(4, 9- xi 6 _ 68-75 ag 
2 2 —2 
Averaging these values, we estimate Te (6, 6) ~ 3.0. Similarly, 
T. (6,2) X T(8,2) — Ta (6,2) = 90 — 87 _ 1.5, Tx (6, 2) © 70,2) 762) _ “n-e 6.5. 
2 2 — “= 
Averaging these values, we estimate T;,(6, 2) ~ 4.0. Finally, we estimate Tey (6, 4): 
Try (6, 4) = Tz (6,6) — Tx (6, 4) = 3.0 — 3.5 _ —0.25, Ty (6, 4) © m 12(6,2) — Ta (6,4) = 40 — 3.5 = —0.25. 
2 2 —2 —2 
Averaging these values, we have Trzy (6, 4) ~ —0.25. 
13. f(x,y) = (5y? +22°y)? => fe = 8(5y? + 22^ y) (4xy) = 32xy(5y? + 2a7y)", 
fy = 8(5y? + 2x7 y)" (15y? + 22?) = (16x? + 120y°) (5y? + 2x7y)” 
; EN 2,g9g EN L 2,g 20? 2 
15. F(o,8) — o^ln(a^ + 8°) => Fasa “aap e the -8*).2a = FER. +2aIn(a? + 82), 
2o? 8 
Res g——— c SEU 
B a gg B) a? + 8? 
17. S(u,v,w) =uarctan(v fw) = S, — arctan(v/w), $, = u- — — (fw) = EN 
1+ (vyw) 1+vw 


uv 


1 " 
"rasgo ci "n uomo cg 


w 


19. f(z,y) = 4r? — ry? > fe =122? — 4°, fy = —2ay, fos = 242, fyy = —2z, fay = fyz = —2y 
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21. 


23. 


25. 


27. 


29. 


31. 


3 
f(x,y, 2) = 2° y + 2? > fa(x, y, 2) a 327 y pA, fy(2 y, z) = u f-(£,y, 2) = = 
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f(myz)-az"yz" => fe shat yz, f,— da y 7 z^, fe=maty'2z™, fas k(k — 1)2*7?y z^, 
fuy =L- 1)2*y'7?27, fez = m(m- l)z*y!z'"-?, fey = fys = klz^ tyta", fos = fer = = ken do ioni 


Fi = fa = Imaky'- 1ym-1 


ð 


Oz _y Levie yele, ÊZ v i etl and 
x Oy 


= u/z = 
z = xy + re = Oa Y 


z +y a = =a(y— Zev* +0") +y(2+e"/*) = zy — yel? ze" + 2y yel? = zy cy nel = ay tz. 
y 
(a) ze —6r--2 => 2,(1,—-2)- 8andz,— —2y = 2z,(1,—2) = 4, so an equation of the tangent plane is 
z—1-28(z — 1) + 4(y +2) or z = 8x -- 4y + 1. 
(b) A normal vector to the tangent plane (and the surface) at (1, —2, 1) is (8, 4, — 1). Then parametric equations for the normal 


line there are z = 1+ 8t, y = —2 + 4t, z = 1 — t, and symmetric equations are "n = wae = e 


(a) Let F(x, y, z) = 2? + 2y? — 32°. Then F; = 2z, Fy = 4y, F- = —6z, so F,(2, 21,1) = 4, F,(2, 11,1) = —4, 
F.(2,—1, 1) = —6. From Equation 14.6.19, an equation of the tangent plane is 4(z — 2) — 4(y +1) — 6(z — 1) =0 
or, equivalently, 2x — 2y — 3z =3. 


(b) From Equations 14.6.20, symmetric equations for the normal line are E ae is oe ow 
(a) Let F(z, y,z) = £ + 2y + 3z — sin(zyz). Then F, = 1 — yz cos(zyz), Fy = 2 — zz cos(zyz), F: = 3 — zy cos(zyz), 


so F,(2, —1,0) = 1, F,(2, 11,0) = 2, F: (2, —1, 0) = 5. From Equation 14.6.19, an equation of the tangent plane is 
l(z — 2) + 2(y +1) + 5(z — 0) = 00rz 4- 2y + 5z — 0. 


(b) From Equations 14.6.20, symmetric equations for the normal line are ad T - = =g ou- faurit 


Parametric equations are x = 2 + t, y = —1 + 2t, z = 5t. 


The hyperboloid is a level surface of the function F(x, y, z) = x? + Ay? — z’, so a normal vector to the surface at (20,yo, zo) 
is V F(z0,yo, zo) = (2&0, 8yo, —220). A normal vector for the plane 2x + 2y + z = 5 is (2, 2, 1). For the planes to be 
parallel, we need the normal vectors to be parallel, so (210, 8yo, —22o) = k (2,2, 1), or zo = k , yo = $k, and zo = — 1k. 


2 


Butzj--4yj—20—4 > kik -ik =4 > kà-z4 > k= +2, So there are two such points: 

(2, 3, —1) and (-2, - 5, 1). 

3 

so f(2,3,4) = 8(5) = 40, fe (2,3,4) = 3(4) V25 = 60, f,(2,3,4) = 3. = 24, and f, (2,3, 4) = “82 = 22. Then the 
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240 © CHAPTER 14 PARTIAL DERIVATIVES 
linear approximation of f at (2,3, 4) is 


f(z, y, 2) = f(2,3,4) + fo(2,3,4)(a — 2) + fy(2, 3, 4)(y — 3) + f2(2,3, 4)(z — 4) 
= 40+ 60(a — 2) + Z(y — 3) + 2 (z — 4) = 60a + 24y 4+ £z — 120 


Then (1.98)? /(3.01)? + (3.97)? = f (1.98, 3.01, 3.97) ~ 60(1.98) + 24 (3.01) + 32 (3.97) — 120 = 38.656. 


du _ ðu dz Oudy , Oudz  , a EN ET. 3 " 
35. e ^ t cod + Dz dp = 2zy" (1 + 6p) + 3z^y" (pe? + e") + Az? (pcosp + sin p) 


os tim Behe When s = 1 and £ = 2, x = g(1,2) = 3 and y = (1,2) = 6, so 


37. By the Chain Rule, * "ins dz Os * Oy Os 


7 = f.(3,6)9.(1,2) + fy (3,6) he(1,2) = (7)(—1) + (8-5) = 47. Similarly, es TT 
e = = fz(3,6)ge(1, 2) + fy (3,6) he(1, 2) = (7)(4) + (8)(10) = 108. 
39. p = 2zf'(z? — y?), z = 1—-2yf' (x? — y?) [were = ae | Then 
T +05 = 2zyf'(z? — y?) + z — 2ayf! (z? — 9?) = z. 
at. a = 25 y 25 — and 
S o£() ae ae()-3E (ea) au) 


_ 2y Oz 4 2052 2y az y^ Pz 
EP 4 ðu? x? ðuðv x4 


mus as hee 


2 25 2 2 2 2 
S8 =? By (Be) +a (ae) -el AID az z) = wot o Oe oz 14182 


0y? ^ 8yNO0u] © x dy \ dv Ou? " OvOuz] | z\ ðr OuOv ðu? ^OuOv a?0v 
Thus 


è uv 2 
since y = rv = — or y“ = uv. 
y : 


43. f(x,y,z) = ve = Vf = (forty; fx (22e, Ter” 2, Tet”. 2yz) = (ne, a2z2e¥*", 22 yze') 


(&) 2012 Cengage Learning. All Rights Reserved. May mW WW alec Olucion: nari ATO n è blicly accessible website, in whole or in part. 


45. 


47. 


51. 


. f(x,y) = 3ay—2?y-—ay? > f.-3y-2zy -y?, fy =3a — x? — 2rY, 


. First solve inside D. Here fz = 4y? — 2zy? — y?, f, = 8ry — 2a?y — 3ary?. 
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f(a,y)=2?e"" => Vf -(2ze ",—a?e "), Vf(—2,0) = (—4, —4). The direction is given by (4, —3), so 


u= vm —3) = 3 (4, —3) and D, f(-2,0) = Vf(—2,0) - u = (—4, 4) - $(4, 3) = $(-16 + 12) = - à. 


Vf = (2zy,z? 4 1/(2 Jy). |VF(2, 1)| = |(4, 2)]|. Thus the maximum raté of change of f at (2, 1) is 335 in the 


direction (4, $). 


. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional derivative at 


Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed between the points where 
this line intersects the contour lines closest to Homestead. In the direction of the eye of the hurricane, the wind speed changes 


from 45 to 50 knots. We estimate the distance between these two points to be approximately 8 miles, so the rate of change of 


wind speed in the direction given is approximately 39—5$ = $ = 0.625 knot/mi. 


f(x,y) =2? — ry +y’ +9r— 6y +10 > fs=2r-y+9, 

fy =—2 + 2y — 6, fer =2 = fyy, foy = —1. Then fe = O and fy = 0 imply 
y = 1, x = —4. Thus the only critical point is (—4, 1) and fzx(—4, 1) > 0, 
D(—4,1) = 3 > 0, so f(—4, 1) = —11 is a local minimum. 


fas = —2y, fyy = —22, fzy = 3 — 2x — 2y. Then fz = 0 implies 

y(3 — 2x — y) = 0 so y = Q or y = 3 — 2x. Substituting into fy = 0 implies 
z(3 — x) = 0 or 3z(—1 + x) = 0. Hence the critical points are (0, 0), (3, 0), 
(0, 3) and (1,1). D(0,0) = D(3,0) = D(0,3) = —9 < 0 so (0,0), (3,0), and 
(0, 3) are saddle points. D(1,1) = 3 > 0 and f; (1,1) = —2 < 0, so 


f(1,1) = 1 is a local maximum. 


Then fz —'0 implies y = 0 or y = 4 — 2z, but y = 0 isn't inside D. Substituting 
y = 4 — 2z into fy = 0 implies z = 0, z = 20r x = 1, but z = O isn't inside. D, 
and when x = 2, y = 0 but (2, 0) isn’t inside D. Thus the only critical point inside 
D is (1, 2) and f (1,2) = 4. Secondly we consider the boundary of D. 

On Li: f(æ,0) = Ò and so f = 0 on Li. On Lo: « = —y + 6 and 


f(—y + 6, y) = y? (6 — y)(—2) = —2(6y? — y?) which has critical points 


at y = 0 and y = 4. Then f(6,0) = 0 while f(2,4) = —64. On La: f(0,y) = 0, so f = 0 on La. Thus on D the absolute 


maximum of f is f(1,2) = 4 while the absolute minimum is f (2,4) = —64. 
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57. 


59. 


61. 


f(z,y) = 2° - 3z 4 y* — 2y? 


0 ees) fff, 


> 
Soy eo^ 
/ 


RO 


From the graphs, it appears that f has a local maximum f(—1, 0) e 2, local minima f(1, +1) ~ —3, and saddle points at 
(—1, +1) and (1, 0). 

To find the exact quantities, we calculate f+ = 3232 —3— 0 & z= +land f, = 4° -4y —-0 © 
y = 0, +1, giving the critical points estimated above. Also fez = 62, fry = 0, fyy = 12y? — 4,so using the Second 
Derivatives Test, D(-1,0) = 24 > 0 and fr2(—1,0) = —6 < 0 indicating a local maximum f(—1,0) = 2; 
D(1,+1) = 48 > 0 and fz+(1, +1) = 6 > 0 indicating local minima f(1,+1) = —3; and D(—1, 3-1) = —48 and 


D(1,0) = —24, indicating saddle points. 


f(z,y) =27y, g(z,y) =a? +y2?=1 > Vf = (2zy, a?) = AVg = (22a, 2Xy). Then 2zy = 2Az implies z = 0 or 
y = X. Ife = 0 then z? + y? = 1 gives y = +1 and we have possible points (0, +1) where f (0, +1) = 0. If y = A then 


2? = 2)y implies z^ = 2y? and substitution into z^ + y^ = 1 gives 3y? =1 = y= +Jq and z = +,/2. The 


corresponding possible points are («ya : £A). The absolute maximum is f (+ 2, A) = Fw] while the absolute 


minimum is f(+ 2, -4) = “os 
f(z,y,z) = zyz, g(a,y,z) = 2? +y --z2 23. Vf —AVg => (yz, xz, xy) = A(2z, 2y, 2z). If any of z, y, or z is 


zero, then z = y = z = 0 which contradicts 2^ + y? + 2? =3. Then A= $ = 25 = 22 => Qy*z=2%7z => 


? — x. Substituting into the constraint equation gives z? + 2?+27=3 => 


y^ = x”, and similarly 2y2? = 2x^y > 2 
4 

x? = 1 = y? = z?, Thus the possible points are (1, 1, +1), (1, —1, +1), (—1, 1, +1), (—1, —1, +1). The absolute maximum 

is f(1,1,1) = f(1,—1, —1) = f(—1,1, —1) = f(—1, —1, 1) = 1 and the absolute 


minimum is f(1,1, —1) = f(1, —1,1) = f(—1,1, 1) = f(—1,—1,—1) = —1. 


. f(z,y,z) = 2? +y? +27, g(z,y,z) = zy)? —2 => Vf = (2x, 2y, 2z) = AVg = (y? 2, 2Aayz?, 3Azy?z”). 


Since zy?2? = 2,2 Æ 0, y Æ 0 and z Æ 0, so 2x = Ay?z? (1), 1— Azz? (2, 2— 3Aay?z (3). Then (2) and (3) imply 


A 2 2..2.23 s vE - r 2T = 2 g 3 = 1 
oat Goats ory” = $z soy = +2 4/5. Similady (1) and Shiels as = Gayle OO =% soz = +752. But 


© 2012 Cengage Learning. All Rights Reserved. May PRA: geoi dern Ano. Ree’ accessible website, in whole or in part. 


CHAPTER 14 REVIEW O 243 


zy^z? = 2 so x and z must have the same sign, that is, c = 22. Thus g(x, y, z) = 2 implies Jaz (82)2 — 20r 


z = +3"/4 and the possible points are (2-3 7/4, 371/4,/2, +31/*), (4371/4, "T +314). However at each of these 
points f takes on the same value, 2 V3. But (2, 1, 1) also satisfies g(x, y, z) = 2 and f(2,1,1) = 6 > 2 V3. Thus f has an 
absolute minimum value of 2 /3 and no absolute maximum subject to the constraint zy^2? = 2. ` 

Alternate solution: g(x,y, z) = xy?z* = 2 implies y? = 2 so minimize f(x, z) = a? + A +27. Then 


2 6 24 6 SEES 
fo = 2a — mp fo "E + 2z, fee = Cu m = —ş + 2and fsz = mA Now f. = 0 implies 


27323 — 2 = Q or z = 1/2. Substituting into f, = 0 implies —6z? + 277 = - 0 or z.— —L, so the two critical points are 


w 
2 
LL. N, ee ey = 24) _ ( 6 JA. uid = " 
(55:48). Then D(-35,:98) = 2-2 3) - (x) > 0nd fes (135.33) = 6 > 0, so each point 
is a minimum. Finally, y? = E so the four points closest to the origin are (4% i 2 TER] 3), (à <= 248 8). 
The area of the triangle is ca sin 0 and the area of the rectangle is bc. Thus, 


the area of the whole object is f (a, b, c) = $ca sin 8 + bc. The perimeter of 


the object is g(a, b, c) = 2a + 2b + c = P. To simplify sin 0 in terms of a, b, 


and c notice that a? sin? 0 + (4c)? =a? => sind= z vA4a? — c, 


Thus f (a,b, c) = i Via? — cl + be. (Instead of using 0, we could just have 
used the Pythagorean Theorem.) As a result, by Lagrange's method, we must find a, 5, c, and A by solving V f — AVg which 
gives the following equations: ca(4a? — c?) —2A (1), c—2A Q), }(4a? — c?) — 1e? (4g? — c)? 4b =X 


(3), and 2a + 2b +c = P (4). From (2), A = $c and so (1) produces ca(4a? — 2) !/ =¢ > (4 -e)l =a = 


4a? c? =a? => c= v3a (5). Similarly, since (4a? ey" = a and À = 1c, (3) gives 1 E a +b= ge from 
(5,5 - 38,4. 08 > e => b= 5(1+ v3) (6). Substituting (5) and (6) into (4) we get: 
2at+a(l1+V3)+V3a=P > 3a+2V3a=P > a= ——— Pe Se 2 V3 —3 p and thus 

34-2/3 3 


,-.QV3-3)0- v3), s- sL 
B 6 


3 — V? bande = (2 - V3)P. 
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1. The areas of the smaller rectangles are A; = zy, A2 = (L — z)y, 


h Lu ——— 

As = (L—2)(W — y), A4 = z(W — y). ForO< z < L,0 < y € W, let y ] 

_ f(y) = At A+ A3 + AG W-y | 
x L-—x 


=x? 4 (L— zy 4 (L- z)(W -yy +2°(W - y) 
= (2? + (L—2)? ly? + (W — 9] 
Then we need to find the maximum and minimum values of f(z, y). Here 
f«(z,y) = [2x - 2(L- z)]|? + (W —y)?] 20 => 4z—2L —0orz = $L, and 
fum y) = (a? + (L - z?]2y - 2(W —) 2 0 = 4y-2W =Oory = W/2. Also 
fox = Aly? +(W—y)’), fuy = 4l? + (L — z)?], and fey = (4x — 2L)(4y — 2W). Then, 
D = 16[? + (W — y)?][z? 4 (L — z)?] — (4x — 2L)" (4y — 2W)?. Thus when z = 3 L and y = 1W, D > 0 and 
fex = 2W? > 0. Thus a minimum of f occurs at (3 L, W) and this minimum value is f (3L, 2W) = 11?W?. 
There are no other critical points, so the maximum must occur on the boundary. Now along the width of the rectangle let 
gly) = f(0,y) = f(L, y) = Lly? + (W — y], 0 < y < W. Theng'(y) = [2 -20W -y] 20 & y=4w. 
And g(3) = 1 7W?. Checking the endpoints, we get (0) = g(W) = L^W?. Along the length of the rectangle let 
hiz) = f(z,0) = f(z, W) = W?[z? + (L — z)?], 0 < z < L. By symmetry h'(x) 20 & z — 4L and 
h(4L) = LL?W?. At the endpoints we have h(0) = h(L) = L?W?. Therefore L^W? is the maximum value of f. 
This maximum value of f occurs when the “cutting” lines correspond to sides of the rectangle. 
3. (a) The area of a trapezoid is 3h(b; + b2), where h is the height (the distance between the two parallel sides) and bi, b» are 
. the lengths of the bases (the parallel sides). From the figure in the text, we see that h = x sin 0, bı = w — 2a, and 
bo = w — 2x + 2z cos 0. Therefore the cross-sectional area of the rain gutter is 
A(z,0) = $zsin0 [(w — 2x) + (w — 2x + 2a cos6)] = (xsin @)(w — 2x + x cos 8) 
= wa sind — 2z?sin0 + z?sin6cos0, 0 < s < $w,0<0 <3 
We look for the critical points of A: 0A/Oz = wsin 0 — 4asin@ + 2x sin 0 cos 0 and 
04/80 = wa cos 0 — 2a? cos 0 + x?(cos? 0 — sin? 0), so OA/Oz — 0 + sinÜ(w —4z--2rzcos0)—0 © 
42 — w w 


uon ee (0<8<F = sinô > 0). If, in addition, 0A/06 = 0, then 


0 = wz cos 0 — 2z? cos 8 + x? (2 cos? 0 — 1) 


suf- £) se (0-2) e pe- 2-1 


4w w? 
= Qwa — iw? — 42? tusta- e —1| = -—uz--3z? = z(3z — w) 
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. Since we are minimizing the area of the ellipse, and the circle lies above the x-axis, 


O CHAPTER 14 PROBLEMS PLUS 

Since x > 0, we must have z = 3, in which case cos ô = 5, so 0 = 3, sin 9 = xS, k= Bu, by = $w, b2 = Zu, 
and A = Yiw?. As in Example 14.7.6, we can argue from the physical nature of this problem that we have found a local 
maximum of A. Now checking the boundary of A, let 

g(8) = A(w/2,0) = 1w? sin0 — w° sin + $w? sinócos0 = 1w^sin20,0 < 0 < Z. Clearly g is maximized when 
sin 20 = 1 in which case A = 1u?. Also along the line 8 = Z, let h(x) = A(x, 2) = wa —227,0<a<iw — 
h'(r)—- w—4xr —-0 & z-—iw,andh(iw)- w(iw)- 2(2w)? = 1w?. Since 1w? < X3 w?, we conclude that 
the local maximum found earlier was an absolute maximum. 


, ‘ee " wy2 w? 
(b) If the metal were bent into a semi-circular gutter of radius r, we would have w = vr and A = iar? = in(=) =F 
7 


7 
; w V3 w? 
Since on > 12 


, it would be better to bend the metal into a gutter with a semicircular cross-section. 


este = 24 (2). msc = 1(8) eer) C9) = (2) -Er E) 


gylt y) = xf" (4) (2) =f (2). Thus the tangent plane at (zo, yo, zo) on the surface has equation 


e) - pE) err (Eer) - 


|s (2) — yozg ! f' t3] “+ I" (2)|v — z = 0. But any plane whose equation is of the form az + by + cz = 0 
0 0 0 


passes through the origin. Thus the origin is the common point of intersection. 


the ellipse will intersect the circle for only one value of y. This y-value must 


satisfy both the equation of the circle and the equation ofthe ellipse. Now 


2 2 a? 
Z411 s PHS y^). Substituting into the equation of the 
d^ pP p? 


3 29 
circle gives 7; ” (Py) +4? -%4=0 = k = ) = 2y +a? =0. 


: . . : dui d p 
In order for there to be only one solution to this quadratic equation, the discriminant must be 0, so 4 — 4a? == 0 = 


b? — a?b? + a^ = 0. The area of the ellipse is A(a, b) = rab, and we minimize this function subject to the constraint ' 
g(a, b) = b? — a?b? -- a* — 0. 


mb 


ae = NN 2 -n ca 2 —— 
NowVA=AVg + b= Xo — Zab"), ra= AQQb— Iba") > A=- um 


(1), 


— A 0,U a +04 = i -— — a 
x= WO — a3) (2), b — ab +a 0 (3). Comparing (1) and (2) gives Za(2a? — 0) ^ 28(1—a?) 
2mb? = 4ra? & a? = P b. Substitute this into (3) to get b — a= VE 
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15.1 Double Integrals over Rectangles 


1. (a) The subrectangles are shown in the figure. 


The surface is the graph of f(x, y) = zy and AA = 4, so we estimate 


Ve ad È f(zi yj) AA 


t=1j= 


= f(2,2) AA + f(2,4) AA + f(4,2) AA + f (4,4) AA + (6,2) AA + f(6,4) AA 


= 4(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288 


(b) V = x = f (%:,9;) AA = f(1,1) AA + f(1,3) AA + f(3,1) AA + f(3,3) AA + f(5,1) AA + f(5,3) AA 


= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144 


3. (a) The subrectangles are shown in the figure. Since AA = 1. 4 = 4, we estimate 
2 2 
Sp 2€ *" dA ~ L » f (aij. uj) AA 
= I= 
= f(1,3) AA+f(1,1) AA + /(2,3) AA + f(2,1)AA 


72 


= ei? (1) e (4) 4- 2e! (4) + 2e? (1) =~ 0.990 


2 2 
(b) ff, ze *" dA ~ L » f(zi,yj) AA 
t= J= 


F3) AA+ (3.3) AA+ F(Z, 3) AA - F(Z, 9) A 
1 e/8(2 y+ 4: e 9/8(1 )+2 3 e79/8 (1) + 3 3e-9/5(1) x 1.151 


= 5€ 


5. (a) Each subrectangle and its midpoint are shown in the figure. 


The area of each subrectangle is AA = 2, so we evaluate f 


at each midpoint and estimate 


[fu Fn y)dA e DE f (i, y;) AA 
= f(1,2.5) AA + f(1,3.5) AA 
+ f(3,2.5) AA + f(3,3.5) AA 
—2(2) + (-1)(2) + 2(2) + 3(2) = 4 
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(b) The subrectangles are shown in the figure. 
In each subrectangle, the sample point closest to the origin 
is the lower left corner, and the area of each subrectangle is AA = i. 


Thus we estimate 


Ifa (20) dA © Y FG) AA 
= f(0,2) AA + f(0,2.5) AA + f(0,3) AA + f(0,3.5) AA 
+ f(1,2) AA+ f(1,2.5) AA + f(1,3) AA + f(1,3.5) AA 
+ f(2,2) AA + f(2,2.5) AA + f (2,3) AA + f(2,3.5) AA 
+ f (3,2) AA + f(3, 2.5) AA + f(3,3) AA + f(3,3.5) AA 
= ~3(5) + C93) + C93) + C3) + C0) + C3) + C90) + C2) 
+1(3) € 0(3) + (-1)(3) + 1(3) + 2(3) + 2(3)  1(3) +3(3) 


=-8 


7. The values of f(x,y) = 4/52 — x? — y? get smaller as we move farther from the origin, so on any of the subrectangles in the 
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper 
right corner, and any other value will lie between these two. So using these subrectangles we have U < V < L. (Note that this 


is true no matter how £ is divided into subrectangles.) 


t 


. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each subrectangle, 


we have 


Jf feri) dAn È 3 SET) AA = AUG 1 10,3) EDH 4(27 + 4-414 +17) = 248 


(b) fave = at Jp f(w,y) dA ~ (248) = 15.5 


11. 2 = 3 > 0; so we can interpret the integral as the volume of the solid S that lies below the plane z = 3 and above the 


rectangle [—2, 2] x [1, 6]. S is a rectangular solid, thus ff, 34A = 4-5-3 = 60. 


13. z = f(x,y) = 4 — 2y > 0 for 0 € y € 1. Thus the integral represents the volume of that 
part of the rectangular solid [0, 1] x [0,1] x [0, 4] which lies below the plane z =4— 2y. 
So : 


ff. (4 — 2y) dA = (1)(1)(2) + 4 (1)(1)(2) = 3 
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15. To calculate the estimates using a programmable calculator, we can use an algorithm 


similar to that of Exercise 4.1.9 [ET 5.1.9]. In Maple, we can define the function 


f(x,y) = VI F ze-" (calling it £), load the student package, and then use the "1| 1.141606 
1.143191 


command 
middlesum (middlesum(f,x-0..1,m), 1.143535 

y=0..1,m); , | 1.143617 

1.143637 
1.143642 


to get the estimate with n = m? squares of equal size. Mathematica has no special 


Riemann sum command, but we can define f and then use nested. Sum commands to 


calculate the estimates. 


17. If we divide R into mn subrectangles, ff k dA ~ 57 E f(x}, ij) AA for any choice of sample points (235, y). 
t=1 j=1 


But f(z}, yi) = k — and Y bP AA =area of R = (b — a)(d — c). Thus, no matter how we choose the sample 
#=1 j=1 


points, = È leinw) AA = k Y X AA= k(b — a)(d — c) and so 


i=1 j=1 


[[nkdA— lim. x È feiw) AA = | lim E» È AAS lim , F(b- a)(d — c) = k(b — a)(d — c). 


=1 j=1 $=1 j=1 


15.2 Iterated Integrals 


3 z=5 ' 
1. fp 12z°y? da = E T v| = 4g*y! |^ = 4(5)? y? — 4(0)? y? = 500°, 
" «=0 


47 y=1 
fo 1222? dy = |12? E | = 827y4] € = 3z?(1)* — 3z?(0)* = 32? 


3. f? Jo (6^y — 22) dy dz = ff [32^y? — 2zy] "5 dz = f; (122? — 42) dz = [403 — 22?]1 = (256 — 32) — (4—2) = 222 
2 [4,3,2z 2 a2 4 (4,3 ; 1,2212 [1,4]* _ 1/04 4 
5. fo fov et dy de = fy e de fj dy [as in Example 5] = [$e]; [s^]. = à(e* - 1)(64 — 0) = 32(e*— 1) 


7. ict P (y 4- y? cos z) dz dy = f°, [ry +y’ sinz]?7 =7/2 dy 
= f°; (žy +4’) dy = [y + Gv"), 
= [9 +9- ($F =9)] = 


9. TF (22) dyar - f þemu yy] ae = [ (vm2+ È) dx = [12?1n2 4- 2in|2|]* 
i Ji W cT 1 w 2” a Jy 2x 2 2 1 
—81n2-- 21n4— 11n2 = Z In2 - 31n 4!/? = 21 1n2 
ft. fo fo v(u-- v?) dudu = fo [3v(u--v?)9] 255 dv = & fg v [(1+?)® — (0+ v?)*] dv 
=} h [v1 4-55 - v7] de = 3 [2 - $(1 +0?)® — Bu?) 


[substitute £ = 1--v? = dt=2vudv inthe "i term] 


-4$[05-2-0-0]-4(53-)-$ 
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13. fo fo" rsin? 6 dO dr = fo rdr fy sin? 0 d9 [as in Example 5] = f? rdr f" 1(1— cos 26) dð 


= [i77]. 5 (0 — $sin20]7 = (2—0)- 4 [(7 — 3 sin 2m) — (0 — 4 sin0)] 


=2-3[(m-0)- (0-0) =r 
15. [a sin(z — y) dA = fr^ J3? sin(z — y) dy de = fo^ [cos(x — y)]v-o ^ dz = ff"? [cos(z — $) — cos] dz 
= [ins — $) - sinz |" = sino — sin $ — [sin(—$) — sino] 
-0-1-(-1-0)-0 


173 gy? 3, ; . 1 quos) 
v. [ff 2 2414 A- [ f wef zarf,’ dy = [3 In(e +1), [iv] , 


= $(In2 — In 1)  $(27 +27) 2 91n2 


19. fr? fe s sin(z + y) dy dz 
= [72 cos(z ^- y)]7 o 77/5 dy = [7/9 [rcosz — zcos(z + £)] dz 
= rz [sin — sin(z + -33 d -— ke" $ [sinz —sin(c+%)]dx [by integrating by parts separately for each term] 
Ls n/ - = T 
= &[i - 1] - [-esz cose 8)];^ =- - [58 +0- (1 D] 2 - 8 
21. [[, ye *" dA = fo fo ye *' dedy = fy [e]; dy = foe 7" + 1) dy = [fe +y] 
-ie9*43-(i-0)-1e942 


23. z = f(x,y) -4— x —2y > O for0 <x < Land 0 < y < 1. So the solid 
is the region in the first octant which lies below the plane z — 4 — z — 2y 
and above [0, 1] x [0, 1]. 


25. The solid lies under the plane 4z + 6y — 2z + 15 = 0 or z = 2z + 3y + 3? so 


V = ffa(2z +3y + 33)d4A = i Is (2z + 3y + 3) dz dy = [^ M T3zy + 2 al", dy 
= f^, [19 + 6y) — (—42 — 3y)] dy = f1, (2 + 9y) dy = [By + 27], — 30 — (-21) = 51 


7V= ff. (1 — i2? — dy?) dz dy = 4 fo fa (1— 4a? — iy?) dz dy 
=4 f k- 32 — bv/z]; co dv =4 So (8 — b?) dy - 4[» - $^]; =4- B= e 


29. Here we need the volume of the solid lying under the surface z = z sec? y and above the rectangle R = [0, 2] x [0, 77/4] in 
the zy-plane. 


V= & /4 vsec? y dy da = f? x dz f7/ sec? ydy = [4a oy, (tan v] 
= (2 — 0)(tan = — tan0) = 2(1—0) =2 
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31. The solid lies below the surface z = 2 + z? + (y — o" and above the plane z = 1 for —1 < æ € 1, 0 € y < 4. The volume 
of the solid is the difference in volumes between the solid that lies under z = 2 + x” + (y — 2)? over the rectangle 


R = [—1, 1] x [0, 4] and the solid that lies under z = 1 over R. 


V = fo f 2+2? + (y — 2)?] dz dy — f; ^, (1) dz dy = Us [2z + 3a? + a(y—2)7]7=", dy — f°, dz fo dy 


x 


= fo (2+ 3 +0- 2°) - (-2- $ - (v - 2] dy - [z] Iulo 
= fo [¥ 2( — 2)?] dy - [1 — C-0]l4 — 0] = [y + 3 — 2]; — (2)(4) 
= [((# +3)-0-#)]-8=F -8=$ 
33. In Maple, we can calculate the integral by defining the T as f 
and then using the command int (int(f,x-0..1),y-0..1);. 
In Mathematica, we can use the command 


Integrate[f, (x, 0,1}, (y, 0, 1)] 


We find that ffp 2°y°e* dA = 21e — 57 ~ 0.0839. We can use plot3d 


(in Maple) or P10t3D (in Mathematica) to graph the function. 
35. R is the rectangle [-1, 1] x (0,5]. Thus, A(R) — 2- 5 — 10 and 


1 5 pl z=1 
foe = ggr [RI 4A = 35 Jo [^ Py de dy = ds fo [5]; 25. W= ds ho Guay = ds lv] = 8- 


37 "n xy aa f zy dyds - f z de [ vay [by E uation 5] but F =e ai 
‘dda lta -1Jo 1+24 FEET b q = īp ano 


1 1 
function so T f(x) dz = 0 by (6) in Section 4.5 [ET (7) in Section 5.5]. Thus J | ZW dA: i y dy — 0. 
s R 0 


14z* 
r— A 
39. Let f(x,y) = [CES Then a CAS gives ET f(x,y) dy dz = 3 and RE f(z, y) dz dy = —i. 
To explain the seeming violation of Fubini's Theorem, note that f has an infinite discontinuity at (0, 0) and thus does not 
satisfy the conditions of Fubini's Theorem. In fact, both iterated integrals involve improper integrals which diverge at their 


lower limits of integration. 


15.3 Double Integrals over General Regions 


1. fo fo ay? dz dy = fy [3^ v^]; dy = fo àv" (V/v? — 0?)dy = 3 fo y? dy = 3 [4y4]* = 1(64 —0) = 32 


2-0 


3. Jo JaC + 2y)dy de = fo [y-- v^]. dz = fo [2+ 2° — 2? — 22] da 


y=? 


= Jo (2 —2*)dx = [32 - $2], 2 3- $00 5 


2 n . 
5. fo f; cos(s*) dtds = f; [tcos(s?)], 5 ds = fj s^ cos(s?) ds = }sin(s*)]> = 3 (sin1 — sin0) = 3sin1 
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7. ffo y^ dA = f°, f*, oy? de dy = f^, [e^], dy = 2, 9? [y - (-y - 2)] dy 


= [Gy + 2y?)dy = [iyt $9] 733-32 3- 


Colts 


9. [fo adA= f; fj^ zdydz = fy [zyly-o ^" dx = fg zsinzdz | a ism | 


with u = x, dv = sin x dz 
= [-xcosx+sinz]> = —7 cos -- sin +0 — sinü = r 
11. (a) At the right we sketch an example of a region D that can be described as lying 
between the graphs of two continuous functions of x (a type I region) but not as 
lying between graphs of two continuous functions of y (a type II region). The 


regions shown in Figures 6 and 8 in the text are additional examples. 


0 x 
(b) Now we sketch an example of a region D that can be described as lying between y 
the graphs of two continuous functions of y but not as lying between graphs of two 
continuous functions of z. The first region shown in Figure 7 is another example. 
0 x 


13. As a type I region, D lies between the lower boundary y — 0 and the upper 
boundary y = x for 0 < x < 1, so D = {(z,y)|0 < z < 1,0 < y < x}. If we 
describe D as a type II region, D lies between the left boundary z = y and the 
right boundary z = 1 for 0 < y <1,soD={(z,y)|O<y<1l,y<a< 1}. 

Thus [f,2dA = fo fy zdydz = f; [sy]; dx = fo 1° dr = 32°), = 3(1—0) = $ or 
Jf, dA = f, f, edz dy = fy [327]; 1d an ee MEE -$ 
15. o — ALCUN rm ORE e 


y—y-2-0 & (y-2)(y+1I)=0 & y-—-—1,y —2,sothe points of 
intersection are (1, —1) and (4, 2). If we describe D as a type I region, the upper 
boundary curve is y = \/z but the lower boundary curve consists of two parts, 


-yz for0 < x < landy =z- 2for1 <x < 4. 


Thus D —((z,y) JOB < z < 1, — vz < y € /z)U((z,y)| 1l v X4 z—2-zx y € Vr} and 
ffpy 4A = E [oy dy dz + f; fy y dy dx. If we describe D as a type II region, D is enclosed by the left boundary 
x — y? and the right boundary x = y + 2 for —1 < y < 2, so D = ((z,y)| -1€y €2, y? <x € y *- 2) and 
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ffovdA = f?, Em" y dz dy. In either case, the resulting iterated integrals are not difficult to evaluate but the region D is 


more simply described as a type II region, giving one iterated integral rather than a sum of two, so we evaluate the latter 
integral: ` 
=y+2 2 
SfovdA= f? Sj? y dedy = f^, [zy]; ya dy = f?,(y+2—y?)ydy = fA, (Y? + 2y — y?) dy 


2 
=t- it = (944-4) - t 
17. fd f£ zcosydydz = f? [sin] 77 de = f] esina? de = -icosz?]) = 3(1 —cos 1) 
2 7—3y 2 3 212—27—3y 
Shp vaa - f / r y dedy = f [ry | oe dy 
Ve 


= f: (T — 3y) - (y — )] y? dy = f? (By? — 4y*) dy 


= [fv -v]-$-19-$421- 9 


- f. [22y - i a” 


= f?, [i VE— a? — 1(4— 2?) +20 VA — 82 + à (4 — 2?)] dz 
2 


=f; 4z V4 — 2? dz = —$(4—27)°7] =, 


-2 


[Or, note that 4z /4 — a? is an odd function, so p. 4z V/A — x? dz = 0] 


—«? à -1-35? 
V= fo f? (1— x+ 2y) dydz = fè [y ^ zy + SE dz 


= [ [(n-35 28-25-25) 
- (a-3-28-2a-27)]a: 


(z* +2? — 32? — z 4-2) — (22? — 4z + 2)] dz 


l 
S 
mS [ s 


= ds 


z^ + z? — 5z? + 3x) dz = [32° + 424 — Ba? + iz?] 


Ve p T- cy da dy = f? ig*ypt-1-9 di 


= } f? (48y — 42y? + 9?) dy 


= 3 9,412 _ 
= }[24y? — 14y? + fy*], = € 
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27. V = fê 2-3" (6 — 32 — 2y) dy de 
TUR 
= fo [6y — 3ey - y ]p-o ^ dz 
= [2 [6(3 — $x) - 32(3 — 32) - (3 - 3z)?] 
= fo ($2? — 9r +9) dz = [32? - 22? - 92]? =6-0=6 
29. 
(yum f 5 x? dy dx 
-jfus a [y]. dz = f? (4x? — 2*) dz 
-à-igeg-pep-pou 
31. 
Ji-=? yi- 
I e TA 


1 2 
l-7 1 1,371 
f 2 dz — $[r-$7]9 7 $ 


From the graph, it appears that the two curves intersect at c = 0 and 


33. 3 
at x © 1.213. Thus the desired integral is 


D 


TENIS y =3r — z? 
JfpozrdA x Lt me x dy dz = fo" [au] dx 


i i "2 ee 


-01 b 13 | = (aga eg s a9) dz = [z? - ly 


-02 
0.713 
35. The two bounding curves y = 1 — x? and y = z? — 1 intersect at (+1,0) with 1 — z? > x? — 1 on [—1, 1]. Within this 
region, the plane z = 2x:+ 2y + 10 is above the plane z = 2 — x — y, so 
V= fs Ix =" (2a + 2y + 10) dydz — f}, És  2-z-1 y) dy dx 


m. n * (0 + 2y +10 — (2 — x — y)) dy dz 
mig 


24 8y)” silk: dz 


= f^ AE (8a + 3y +8) dydz = [^ [sey + $y 
— $(z? — 1)? — 8(a? — 1)] dz 


— x”)? + 8(1 — 2?) — 3z(a? — 1) 


= f} [8:(1-2?) + 2(1 
[—3a* — 4823 + 32? + 162]* i 


= f? (—6x* — 162? + 6x + 16) dz = 


=—-$-4243416+3-*%-3+16=% 
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The solid lies below the plane z = 1 — z — y 
Or z 4- y + z = 1 and above the region 
D={(z,y)|0<2<1,0<y<1-2} 


in the xy-plane. The solid is a tetrahedron. 


The two bounding curves y = z? — x and y = x” + x intersect at the origin and at x = 2, with z? + 2 > zè? — x on (0,2). 


Using a CAS, we find that the volume is 


val PT w= [fe aà dg, 15984735018 
oa E udo. s I T 32 EUROS 


The two surfaces intersect in the circle x? + y^ = 1, z = 0 and the region of integration is the disk D: x? + y? < 1. 
1 v1-z? - 
Using a CAS, the volume is [fo —2?—y’)dA= f [ (1— 2? — y?) dydz = —. 
' D -14-4/1-z? 2 


Because the region of integration is 
D-((sy)loSz&y0sy&s1i1)-((oy|zsysLt0sz&1) 


we have fj fi” f(a,y) dz dy = ffo f(z,y) dA = fd f° f(x,y) dy dz. 


Because the region of integration is 
D = {(x,y) | 0 < y <cosz,0 < x < 1/2} 
= ((zy) |O < £ < cos"! y,0<y < 1) 
we have 


fa? ROF F(z y) dy dx = ffy fle.y) dA = f R f(a,y) dz dy. 


Because the region of integration is : 


D = {(z,y) |0 < y Sinz, 1 < z < 2} = {(z,y) |" < £ < 2,0 < y < n2} 


_ we have 


2 pine In2 p2 
[ [| femi m ff faa m [ f tandra 
41 JO D 0 ev 
1 73 3 pa/3 3 =2/3 
f [ e? de dy = | { e? dy de = f [ery] i dr 
0 J3y o Jo o y=0 


T: 
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51. 


4 2 
lia vds -[f s 


=y a y 
= =F wan | -— 
Le y x1 (el ell pri 


= bmj’ 1|] = 229—121) = 31n9 


1 pr/2 
53. It y=sinx or {d cosx y1 + cos? a da dy 
0 


x= arcsin y arcsin y 


= nm nine cosa v/1 + cos? z dy dz 
= tI? cosa V1 + cos? x [v]]zs d T 


_ pr/2 V1 + cos’ A Let u = cos x, du = —sinx dz, 
o cosxV¥1+cos* xsin sdr | di m duj- ana) 


= [P -uvi Fu du = —} (1+ u? m 
-8(V8-1) = 3(2v2—-1) 
5. D={(2,y) |O<2 <1, —2+1<y<lU{(z,y)|-1<2<0,c4+1<y<}} 
Uf(zy)oszsXi-isy&ss-ijU((sy)|-1€z€0,-1€XyX€-z-1) alltypel. 


1 pl o pl 1 pe-1 0 p-r-1 
I eaa= | f z? dyde+ f | sais | | a duds 4 | f z? dy dx 
D 0 Ji-z 14241 o J-i 4-1 


1 1 
=4 | Fi a? dy dx [by symmetry of the regions and because f(x,y) = x” > 0] 
1-2 


=4 fd z?’ dz — 4[12*]) = 


57. Here Q = {(z,y) |? +y? «$5,220, > 0), and0 < (z cy «(3 = -$ € (^ +97)? «0so 


e^ 1/16 < e^ v^ < e? = 1 since e' is an increasing function. We have A(Q) = 17 (4)? = &, so by Property 11, 


e71/15 A(Q) < ff, e- G^ dA «1.A(Q) — enV « Jf. ec ^ dA « E or we can say 


0.1844 < e- G^ *v Y dA < 0.1964. (We have rounded the lower bound down and the upper bound up to preserve the 
Q Uu 


inequalities.) 
59. The average value of a function f of two variables defined on a — R was 
defined in Section 15.1 as fave = x^g; Sfp f(x, y)d A. Extending this definition 
to general regions D, we have fave = ziby [fp F(a, yd A. 
Here D = ((z,y) | 0 £z < 1,0 < y € 31), so A(D) = 1(1)(3) = $ and 
fue = aby [Jp f(2,9)dA = oe So fo" ty dy de 
= $ Jo [peu] yoo dz = 3 fo 92° dz = 324], = d 


y-0 
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61. Since m < f(x,y) € M, ff, mdA < ff, f(z,y) d € ff; MdAby(8) = 


m ff, 14A € ff f(z,y) dA € M ff,1dAby(7) = mA(D) € ff, f(x,y) dA € M A(D) by (10). 


63. , First we can write [f(x -- 2)4A = ff, xdA 4- ffp 24A. But f(x,y) = x is 
an odd function with respect to x [that is, /(—7, y) = — f (x, y)] and D is 
symmetric with respect to z. Consequently, the volume above D and below the 


graph of f is the same as the volume below D and above the graph of f, so 


Sfp 3 dA = 0. Also, ff, 2dA —2- A(D) = 2- $7(3)? = 9r since D is a half 


disk of radius 3. Thus ff, (z + 2) dA = 0 + 9r = 9r. 


65. We can write ff, (2z + 3y) dÀ = ffp 2rdA + ffp 3ydA. ff, 2 dA represents the volume of the solid lying under the 
plane z = 2x and above the rectangle D. This solid region is a triangular cylinder with length b and whose cross-section is a 


triangle with width a and height 2a. (See the first figure.) 


zp — (0, b, 3b) 


Thus its volume is 3 - a - 2a - b = a?b. Similarly, Jp 3y dA represents the volume of a triangular cylinder with length a, 


triangular cross-section with width b and height 3b, and volume 3 « b - 3b - a = łab”. (See the second figure.) Thus 
Sfp (2x + 3y) dA = a?b + Sab? 


67. ffp (ax? + by? + Va? — 23?) dA = ffp ax? dA 4- ffp by? dA+t Jf, Va? — x? dA. Now az? is odd with respect 
to x and by? is odd with respect to y, and the region of integration is symmetric with respect to both x and y, 
so ff, az? dA = ff, by? dA — 0. 
SS Va? — x? dA represents the volume of the solid region under the 


graph of z = va? — x? and above the rectangle D, namely a half circular 
cylinder with radius a and length 2b (see the figure) whose volume is 


1 . nr?h = Vra? (2b) = mab. Thus 


Sfp (az? + by? + Va? — 2?) dA = 0 + 0 + ra?b = mab. 
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15.4 Double Integrals in Polar Coordinates 


1. The region R is more easily described by polar coordinates: R = {( r,0)|0<r<4,0<6< sry. 


Thus ff, f(z,y) dA = fo"/? f f(r cos 6, r sin 8) r dr d. 


e 


. The region R is more easily described by rectangular coordinates: R = ((s, y)|-l1<a<10<y< a+}. 


Thus ff, f(x,y) dA = py "aac f(x, y) dy da. 


e 


The integral fr 74 x E r dr d@ represents the area of the region - 
R= {(r,0) | 1 < r < 2, 1/4 x0 € 37/4), the top quarter portion of a 
ring (annulus). 
37/4 f2 37/4 2 
fort! fP rar do = (f^ ae) (f? rar) 


-[e54 Br] = (4-9) -34-N=9-3=% 


. The half disk D can be described in polar coordinates as D = {(r,0) |0 <r <5,0 <0 <r}. Then 
Sfo z? ydA = [7 fo (r.cos0)?(r sin 6) r dr dé = (J cos? 0sin6d0) ( o7 dr) 


~ 


= [eos d]; [r] = —4(—1~ 1) 625 = 299 


. [fp sin(z? + y7) dA = Jer JÈ sin(r?) r dr dO = [pr do) (f? rsin(r?) dr) 
T 3 

= [015° [78 eos]; 

= (3) [-3(c059 — cos1)] = £(cos1 — cos9) 
ft. fe 7-7 dA = fr Seen” rardo = f°", dB fo re" dr 

T. —r? 2 E x <i 
= [e175, |-43«7], -»(-(* - 2") = 50-675 

13. R is the region shown in the figure, and can be described 
by R= {(r,0) |0 <0 < &/4,1« r < 2). Thus 
She arctan(y/z) dA = p” J? arctan(tan 0) r dr d since y/x = tan 6. 
Also, arctan(tan 6) = 0 for 0 < 0 < 7/4, so the integral becomes 


- ft^ [e Ordrdd = f7/*6d0 f? rar = HPV ii] = = 8 = de^. 


15. One loop is given by the region 
D —((r,9)|-7/6 < 0 € 1/60 <r € cos 30 }, so the area is 


7/6 cos 30 7/6 r=cos "à 
If, dA = f [| rdr d = Li E | 
7/6 7/6 r=0 
71/6 7/6 
: =f ge 30d0 = 2 | oes 
—7/6 2 0 2 2 


7/6 
b sg T 
XLI mi 


1 
2 
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17. In polar coordinates the circle (x — )y4y!—-1 e z4y!-2z is 7? =2rcos8 - r-2cos0, 
and the circle z? +y? =1 is r = 1. The curves intersect in the first quadrant when 
2cos8—1 = cos = 5 => 0 = 7/3, so the portion of the region in the first quadrant is given by 
D = {(r,8) | 1 < r <2cos6,0 < 0 € 7/2). By symmetry, the total area 
is twice the area of D: 
2A(D) =2 ff, dA =2 JP f2*** rdrdg —2 (7? (372) 1^" qp 


= f (cos? 0 — 1) d0 = f7^ [4- à(1-- cos20) — 1] do 


= [7 (1 + 2c0s 26) dd = [0 + sin20];/? =F + £ 


19. V = ffir cya ca VO FUGA = fo" fo vri rdrdà = fo" d for? dr = [0]; [37]; = 2r(8) = $r 


21. The hyperboloid of two sheets —x? — y? + z? = 1 intersects the plane z = 2 when —z? — y? +4 = 1 or z? +y? = 3. So the 
solid region lies above the surface z = 4/1 + x? + y? and below the plane z = 2 for z? + y? < 3, and its volume is 


2T 
v= ff k MESES dA = f [fe — Vir?) rdrdo 


z2+y2<3 


- v3 
= fo" æ p (2r - rV1xr3)dr = [0]} [r -4(1 eryn 
z22:(3-8—-041)2$« 
23. By symmetry, . 
2T fa 2r a 
Vo? i Vi =a aA =2 | p d fr yaar 
o Jo 0 0 
z? +y? <a? : 


=2[0]?7 [-àc? - ey] = 2(2m)(0 + ła?) = 


2 
25. The cone z = ,/z? + y? intersects the sphere x? + y? + z? = 1 when z? + y? + (vs? *y) — lorz? 4- y? =}. So 
: 2m p1//2 
V= "i (ize -verp)a-[[ (Vi-ri- r)rarae 
z? +y? <1/2 aao: 


=f?" do fi? (r VI- — r?) dr = [0]2" [-3( (1 — 99)? — 1 |^? as h 2(3 -1)=4(2 E 


0 
27. The given solid is the region inside the cylinder z? + y? = 4 between the surfaces z = 4/64 — 4x? — 4y? 
and z = —/64 — 4a? — 4y?. So 
V= /Í [ve — 4a? — 4y? — (- và — 4a? — ay? ) | dA = // 2 V/64 — 4a? — Ay? dA 


x2 +y? <4 z?--y? «4 
2 
=4 fo" f? V16—r? rdr d8 —4 f?" dd fr V16 -dr - 4[0]?" T ds] 
= 8r (—4)(12°/? — 167/%) = $ (64 — 24 V3) 
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3 o-z? z T 3 2 
29. aytes L sin(x” +y Jayde = | [ sin (r^) rdr dO 
= fy de [s rsin (r?°) dr = [6]; [—4 cos (s 
=m (—$) (cos9 — 1) = 2 (1 — cos 9) 
= p” p (r cos + r sin 8) r dr dð = "de (cos 0 + sin 0) d0 far dr 


= [sin 9 — cos 0]7/^ [15] Y? 


- [4 - 3 -o«1] -3 0v2-0) = 


33, D = ((,69) |O £r € 1,0 < 8 < 2r}, so 
ds el Y dA = pro e pdr dé = 7 df F re” dr = 2n fo re" dr. Using a calculator, we estimate 


27 f; re" dr & 4.5951. 


35. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at 
the center of D and define f(z, y) to be the depth of the water at (x, y), then the volume of water in the pool is the volume of 
the solid that lies above D = { (x, y) | x” + y? < 400} and below the graph of f (x, y). We can associate north with the 
positive y-direction, so we are given that the depth is constant in the z-direction and the depth increases linearly in the 
y-direction from f(0,—20) = 2 to f(0,20) = 7. The trace in the yz-plane i a line segment from (0, —20, 2) to (0, 20, 7). 
The slope of this line is mm. = 4, so an equation of the lineis z — 7 = £(y—20) = z= $y + $. Since f(z, y) is 
independent of x, f (z, y) = iv 4 2. Thus the volume is given by f. Js f(z, y) dA, which is most conveniently evaluated 
using polar coordinates. Then D = {(r, 6) | 0 <r € 20,0 < 0 € 21) and substituting 2 = r cos, y = r sin 6 the integral 
becomes i 

2 [2° (drsind + 8) rar do = [2° [sino Sr]: Ze? do = f” (290 sing + 900) dé 
= [—19% cos 0 + 9000)?" = 18007 


Thus the pool contains 18007 zz 5655 ft? of water. 


37. As in Exercise 15.3.59, fave = AD) [fp f(x, y)dA. Here D = ((,9) |a <r €6,0€ 0 € 2r}, 


so A(D) = «b? — xa? = «(b? — a?) and 


1 1 1 2- pb 1 ij 2r "b 
ine 3m h arp I = xus], f Jrrd = soe | a f dr 


= 1 2x p Jb 1 _ 2(b-a) |. 2 
= x62 =a Mle, Ae = 9-3 090-275: 585 37 243 
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1. r V2 pe á - y4- x? 
s. f f ay dyde+ | [i zydyds « f / xy dy dx 
1//2 J 1-22 1 (o v2 Jo 


r=2 


-/A f2 7/4 rt 
=Í / r° cosðsingdrdo = | | cossin] d 
0 1 0 4 T=] 


sin? 0 ci . 15 
2 |o ~ 16 


2,15. ("/* n0 cos0 do = 12 «| 
4 0 


1,-z? 


41. (a) We integrate by parts with u — z and dv — ze" da. Then du = dz and v = cB 7 $0 
e t 2 a ; —a?]* , pt1_—2? 
js dx = lim fy xe L3 IES $e ar) 
= lim (-4te-*) + ife -2 de =04+2 2] e -2° dg [by I’Hospital’s Rule] 


zi tse e-* dx [since e^?" is an even function] 
— i/m [by Exercise 40(c)] 
(b) Let u = yz. Thenu? — z => dr-2udu > 


°° Jre" dz = lim f! /ze-* dz = lim f" ue~™ 2udu — 2 f£? ue du = iVm) [by part(a)] = i 
0 t—oo 70 » t—oo 0 0 2 


15.5 Applications of Double Integrals 


1. Q = ff o(a,y)dA = JP Ja (2x + 4y) dy dz = fj [2ay + a dr 


= fý (10x + 50 — 4x — 8) dz = fy (6x + 42) dz = [3a? + 422] = 75 + 210 = 285 C 


3. m= ffo p(z,y) dA = fi Jf ky? dy dx =k ff dx ff y? dy =k [ely [$^]; = k(2)(21) = 42k, 
T= X Sfp zp(z,y) dA = zi Ji fy key? dy de = 35 fi zde ffy? dy = & [32°]; [à]; = (21) =2, 
T= X [fp vo(z y) dA = zx fi Ji ky? dyde = d fi dz fh v dy = isle (4/1; = 522 (28) = 8 


Hence m = 42k, (7,7) = (2, &). 


m= ie ba (w+ y) dy dz = f [sy +3 a dr = li [r(3 — $2) + 3(3 — 2)? — $2^] dz 
= fe (—$2? + $) de = [-8 (32) + $2] =6, 
My, — [2 La (x? + zy) dy dz = f? [a?y + tey y ^m dz = fy (2a — $2?) dz = 2, 


My = fe [5 Gy V?) duda = f [hev + dy" vaaz dz = fo (9— 32) dz — 9. 
-e(n -= (M Me. (8 8 
Hence m = 8 59) = (e t= E 5) 


imak p” alas [152] 717 de = 3k f?, (1 — 22)? dz = dk f, (1 — 22? +04) de 


y-0 
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2 =1—24 š 
My — ff kzydydz—k][', [12^] dz = lk f} z(1— 22)? dz = ak fie — 22? + a9) dz 


E E p E EE R NE a Dey 1.1. 141. aN E 
= ák[iv 32 * $27]. = 3k (3 ata- ati- a) =0, 


T NE 
Mz =f), [177 ky? dydz =k f^, [339] 73177 de = 1k [4,0 — 22 dz = 1k f} (1— 32? + 324 — 29) dz 


3 y=0 


1 
= Pele — a" +a- pa], = $e(1-14$-F41-1428-4) = Be 


Hence m = dh (5,3) = (0, 3A") = (0,4). 


. Note that sin(rx/L) > 0 for0 <a < L. 
m= fy RCP y dy da = f 2 sin?(mx/L) dx = } [12—- £ sin(2ra/L)|¢ = iL, 


wo 


eT a ! i b ith 
My = fy So"! s. ydydz = $ fy zsin^(rz/L) dz s Mis cs aer " 


iec(iz- i sin(2z/L))]; -4 ff [iz — E sin(2rz/L)] dz 


ll 


2 L 2 2 
= gp à [ien]: = 18-4 (40+ - E) = a, 


M;-— ng y-ydydr = h 3 sin®(2/L) dz = i. s [1 — cos" (sz/ L)] sin(rz/L) dz 
[substitute u = cos(xz/L)) =  du- —2sin(zz/L)) 


= 3(—4) [cos(ra/L) — 4 cos?(sz/L)]* = -#(-1 +4 -1+ i) — EL. 


Lua _ (17/8 AL/(90)V |L 16 
Hence m = 7, (53 = (FA, L/A )] X2'9r) 
= : opr/?pi,,2. — ip [T/a ek ae -/2 1; 
11. p(z, y) = ky = krsin6, m = J" f, kr? sind dr dð = $k f7 sind dé = $k[-cos6]^^ = ik, 


M, = Ep"R kr? sin 0 cos 0 dr dé = ik fr? sin 0 cos 0 d8 = ik[- cos 26] 7? = įk, 
Mz = fZ’? f kr? sin? 0 dr dó = 2k f^ sin? 0 d0 = 1k[0 + sin26]7^ = Zk. 


Hence (z, y) = (2, 32). 


p(z,y) =k fa? +y? = kr, 
m= ffp pls, y)dA = fr ft kr -rdr de 
=k fo do fèr? dr = k(n) [i] = ink, 


13. " 
y-d4-xt 


My = [fp xp(z, y)dA = fr f; (rcos0)(kr) r dr d0 = k fo cos dà fir’ dr 


[this is to be expected as the region and density 


zd : 7T 71,4 2 xe 15 = . 
ii [sis ola 4T h = k(0) ( = ) : function are symrnetric about the y-axis] 
Mz — ff, ye(z,y)dA = fT f? (rsin0)(kr) r dr dð = k f? sind f? r? dr 
=k [-cos6]; [ir]; = k0 +1) ($) = Be. | 
Hence (z, 3) = (o. ni = (0, 4%). 
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15. Placing the vertex opposite the hypotenuse at (0, 0), p(x, y) = k(x? + y?). Then 
m= fof" e(a? +y?) duds — k fe [aa® — 2° + 4 (a—a)"] de = k[jaz? — 42* — $ (a — 2)*] = hkat, 


By symmetry, 
My = Mz = fo fo * ky(a? +y?) dydx =k fy [3(a—2)?2? + (a — z)*] dz 


= k[ia? 2 —taz* + iz = jla- z)*]5 = d ka? 
Hence (z,y) = (2a, 2a). 
zug axi 
45 du = [fo v^ p(z.9)dA =f", f; y! kydyde =k f^, [1^ p ro iy fi (- ah dz 
= dh f°, (0° — 4a? --62* — da” +1) dz = dk [32° — ja" + 3a? — $a? + a)l, = defe 
ly = [fp 22o(a,y) dA = J^, JE” kay dy de =k [3 [bay] TN de = 3 f? 2% — 2)? dz 
= fk J? (2? — 22* +°) de = $k [32? — fa" + $27], = ig 
and Io = Iz + I, = ask + sh RE sis. 


19. As in Exercise 15, we place the vertex opposite the hypotenuse at (0, 0) and the equal sides along the positive axes. 


pec y^k(r? Iu k fofo (ru +y*)dyde =k fy [32y v] de 
=k fh [$2 + &(a — z)?] dz =k [3 (3a?a? — 2a?z* + fază — 129) — $s(a — 2*5 = 3s ka, 


dye a (E ty ?) dy dz =k ff Jy "(a^ a?y^)dydz = k fy [^y + $^? veria dz 


=k fý [z* (a — 2) + 32? (a — z)?] dz = k [3az? — $29 + $ (3a?2? — 2a?z* + 3az* — 129)]2 = kad, 


and Io = I; + Iy = aka’. 


21. Ie = ffo ^ la,y)dA = f; fo py? dz dy = p fo de fy y^ dy = p[ x], [3^]o = b(Gh*) = &pb?, 


I, = [fo x^ p(z,y)dA = [y fy px? dz dy = p fy x? dz. fy dy = p| 3a? ]g lylo = 3o? h, 


and m = p (area of rectangle) = pbh since the lamina is homogeneous. Hence z= 


23. In polar coordinates, the region is D = {(r, 0)|0<r<a0<o< $) TS 
Iz = fis y'pdA = pes p(rsin 6)? rdrdé = pu sin? dO p ae 

= [30 — $sin26]^ [r*]; = (3) (4a*) = dspnr, 
l= Wo 2? pdA = [7^ f? plr cos0)? r dr dd = p f^ cos? dO f° r? dr 


= p[}0 + 1sin 26]; [1r*]; = P (4) (Ga) = dear, 


and m = p: A(D) = p - ra? since the lamina is homogeneous. Hence z-y- = 
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25. The right loop of the curve is given by D = ((r,0) | 0 € r € cos20, — 7/4 < 0 < 1/4}. Using a CAS, we 


find m = ffp p(z,y) dÀ = ff5(z? - ?)dA = Ius? 77" P rdrd$ = =. Then 


m/A os 20 x dil 
z= ff vp(z,y) dA = SI £ (r cos) r? r drao = $ ff f sordide: 163842 | 
D oe 


dé z/4 Jo 103957 
1 7/4 cos 20 v /A4 cos 20 

7-5. [f yp(z, y) dA = 47 a [ . (rsin) r’? rdrdp- 9 / r* sin 6 dr dð = 0, so 
m J Jp 7/4 3r —n/4 

Lu _ (16384,/2 

an = (Tom?) 


The moments of inertia are 


= ffp y plz, y) dA = JD. fo" (rsin6 r^ r dr dd = = ii 00 20 8 ang ae ab = DT... o. 


0 384  105' 
T-T/À  pcos20 2.2 7/4 cos 20 rŠ =, ES 
Ty = [fp è p(z,y) dA = [*7,, Ig” (70088)? r^ rdr do = S7 f eoe! Ode do = = jos’ aM 
57 
To = In + ly = 


27. (a) f(x,y) is a joint density function, so we know f foa f(x,y) dA = 1. Since f(x, y) = 0 outside the 


rectangle [0, 1] x [0,2], we can say 


S Spo F(a,y) dA = f75, f°. f(w,y) dy de = fo So Ca(1+y) dy dx 
=C fo zly + 5^ ]o dz = C fl ede = C[22?]) = 2C 
Then2C 21 => C-i. 


(b) P(X «LY <1) = f^. f^. fey) dydz = fo fo $(1 + y) dy de 
=h3 z[y * 3v ee o dt -fhài z(3) dz -1i[iz]- 8 or 0.375 
(c) P(X +Y € 1) = P((X,Y) € D) where D is the triangular region shown in 
the figure. Thus 


P(X -Y <1)= ffo f(a,y)dA= fofo ^ $2(1+y) dydz 
= fo ieu + iyli de= fy bela? — 2e + $) de 


=if (x — 4z? + 32) da = ig -ag eas] 


= Š e 0.1042 
29. (a) f(x,y) > 0, so f is a joint density function if f. (m f (v, y) dA = 1. Here, f (x, y) = 0 outside the first quadrant, so 
Shee f(x,y) dA= fo? fo^ 0.1e- (0-52 £0.27 dy dr = 0.1 I E. e 9n 7039 du dz — 0.1 f° e79 99 da GS e794 dy 
= 0.1 Jim fy e~°* dr lim fje-9?v dy = 0.1. lim [72e-957]* Jim. [75e-99v]* 
— 0.1 Jim [-2(e-?** — 1)] lim [-5(e7??! — 1)] = (0.1) - (-2)(0- 1) - (-5)(0- 1) =1 
Thus f(z, y) is a joint density function. 
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(b) (i) No restriction is placed on X, so 
PO > 1)= f? fi" Kev) dydz = fo^ fi^ 0.1e (0551029 dy dz, 
= 0.1 fj? e 95* dg. fi? e 0?! dy = 0.1 lim n fy e da Jim. Ji 9?" dy 
= 0.1 lim [—2e~° aT [oe avji =0.1 lim [—2(e~°** — 1)] jim [-5(e 9?* — e-°2)] 
(0.1) - (—2)(0 — 1) - (—5)(0 — e~*-?) = e79? a: 0.8187 
(ii) P(X < Y <4) = f? ft fla, y) dy da = fF fo 0.1e- 052492) dy dz. 
=0.1 fo e 95* dz ft a T dy = 0.1 [26-059]? [Hae], 
= (0.1) - (-2)(e! - 1) - (-5)(e-^* — 1) 
= (e^! —1)(e~°8 — 1) = 1 + e^! 8 — e798 — e~? & 0.3481 
(c) The expected value of X is given by 
m= [fo sF) dA = J^ J^ x [0167 (055020] dy dz 
— 0.1 f° ze-952 de [°° e-92» dy = 0.1 Jim. fi e795* dz Jim. [1e792v dy 
To evaluate the first integral, we integrate by parts with u = x and dv = e^ 9?" dz (or we can use Formula 96 
in the Table of Integrals): f ze ?5* dz = —2xe~°* — f —2e7995* dz = —2re 05? — 49-052 — _9(4 + 2)e—0-5, 


Thus 
fa = 0-1 jim [72-37], Jim, [50702] 


=0.1 lim (—2) [(t + 2)e79.5* — 2] Jim (—5) [e 9?* — 1] 
—0.(-2) (m Ser XT -2)( —5)(-1) =2 [by l Hospital's Rule] 
The expected value of Y is given by 


li = Ita y f(z,y)dA = PE y|0.1e705 tan] dy dx 


1f a5 ds D? ye 9 doe 01 Jim. fa e- 95" dz Jim n fy ye 020 dy 


To evaluate the second integral, we integrate by parts with u = y and dv = e^?" dy (or again we can use Formula 96 in 


the Table of Integrals) which gives f ye~°?" dy = —5ye 9?" + f 5e~°-?4 dy = —5(y + 5)e7™%™, Then 
Ho = 0.1 lim [-2e795*]" dim. [-5(y + 5)e ??v]* 


T n [_Ofp—0.5t _ ia TL. -0.26 — 
— 0.1 lim | 2(e 1)] Jim ( 5[(t + 5)e 5]) 

SQQ t+5 = , "MD 
= 0.1(-2)(-1) - (—5) jim, x T B5)—s5 [by l' Hospital's Rule] 


31. (a) The random variables X and Y are normally distributed with jj, = 45, po = 20, c1 = 0.5, and e» = 0.1. 


The individual density functions for X and Y, then, are fi(z) = e7(7—45)?/0.5 and 


TTE 


e~ (1-29)7/9.02. Since X and Y are independent, the joint density function is the product 


fa(y) = ao 


© 2012 Cengage Learning. All Rights Reserved, May not be scanned, copied, or duplicated, or posted to n publicly accessible website, in whole or in part. 


www.elsolucionario.net 


266 © CHAPTER15 MULTIPLE INTEGRALS 


g- (2-45)7/0.5 1 e (/720)/0.02 _ 10 ,~2(2—45)?—50(y—20)? 
———— z ie 


f(x,y) = fi(z)fa(y) = TP 


0.1 2x 
Then P(40 < X < 50,20 < Y < 25) = fos? f(a, y) dy da = = f$? (25 ,-2(—48)* -50(y-20)* dy doy 


Using a CAS or calculator to evaluate the integral, we get P(40 < X < 50, 20 € Y < 25) ~ 0.500. 


(b) P(4(X — 45)? + 100(Y — 20)? « 2) e m 18,,-3(»—45)* —50(y-30)* dA, where D is the region enclosed by the ellipse 
4(x — 45)? + 100(y — 20)? = 2. Solving for y gives y = 20 + 3s V2 — 4(z — 45)?, the upper and lower halves of the 
ellipse, and these two halves meet where y = 20 [since the ellipse is centered at (45,20) = 4(a—45)?=2 => 
2=45+ = Thus 

I 10,-2(s-45* -50(y-20)* "T C lipa — 4(z—45)2 e did 
pi " Jas-ijv8 J 20-5 /2 — 4(s—45) 
Using a CAS or calculator to evaluate the integral, we get P(4(.X — 45)? + 100(Y — 20)? < 2) + 0.632. 
33. (a) If (P, A) is the probability that an individual at A will be infected by an individual at P, and k dA is the number of 
infected individuals in an element of area dA, then f (P, A)k dA is the number of infections that should result from 
exposure of the individual at A to infected people in the element of area dA. Integration over D gives the number of 


infections of the person at A due to all the infected people in D. In rectangular coordinates (with the origin at the city's 


center), the exposure of a person at A is 
E- If kf(P, A) dA = «ff à 2 [20 — d(P, A)] dA = eff b- (z— aren vo) dA 


(b) If A = (0,0), then 
r=20cos 0 


i, a (Pr 
2T ^d 
[feo dj) rdrdó = 2rk[r? — dr]? uu 


= 2rk(50 — $) = 200 rh ~ 209k 


For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar equation for 
the circular boundary of the city becomes r = 20 cos @ instead of r = 10, and the distance from A to a point P in the city 


is again r (see the figure). So 


7/2 20 cos 0 x /2 E . 
He Ji ji ll. i cune [i^ - ary s 0 dé 
“LAR —r/2 


= k f7}, (200 cos? à — 492 cos? 0) dé = 200k f7}, [$ + 4 cos20 — 3 (1 — sin? 6) cos 8] dé 
= 200k[46 + 1 sin20 — 3 sind + 2 - $ sin? 0] 7, = 200k[4 +0-3+3+5+0-3+3] 
= 200k (3 — $) & 136k 
Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at the edge. 
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15.6 Surface Area 


1. Here z = f(x,y) = 2+ 3z + 4y and D is the rectangle [0, 5] x [1, 4], so by Formula 2 the area of the surface is 


A(S) = [fo Vfe@ F vv? 1dA = ff, VP 34? 14A = VI ffo dA 
= V6 A(D) = VZ (5)(3) = 15 26 


pP 


z = f(x,y) = 6 — 3x — 2y which intersects the zy-plane in the line 3z + 2y = 6, so D is the triangular region given by 
((z,y)|0€2 < 2,0 < y < 3- 3a}. Thus f 


A(S) = [Ip VO * (C39 * 14A = VT ffo dA = VTAA(D) = VTA (3 -2:3) =3 VTA 


y +2? =9 > 2=/9-y?. fa =0, fy = -y9 -p = 


isto P Ren P 


= [ [regt n fro APF te =s n 91; = 12:7) 
z = f(z,y) = y? — 2? with 1 € z? +y? < 4. Then | 
A(S) = fp VIF 4a? + 4y? dA = fo" f? VIFA r drd = f?" d0 f? r VIFA dr 
-[9] [51 + ay] -= s 


o 


y? 
yi --l1dydz 


m 


z = f(z,y) = zy withz? +y? < sofa =y, f; > 
r=1 
A(S) = [Jo Vy? +2? 4 14A = fo" fd Vr? x 1rdrdó = f?" [ic +1977)" dà 
o7 4(2 V2 — 1) dð = EE 1) 
N. z = fa? — 32 — y?, zz = —z(a? — 2? — y?) 172, zy = —y(a? — 2? — y?) 172, 


T2? + 2 
a9 =f hacia 2 +1dA 


7/2 a cos 0 


z -irdrd6 


I 
i313 $3 


Il 
E] 3 
S a 
ED 
& 
25 
tà 
| 
3 
_—— 
3 
ll 
a 
Q 
° 
a 
= 
Ss 


7/2 7/2 m/2 
- | ap 2a? f Vein? 6 dð = a?r — 20? | sin 6 dô = a? (v — 2) 
0 0 0 


r=0 
m -a( a? — a? cos? à — a) dô = 2a? LN (1 — V1 —cos?8) dé 
7/2 0 
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=a? — 2 -a2-? ug 2 
13. z = f(x,y) =e Y, fs -—2xe » fy =—2ye V^, Then 


A(S)= Jf VCI y EA Wy dA = ff Sete 9797 Y 1 dA. 
x2--y2 «4 z2--y? «4 


Converting to polar coordinates we have 


A(S) — id p vVAr2e7?r* + 1r drd = i dé i vr V Ar2e-?7* 4 1dr 
= = 2r for /4r2e-27? + 1dr = 13.9783 using a calculator. 


15. (a) The midpoints of the four squares are (3, 1). (1; 5), (3, 1), and (2, 3). Here f(x,y) =a? +”, so the Midpoint Rule 
gives 
A(S) = [fp VE DEFOE 1dA = ff, Oa + Oy? 14A 
H (v p) + Ba)»: year + gay +1 
+ V BO - BG +14 POOP) 


Minis y3) = 1.8279 


(b) A CAS estimates the integral to be A(S) = ffp v1 + (22)? + (2y)? dA = TZ ft + 4x? + Ay? dy dx ~ 1.8616. 


This agrees with the Midpoint estimate only in the first decimal place. 


17. z = 1--2z + 3y +4y’, so 


4 p i 4 pl 
f [ VEFCEG ES dye = [| f y 14 + 48y + 64y? dy dz. 
1 Jo 1 Jo 


Using a CAS, we have f° f? \/14-+ 48y + 64y? dy dz = 42 VI4+ S m(11 V5 +3 145) — 1$ 1n(3 v5 + V14 v5) 


115 + 3 v70 
2 15 5 hn ———_— . 
ERE 9 


19. f(x,y) 214 ey? = fos Way’, f, = 27. We use a CAS (with precision reduced to five significant digits, to speed 


up the calculation) to estimate the integral 


1 1-2? 1 /1—«? 
A(S =f f 24 f2+1d ae = f i 4z?3* + Ax*9? + 1 dy dz, and find that A(S) ~ 3.3213. 
(S) NE VF fj +1dy NET ER dd (S) 


2. Here z = f(x,y) = ax + by te fe(x,y) = a, fy(z, y) = b, so 
A(S) = ff, Va? +E * 1dA — Va? V 3-1 [f dA = va? FPF 1 AD). 


23. If we project the surface onto the xz-plane, then the surface lies “above” the disk z? 4- z? « 25 in the zz-plane. 


We have y = f(x, z) = x? + z? and, adapting Formula 2, the area of the surface is 


A(S)= ff Vik@2P+Us@22+1dA= [ff Vie +4 F1dA 


w2-+22<25 z2--22«25 


© 2012 T Learning. All Rights Reserved, May not W WW. W:elso STENT licated, or Fic sted to a publicly accessible website, in whole or in part. 


ionario.ne 


SECTION 15.7 TRIPLEINTEGRALS O 269 
Converting to polar coordinates x = r cos 6, z = r sin ĝ we have 


r 5 
A(S) = fo” fo Vir? FI r dr do = fo" dà fy r(4r? + 1^ dr = [0] [i (ar? - 17]. — paoa- 1) 


15.7 Triple Integrals 


1. fff, zyz? dV = fo fe f^, ryz dydzdz =f? f° [iey], dz dz = [> f° 3x2? dz dz 


= fo [iz gms dz = [52 21 dr = Arj = 2 


3. h E Jo. “(2% —y) dz dy dz = Is E [^ - 7 dy dz = hs p [(y - 2) — (y — z)y] dy dz 


e E d (z? — yz) dy dz = ^ [yz? — ày?z] amy dz — E (z* — 32°) az 


5. [4 E rax ze "dydzdz = Dre P [-me¥] = dz dz = Ih "x (—re~'"* + ze?) dz dz 
= f? JË (-1+ 2) dedz = f? [-« + 32?) 7 de 


= ff (-22 +22) dz = [-2 +82] = -4+ +1- 


7. O fU Jo cos(z +y + z)dzdzdy = fr’? fy [sin(w+ y+ 2)] 225 dedy 
= f” [? [sin(2z + y) — sin(z + y)) dz dy 


sm [-3 3 cos(2z + y) + cos(x + y)] s dy 


z=0 


7/7 [-3 cos 3y + cos 2y + 1 cosy — cosy] dy 


= [-2 ‘sin 3y + 3 sin 2y — dsiny]*? = —-i-i--i 


9. [fle vdV = fo fo f, udzdydz = fo fs [yz]. dydx = fy fo 2y? dy dx 


= So [30°] mo de odis de = doo 


is -— Tz 
11. "ii z.g4 = [Tf Ar de de dy = NAE PL HET 


= fy fy [tan-' (1) — tan-* (0)] dz dy = f? f; (& — 0) dzdy = = f? [= " 
EH à4—9)dy- 5 [ay - i]: = 5 (165-8443) =F 
13. Here E = ((z,y,z)|O £z < 1,0 <y € Vm 0X z X 1d- m y), so 
UI 6zydV — P AM" jp P 6zy dz dy dz = i [6ryz] TN dy dz 
= fo [o^ Gzy(1 +2 -- y) dy de = f [3zy? + 3z^y? + 22y*)" Y" dz 
= fo (32? + 32? + 2259/2) da = [z + 30% 4+ sar)" = 
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Here T = {(2,y,z)|O< a <10<y<1-2,0<z<1-—z2—-y},s0 
SS fp 2? dV = fo fy * h m dz dy de = fa fy 2 (1—2— y)dydz 
=f 2 (2? — 23 — xy) dy dz = f} [zy — z?y — iz'y] de 


= fo [Q — 2) - 2*0 — 2) - 4a*( — 2] dz 


= f Get- + 30%) de = [52 — e] 


17. The projection of E on the yz-plane is the disk y? + 2? < 1. Using polar 


coordinates y = r cos @ and z = r sin 0, we get 
[fle ®4V = ff [Saza taz] dA = 1o [8 — (ay? 42^] dA 


=8 f7 fj (Lr!) rdrdé — 8 f?" d8 f(r — 1°) dr 


= 8(2n)[3r? - ir]; = 2$ 


19. The plane 2x + y + z = 4 intersects the zy-plane when 
2r+y+0=4 > y-4-—22,so 
E={(2,y,2) |0€z2€«20€y€4-22,0€2z4-2z— y) and 


V= fi h Io” Y de dy de = fy fo 7 (4-22 —y) dy de 


= fo [4y—20y — 3") 9-9 de 


= fo [4(4 — 22) — 2z(4 — 22) — (4 — 2z)?] dz 


= fê (22? — 8r -- 8) dz = [22° — 42? + 81]; = 38 


21. The plane y + z = 1 intersects the y-plane in the line y = 1, so 
E= {(z,4,2)|-1 <£ <1,2? <y<1,0<z<1-y} and 
V = JJJ EdV = [*, fs fo " dzdydz = f}, fin (1— y) dy dz 
= f^ [y- ilaa dz — f}, (4-a + Ge) de 


me A uode 3 IA ao Oe we f X ck 3 I3 
-[iz-i2z + 42°) .,-i-$*5*i-i$*575 
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23. (a) The wedge can be described as the region 
D = {(z,y,z2)| Y +2 <1,0<2<1,0<y <r} 
= {(z,y,2z)|O<@<1,0<y<a0<z< vi-¥ } 
So the integral expressing the volume of the wedge is 


[ff o dV = fa fe [NY dzdyds. 


(b) A CAS gives f; [7 f; Vi-y? dzdydz = 4-4. 


(Or use Formulas 30 and 87 from the Table of Integrals.) 


25. Here f(x,y,z) = cos(zyz) and AV = 5: 5- 4 = 4, so the Midpoint Rule gives 


Mo Fenda Y; È È FETZ) AV 


Il 
ool: 
eo 

a 
gl- 

3 

o 

KA 

= 

o 


ái + cos & + cos d + cos & + cos & + cos 27] ~ 0.985 


27. E={(a,y,z)|O0<2<10<z<1-—2,0<y< 2-22}, z 
the solid bounded by the three coordinate planes and the planes 


z=1-2,y =2-—2z. 


If Di, D2, D3 are the projections of E on the zy-, yz-, and xz-planes, then 
= {(z,y)| -2 <2 < 2,0 <y <4- 2°} = {(z,y)|0 <y <4, -v4 -y<< y1-y} 
D2 = {(y,z)|O<y <4, — å Vi Ty < z < į Vi =y} = (v, 3] -1 <z < 1,0 < y x 4- 42°} 


Ds = ((z,z) | z? +42? < 4} 
[continued] 
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Therefore 

E-((,2)1-242«20«ys4-2, -iva-s-ysz«dya-z-y] 
-(ew21osvs4 - Vi-y sss Vimy, -4V -y «sz « 3A -y) 
- (&w3)1-1«2«10&«y«4-42, - (iy 42 ««« iy} 
-(mwa2losvs4 -3Va-y <z < $ VITT, - VA-y- A? «a VA-y-áz) 
= {(z,y,2)|-2 <2 <2, -VIT «s BVI 0y < 4-02-42} 
= {(e,y2)|-1<2<1, - VETIA <a < VITIA, 0 Sy < 4-27 - 427} 


Then 
Metend = J2, fo? VER enida fp [My [5 30. f y, n) dada dy 
= f gem Dee Tera) —— $E lead ME z) dz dz dy 
=f’, loi d fem f(x,y, z) dy dz dz = f}, p "indian f(x,y, z) dy dz dz 


31. 


(72, 4,0; 


(2, 4,0) 


If Di, D2, and Dg are the projections of E on the zy-, yz-, and zz-planes, then 
Di = ($1 -2 <2 < 2,2? «y <4} = (ml oSvs4-Vv S2< vy}, 
Da = {(yz) 0S y S405 2<2-4y} = {(y,2) 10 <z <20 <y <4- 2z}, and 


Do = {(z,2)| -2 <2 < 2,0 <z <2- 4a} = { (2,2) |0 < 2 < 2,-V4= 7z < z < 1-2] 
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Therefore E = {(x,y,2)|-2<2<2,27 <y<40<z<2- ły} 
-(mw2losvs4 -Vy <z < Vyosss2- iy) 
= {(,y,2) |0<y<40<2<2-hy, - Vy ss vu} 
= {(@,y,2)|0<2<2,0<y<4—22, - Vy «z« Vs) 
= ((w2)1-242«20«2«2-4z,2 «y 4-2) 


= {(zy,2z)|0<2<2, -VaI < s < VA 22,2? « y < 4— 24) 


Then — fff, f(z,y,z) dV = f’, fro fo "^ F(z,y, 2) dz dy de = fy S fo "^ f(z, y, z) de dz dy 


ait e c9 pw VI y, z) dz dz dy = ÉL = aah ce" f(x,y, z) da dy dz 


aff "A pes ?* f(x,y, z) dydzdz = f? fY iN en ?* f(x,y,z) dy dz dz 


33. 
The diagrams show the projections 
of E on the zy-, yz-, and zz-planes. 
Therefore 
x ud 2 - -z 2 
Jo Syz E Y f(x,y, z) dz dy dz = ER 5 V f(x,y, z) dz da dy = pa fo f(x,y, 2) dx dy dz 
= =f E. dd f(z, y, z) dz dz dy = P E T f(x,y, z) dy dz dx 
E eff (1-3)? P ya f(x,y, z) dy dx dz 
35. 


he ft few 2 dz dzdy = fff, f(x,y, z) dV where E = {(2,y,z)|0<z<y,y<r<l0<y< 1}. 
If Di, D», and I» are the projections of E on the zy-, yz- and wz-planes then 
= [(@y)|0<y <1 ,y <x <1}={(z,y)|0<s<1,0<y <z}, 
D: = ((y,2) |0 <y <1,0 <z <y}= {(4,2z)[0 <z <1, z <y < 1}, and 


D3 = {(z,z2)|0 <x < 1,0 < z < z} = {(z,z)|0<z<1,z<z<1}. 
[continued] 
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Thus we also have 
E={(z,y,z)|O0<¢<10<y<2,0<z<y}={(2,y,2z)|O<y<10<z<y,y<2<1} 
={(a,y,2)|O0<S2<1z<ySly<e<lp={(a,y,2)|0<a<10<z<a,2<y<a} 

={(2,y,z)|O<z<1z<e2<l1z<y<z}. 

Then 

Bb f(x,y, z) dz dz dy = Ere f(x,y, z) dz dy dx = Les f(z, y; z) dz dz dy 
FIDE f(x,y, z) dx dy dz = CEE f(x,y, z) dy dz dx 
= fo J JE Næ, y,2) dy de de 
37. The region C is the solid bounded by a circular cylinder of radius 2 with axis the z-axis for —2 < z < 2. We can write 
ffe (4 + 52?yz?) aV = fff,4dV + fff. 5x7y2? dV, but f(x,y, z) = 5z^yz? is an odd function with 
. respect to y. Since C is symmetrical about the zz-plane, we have fff. 5z^yz? dV = 0. Thus 


[ffo (4 5z?yz?) dV = fff 4aV 2 4- V(E) = 4- v(2)* (4) = 647. 


39. m = fff. p(z, y, z) dV = fè f^ [1***" 2dzdydz = fi Y? 2(14-z + y) dy da: 


TA 1 
= fo y 22v +] i dz = f, (28-22? +2) as = [427 $2? 12] = B 


` 


My: = [ffe zoly, z) dV = fo fo" RHH 2zdzdydz = fo f" 2z(1-- x + y)dy de 


-Jz 1 
= In [2zy + 22? y + xy? 2 Y" da = So (20°/? + 20/2 + x?) dz = [qz + i277 + T = 479 


Maz = [Sfo volz, y, z) dV = fo f^ fo ^" 2y dz dy da = fo fo" 2y(1 4 z - y) dy de 
ae 1 
= en Mz m rete) an - [gg otn] 


Mazy = fffg zo(z,y, z) dV = i p pa 2z dz dy dz = I5 pe [27] a "ds Ie p (1+2 +y)? dyd 


z=0 

-«— 7 + 2z + 2y + 2zy + z? + y?) dydz = fi [y+ 2zy +y? + zy? +27y + $y? = dx 
1 

= fo (Vi $8 +2427 +2°/?) de = [10^ + gan e à + da? + Fn") - 88 


e 


My 
m , 


Mzz M. 358 33 571 
is 79 is (2.7.2) = HU Amy. wer Be. MIU). 
Thus the mass is 35 and the center of mass is (7, J, Z) ( j ) E 79° uj 


41. m — fo fs fo (2? +y? + z?) dz dydz = JP fo [349 + ay? + x27] "=" dy dz = fy fa (3a? + ay? + az?) dy dz 


m0 
= fe Bey dou? ave? de = fe (Bat + 022?) de = [Jats pha]; = fab dh =a! 
Myz = fo fo fo [$^ + 2(y? + z)] dzdydz = fy fy [ła + 3a? (y? +2°)] dy dz 
=f (20° + $a? + $a?z?) dz = ia* + $a = 45a? = Mez = Mz, by symmetry of E and p(a, y, z) 


Hence (7, 9,2) = (45a, Ga, a). 
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43. I, = Lik k(y? + z*) dz dy dz =k RT (Ly? + 3D) dy dx = k fy’ 8L de = gL. 
By symmetry, Is = I, = I. = 2kL°. 
45. I. = fff,(2?+y)pe(z,y,.z)dV= ff [Je k(x? + y?) dz] dA= ff k(z?--3?)hdA 
z2--y? <a? 22--y2«a2 


= kh fp" Jo (r?) rdr dé = kh fo" d0 fj r? dr = kh(27) [1r*]o = 2rkh - 1a* = Yakha* 
47. (a) m f, fA f, Mp dz dy dx | 
(b) (2,92) where z = Pasay nate zz? + y? dzdydz,y = + i Sh T pe y V/z? + y? dz dy dx, and 
z=} Sia Sak "ES dz dy da. 
Chat a n uit ci Jo." (z^ + y)? dz dy dz 
49. (a) m= f, Vim prts + y+ 2) dsdydz = a4 
© 63,3) = (m^ f a? pra s(1 +s +y +z) dz dy dz, 
mif ul. y(1 +x +y 4- z) dz dy dz, 


m fo f. daba h (zy z)dedydz) 


— (28 30r+128 45m + 208 
— X9 +44’ 45r + 220’ 1357 + 660 


1 v1-z? y * 
or-[[ f ta ++ ye) dedyde = Er 
o Jo 0 240 


51. (a) f(x, y, z) is a joint density function, so we know ffs f(z,y, z) dV = 1. Here we have 
Sf fas Hæna dV = JO, f°, f°, Fleas 2) dz dy de = fs fo [y Czyz dz dy de 
=C fo zdz fy ydy f; zdz = C[37]5 [3y?]; [327]? — 8C 
Then we must have8C — 1 => C-i 
(b) P(X < LY <1,Z X1) = f, f^. [Žo f(z,y, 2) dzdydz = ff fo fg dayz dz dy dz 
bonds fo udy f zdz = As") [bv] B^] = 408) = & 


(c) P(X +Y +Z € 1) = P((X, Y, Z) € E) where E is the solid region in the first octant bounded by the coordinate planes 
and the plane z + y + z = 1. The plane z+ y +z = 1 meets the zy-plane in the line x + y = 1, so we have 


P(X+Y4Z< 1)= fff pf(a,y,z)dV = fp fo "fo ^ dayz dz dy da 
= 3 JoJo syli] Z” dy de = $ fo h” zyl — 2 — y)? dydz 
= db folo TE? — 22? + z)y + (22? — 22)y? + zy?] dy dz 
— X8 5 fo [(z? — 22? Tz)jy (22? — 2z)i 39° *z(1v)], s iu 


= ih fo(z- 4r? + 6z? —4z* + 2°) dz = d (5) = ates 
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" 1 [^p re 1 fe L L 
53. V(E)=L° > fw — 73 xyz dx dy dz = 74 v dz ydy zdz 
L? Jo Jo Jo L? Jo 0 0 


1 =| [£T ET - 101rpp p 


“Pial? ltl, 12225 85 


55. (a) The triple integral will attain its maximum when the integrand 1 — x? — 2y? — 32? is positive in the region E and negative 
everywhere else. For if E contains some region F where the integrand is negative, the integral could be increased by 


excluding F from E, and if E fails to contain some part G of the region where the integrand is positive, the integral could 
be increased by including G in E. So we require that x? + 2y? + 32? < 1, This describes the region bounded by the 
ellipsoid z? + 2y? + 3z? = 1. 

(b) The maximum value of ff fẹ (1 — g? — 2y? — 32?) dV occurs when E is the solid region bounded by the ellipsoid 


a? + 2y? + 32? = 1. The projection of E on the xy-plane is the planar region bounded by the ellipse z? + 2y? = 1, so 


E- (9,2) l-1€«zxL-J/iü-2z)sysx4àüu-a2,-3$0-22-2)?) < z < ia — 2? — 2y2) } 


and 
(a— /i10-s2) Vi(-22-292) —z?—2y?) 
SII. (1— z? — 2y? — 32?) av = i pores J EE S addidi E 
y4(1-22) VET (1- z2— -2y2) 45 
using a CAS. 


15.8 Triple Integrals in Cylindrical Coordinates 


1. (a) From Equations 1, z = r cos @ = 4cos 5 =4-¢=2, 
y=rsind =4sin > =4 4 X3 — 2/3, z = —2, so the point is 
(2, 2/3, —2) in rectangular coordinates. 
(b) z = 2cos(—) = 0, y = 2sin(-$) = -2, 


and z = 1, so the point is (0, —2, 1) in rectangular coordinates. 
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. (a) Substituting x? + y? = r° and z = r cos6, the equation a? — m +y’? +z? = 1 becomes r 
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. (a) From Equations 2 we have r? = (—1)? + 1? = 2 so r = V2; tan@ = + = —1 and the point (—1, 1) is in the second 


quadrant of the zy-plane, so 0 = 3€ + 2nz; z = 1. Thus, one set of cylindrical coordinates is (\/2, 37, 1). 


(b) r? = (—2)? + (2/3)? = 16 so r = 4; tan = 2x3 = — V3 and the point (—2, 24/3 ) is in the second quadrant of the 


a:y-plane, so à = 2X + 2nz; z = 3. Thus, one set of cylindrical coordinates is (4, 27, 3). 


. Since 0 = Ẹ but r and z may vary, the surface is a vertical half-plane including the z-axis and intersecting the zy-plane in the 


half-line y = x, x > 0. 


.z2—4-—7? = 4 — (a? -- y?) or 4 — z? — y?, so the surface is a circular paraboloid with vertex (0, 0, 4), axis the z-axis, and 


opening downward. 


? -rcos0 4-2? — lor 


z? 21-4 rcos0- r?. 
(b) Substituting z = r cos0 and y = r sin 6, the equation z = x” — y? becomes 


z = (rcos8)? — (rsin6)? = r? (cos? 0 — sin? 0) or z = r° cos 26.: 


0 € r € 2and 0 < z < 1 describe a solid circular cylinder with 
radius 2, axis the z-axis, and height 1, but —7/2 < 0 < 7/2 restricts 
the solid to the first and fourth quadrants of the xy-plane, so we have 


a half-cylinder. 


We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the ay-plane. If we 
use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shell as 6 < r < 7, 


0<6< 27,0-<2z «€ 20. 


The region of integration is given in cylindrical coordinates by 

E = {(r,0,z) | -1/2€0 € 1/2,0 € r < 2,0 < z < r°}. This 
represents the solid region above quadrants I and IV of the zy-plane enclosed 
by the circular cylinder r — 2, bounded above by the circular paraboloid 


z — r? (z = £? + y?), and bounded below by the ay-plane (z = 0). 


ui E [4 r dz dr dó — fr E [ris dr dð = Dm. a r? dr dó 
Lt 2 x 7/2 2 
= IL dé f, rdr = a ir^ 


= q (4 — 0) = 4r 
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17. In cylindrical coordinates, E is given by ((r,9,2) | 0 < 0 < 27,0 < r € 4, —5 < z € 4). So 


Sle Ve y? dV = fo" fo fés V ri rdzdrd6 = f?" d0 fa v? dr [*, dz 
= [e] (ár*]o [2]5, = Q0) ($) (9) = 3847 


19. The paraboloid z = 4 — x? — y? = 4 — r° intersects the zy-plane in the circle z? + y? = 4orr? 2-4 = r=2,soin 


cylindrical coordinates, Æ is given by {(r,8,z) |0 < 0 < 7/2,0 < r < 2,0 < z 4—7?). Thus - 


Sp @+y+2)dV = fg fo 3" (rcos0 + rsind + z) rdzdrdó = [7^ fo [r> (cos 0 --sin6)z--3rz']77, " dr do 
fo? fo (ar? — r*)(cos0 + sin 8) + 3r(4 — r?)?] dr de 
= fo”? [(4r* — 15) (cos@ + sin 8) — 4 (4 — 1?)]775 do 
= f [8 (cos + sin 6) + 48] do = [S (sin6 — cos@) + 280)” 


-Hü-0-3.$-80-2-0- dr 1E 


21. In cylindrical coordinates, E is bounded by the cylinder r — 1, the plane z — 0, and the cone z — 2r. So 
E = {(r,0,z)|0<@0<27,0<r<1,0<2z< 2r) and 
[ffo = fo" fo fe" r^ cos? Or dz dr dd = f?" f; [r° cos? 0 2] 7-5" dr dð = f3" f, 2r* cos? 8 dr d0 


= for "E dà = 2 f?" cos? 0 d0 = 2 f?" 1 (1-- cos26) dd = 1[0 + 1sin20]7" = 27 


\ 


23. In cylindrical coordinates, E is boundéd below by the cone z = r and above by the sphere r? + 2? = 2 or z = /2 — r?. The 
cone and the sphere intersect when 2r? =2 => r=1,soE= {(r, 0,2) |0<0<27,0<r<1,r <z<v2-r?} 


and the volume is 


JI], dV = JE fà [M rdzdr do = f2" [2 (r7 Y?" dr do = f?" f? (r VIZ T7 — r?) dr do 


^ dé fo (rV2— r1 — r°) dr = 2r [—3(2— r°)" - i] 
= 2r (-$) 1c 1- 27) = -$r (2-292) = $n (V2 - 1) 


25. (a) The paraboloids intersect when z? + y? = 36 — 3%? — 3y? => a? +y? — 9, so the region of integration 
is D = ((z,y) | à? + y? < 9}. Then, in cylindrical coordinates, 
E = {(r,0,z) |r? < z < 36 — 3r?, 0 < r < 3,0 < 0 < 27} and 
V = [27 [3 E- rd» dr qg = [?" fÈ (36r — 4r?) dr dd = f?" [18r? — r*]"=3 de = J?" 81.d0 = 1627. 


(b) For constant density K, m = KV = 1627K from part (a). Since the region is homogeneous and symmetric, 
My: = Mzz = 0 and 
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Mey = Me 2i 3r? (zK)rdzdrdó = K f?" ff r papri —3r? dr do 


27 £3 r((36 — 3r?)? — r*) dr dd = € J)" do fy (8r* — 2167? — 
= K(2n)[8r° — Hri + 1298,,2)° o = TK (2430) = 2430r K 


— Myz Ma: M. 2430 IK. 
Thus (Z, 9,2) = ( ma Ma) = (0, 0, Sate = (0, 0, 15). 
27. The paraboloid z = 4z? + 4? intersects the plane z = a when a = 4z? + 4y? or z? + y? = 1a. So, in cylindrical 


coordinates, E = ((r,8,2) | 0 < r < $/a,0 < 0 € 2s, 4r? < z <a}. Thus 


2- rJa/2 pa 2m p/a/2 
m= f fi f Krdzdrde = K | | (ar — 4r?) dr d6 
0 0 4r2 0 0 


2T = Qa 
= xf [dar? — a dé = xf iga^ dd = la^nK 
0 0 


Since the region is homogeneous and symmetric, Myz = M; — 0 and 


2- r/a/2 ra 2r ; vā/2 ; 
May = f [ i Krzdzdr dð = K ^ [: (&a^r — 8r) dr d0 
4r? o Jo 


B " 2v 
- =K f i 4r ZV ag = Kf dia? do = 4a°rK 
0 


r=0 
Hence (z, 7, Z) = (0,0, $a). 


29. The region of integration is the region above the cone z = \/2? + y?, or z = r, and below the plane z = 2. Also, we have 
-2« y < 2 with —\/4 — y? € x € ./4 — y? which describes a circle of radius 2 in the zy-plane centered at (0, 0). Thus, 


Vi- 2T 27 
f. Í xz dz dz dy = f f fi (r cosb) zr dz dr dô = / a I r° (cos 0) z dz dr d0 
Ja- Ja? 


er (2 r? (cos6) [2] dr dé = à f°" fr? (cos0) (A— r ay dr dð 


=a & " cos 6 do [7 (4r? — 7*) dr = 3 [sing] (4r? — irj]? =0 
31. (a) The mountain comprises a solid conical region C. The work done in lifting a small volume of material AV with density 
g(P) to a height h(P) above sea level is h(P)g(.P) AV. Summing over the whole mountain we get 
W = fff, h(P)g(P) aV. 
(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H — 12,400 ft, 
and density g(P) = 200 Ib/fi? at all points P in C. We use cylindrical coordinates: 


H-z 
W = fi" JE JECT z. 300r dr dz dO = 2x fË 200z[3r?]7-5 € 7/? az 
H 2 . H 2 3 
= R z\2 oo 2 | 2z z m 
= 400r | z 2 (1 =) dz = 2007R Í (z. a +35) a ; 
2 973 24 17 HE og? B? 
= un |Z - $5 ams] = xo (A - 35. 4 E) Y uM i: S 
2 3H Am|, 2 3 4 ds amxcbdRé . 


= Sog R? H? = 395.(62,000)? (12,400)? ~ 3.1 x 107? ft-lb 
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15.9 Triple Integrals in Spherical Coordinates 


1. (a) z (6.3.3) From Equations 1, z = psin ġcos = 6sinZ cos Ẹ =6-4-3 = $, 
A y = psinósin0 = 6sin $ sin F =6-2.%3 = 3Y3 and 
= = 
"6 z = pcosó = 6cos $ = 6. 8 — 3,3, so the point is (3 9,38) in 
LI 
0 ' rectangular coordinates. 


x = 3sin $£ cos £ — 3. 32 .0 — 0, 


4 2 
y = 3sin sin Z — 3. X2 .1 = 3Y2, and 


z —3cos $2 — 3 (-¥) — —3Y4 so the point is (0, 333, 58) in 


‘rectangular coordinates. 


T 0 ; 3- r 
cos @ = sud "xS 0 = 60-— — [since y < 0]. Thus spherical coordinates are (25 = 5) 
b) p= VIF1+2 = 2, cos = = = = - = 27, and 
T —1 =} 1 3T s f 
s = —— = — = — = = - = > 0-— — [since y > 0] Thus spherical coordinates 
= . psinó 2sin(3r/4) 2 (v2/2) /2 4 png 28 P 


are | 2 m nw 
"Ww * ap yn 
5. Since ó = $, the surface is the top half of the right circular cone with vertex at the origin and axis the positive z-axis. 


X 
2 € 


7. p=sinĝsinġ > p= psinüsinó & r +y 4-2 =y © z-y-yciecg-1 


a? + (y — 4)? -- z? = 1. Therefore, the surface is a sphere of radius 3 centered at (0, 2,0). 


9. (a) z = psin $ cos, y = psin ġsin 0, and z = pcos @, so the equation z? = x? + y? becomes 
(pcos à)? = (psin $ cos 0)" + (psin $sin 0)? or p? cos? $ = p? sin? ¢. If p Æ 0, this becomes cos? ¢ = sin? $. (p 0 
corresponds to the origin which is included in the surface.) There are many equivalent equations in spherical coordinates, 
such as tan? $ = 1, 2cos? ¢ = 1, cos 2¢ = 0, or even ġ = £, 6 = 3£, 
(b)2?--2? — 9 << (psinócos0) +(pcosd)?=9 + p’sin® gcos? 0 + p? cos? $ = 9 or 
p? (sin? $ cos? 0 + cos? à) = 9. | 
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2 < p < A represents the solid region between and including the spheres of 
radii 2 and 4, centered at the origin. 0 X $ < $ restricts the solid to that 
portion on or above the cone ġ = 2, and 0 < 0 < v further restricts the 


solid to that portion on or to the right of the zz-plane. 


p € 1 represents the solid sphere of radius 1 centered at the origin. 


3z < œ < m restricts the solid to that portion on or below the cone ó = 3, 


z > „/x? -- y? because the solid lies above the cone. Squaring both sides of this inequality gives z? > 2? +y? > 

222 > r? +y? + = p> => 2? =p? cos? ġ > 4p = cos’ ¢> i. The cone opens upward so that the inequality is 
cos > 2 or equivalently 0 < $ < 4. In spherical coordinates the sphere z = z? +y? +27 ispcosp=p? => 

p = cos b. 0 € p € cos ¢ because the solid lies below the sphere. The solid can therefore be described as the region in 


spherical coordinates satisfying 0 € p < cos, 0 € $ < 7. 


The region of integration is given in spherical coordinates by 


p E = {(p,9,¢) |0 < p < 3,0 < 8 < 1/2,0 € ó < 7/6). This represents the solid 


region in the first octant bounded above by the sphere p = 3 and below by the cone 


$ — 1/6. 
5 js p É p! sin $dpd0 de =. qo sin $ dọ ie dé [^ p? dp 
, = [~ cos 4]5/° [915^ Be] 
-(1-¥ (2) = (2 - v3) 
= T ND eh 


19. The solid E is most conveniently described if we use cylindrical coordinates: 


E= {(r,0,z) |O<0< $,0<r<3,0<2z< 2}. Then 


SS fe f(z,y,z)daV = n/? P fa f(rcos8, rsin6, z) r dz dr d6. 
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21. In spherical coordinates, B is represented by ((p,0,9) |0 € p € 5,0 € 0 € 27,0 € ó € 7. Thus 
Ifa +y? -2yav = fr Pall (o yp sin $ dp dé dó = fy sin ġ dọ B" dð I p? dp 
T 2n 5 
= [eos]; [0] [Fe] = 02922) 29229) 
= 312800, ~ 140,249.7 
23. In spherical coordinates, E is represented by {(p,0,¢)|2 < p € 3,0 € 0 < 27,0 € <7} and 
a? + y? = p? sin? $ cos? 0 + p? sin? ósin? 0 = p? sin? ġ (cos? 0 + sin? 0) = p° sin? $. Thus 
Iff i +y?) dV = fT fa" Jo (p^ sin? 9) p* sin $dpd0 do = f; sin? d$ fj" dO fy p*d 


= fo (1 — cos? ¢) sinódó [0 ing Bells [7 «os @ + $ cos? ¢]* (2m) : $(243 — 32) 
= (1-3 +1—- 43) Q)2) = "8 


25. In spherical coordinates, E is represented by ((5,06,9)|D < p < 1,10 < 8 < $,0 € 6 <  J. Thus 
Sf re Hoe dV = EFR "is F (psin $ cos 0)e? ? 0? sin $dpd0 dd = Je? sin? odo Je’? cos 0 do Sop 
= 7? 1(1— cos29) dó [7^ cos 0 do c PT — fg pe dp 
[integrate by parts with u = p°, du = pe^ do] 
= [fo - isn26];^ [emo [Borer - 37] = (86-90-90 - 8 
27. The solid region —— by E = ((5,06,05) |0< p<a,0 € 0 < 2,£ << F} and its volume is 


V= ffo dV = frre fo" fo P sing dp dd dp = Sze sing da Je" de f? p^ dp 


= Leos dleye Bi" Ho = (7:38) 00 (fa) = tna! 


Bp” dp 


29. (a) Since p = 4cos ¢ implies p = 4p cos ¢, the equation is that of a sphere of radius 2 with center at (0,0, 2). Thus 


y = fd (7/2 199 P sin pdpdd do = f?" O [39*]"72** sin ddgdd = Jo" fo’ ($ cos*¢) sin ododo 


p=0 


= J2" [-38 cost] $="/° do = fo" -39 (4 - 1) d0 = s)" — 10r 
(b) By the symmetry of the problem M. = Mzz = 0. Then 


Mey = J." a s p? cos sin ó dp do do = f3" 7? cos osin ġ (64 cos*$) d$ dé 


= 2764 [—1 cosg] $7? qg = f?" 21 do = 21x 


Hence (z, y, Z) = (0, 0, 2.1). 
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31. (a) By the symmetry of the region, Myz = 0 and Mzz = 0. Assuming constant density K, 
m= fff, KdV =K fff, dV = ZK (from Example 4). Then” 
May = [f fp 2K dV =K fj" JE fg" (pcos) p^ sin ddp dd dd = K fj" [7^ sin bcos ¢ [1p*]^-5" dodo 


= 1K fo" f; sinócosó (cost ¢) dod = 4K [7" do (7/* cos ósin $dó 


= 2K [ol [dest 7^ = 10 C7 |) -1] --& C = BK 


deskunk... (Migs Me M TRK/00N 7 
Thus the centroid is (7, y, Z) = (Se E X ) = (0.0, zK[8 ) = (0,0, 4). 
(b) As in Exercise 23, £? + y? = p? sin? ¢ and 
‘Es = fife (a? + y?) K dV =K jo" in Jo" * (p^ sin? 9) p^ sin ó dp dd dd = K fo" (7 sin? o [2p] 2-6? dodo 
= 1K JP" 2/4 sin? cos ide = iK fe" do (7/* cos $ (1 — cos? ¢) sin ġ do 


= 1K [0]?" [-3 cos? $+ 1 cos ]7/* 


6 8 
= ie» - (E) «à (9) «à - 1| = Fx Gh) - BK 


33. (a) The density function is p(x, y, z) = K, a constant, and by the symmetry of the problem Mz. = M. = 0. Then 
Mey = fo^ fo’? Jo Kp? sing cos dp do dé = 1a Ka* fi 7/? sin $ cos $ dọ = ix Ka*. But the mass is K (volume of 
the hemisphere) — 2nKa? a^, so the centroid is (0, 0, $a). 


(b) Place the center of the base at (0, 0, 0); the density function is p(z, y, z) — K. By symmetry, the moments of inertia about 


any two such diameters will be equal, so we just need to find Tz: 
Ij, Ti sg s ( p? sin $) o? (sin? ¢ sin? 0 + cos? ¢) dp do d8 
= K J?" (7? (sin? ġ sin? 0 + sin ¢ cos? 9) (2a?) do d6 
EE iKa f3" [sin? 6 (— cos ¢ + 4 cos? 4) + (—4 cos e)l — do = iKa fo" [2 sin? 0 + 1] de 
= iKa? [$(30 — 4 sin 26) + ie] = iKa?[$(x —0) + 4 (27 — 0)] = i Ka*n 
35. In spherical coordinates z = 4/27 + y? becomes cos ġ = sin ó or ó = 4. Then 
V= pp e p? sin à dp dé d = fe" a0 [7^ sin odo B p? dp = 2r (-# + 1) (3) = i«(2- V2), 


May = fo” fo" fo 0° sin $.cos dp dd d0 = 2r [-3 cos24]; ^ (4) = $ and by symmetry My. = Mz. — 0. 


3 
Hence (Z, 7, Zz) = | 0,0, ————— |. 
( Ys ) ( p) 8(2 = V2) ) 
37. In cylindrical coordinates the paraboloid is given by z = r? and the plane by z = 2r sin 0 and they intersect in the circle 


r = 2sin0. Then fff, z dV = f (29^? fZ? rzdzdrdo = 5X [usinga CAS]. 


r 
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39. The region E of integration is the region above the cone z — Ja? + y? and below the sphere z? + y? + 2? = 2 in the first 
octant. Because E is in the first octant we have 0 < 0 < 7. The cone has equation  — 7 (as in Example 4), so 0 < ¢ < 7, 
and 0 € p < V2. So the integral becomes 
im mna (psin $ cos 0) (psin $ sin 0) p? sind dp dé dó . 


(1 — cos? 4) sin ode) [3 sin? 6]z/^ els 
)]- 2y3 — Ay3—5 


15 


= fo/* sin? odo fe’? sin 9 cos 0d f^ V2 dp = Sa 
= [cos 6 — cosg] 3-8 (V2)! = [33 - X - 8 - 


wi 


41. The region of integration is the solid sphere z? + y? + (z — 2)? < 4 or equivalently 
p? sin? $+ (pcosó — 2)! =p? —4pcosó--A «4. =>  pX4cosó,so0 € Ó € 2,0 < à € Z, and 


0 € p € 4cos $. Also (£? + y? + 22)?/? = (p?)*/? = pP. so the integral becomes 


KORR (P) pin dpa ds = [z^ f sing [rrt t dod [7^ f" sing (4096 cos" g) do dg 
-i (4096) [7/7 cos? dosing dọ b dé = -— [73 cos? ge” [9]5" 


= m (2) (2m) = 10962 


43. In cylindrical coordinates, the equation of the cylinder is r = 3,0 < z < 10. 
The hemisphere is the upper part of the sphere radius 3, center (0,0, 10), equation 
r? 4 (z- 10)? = 32, z > 10. In Maple, we can use the coords-cylindrical option 


in a regular plot3d command. In Mathematica, we can use ParametricPlot3D. 


45. If E is the solid enclosed by the surface p — 1 4- i sin 60 sin 56, it can be described in spherical coordinates as 
E = {(p,6,¢) |D € p € 1-- $sin 68 sin 5¢,0 € 6 € 27,0 < ġ X a). Its volume is given by 
= fff, dV = Jo fa" fo t Or 9 6? sin b dp.d0 do = 438" [using a CAS]. 
47. (a) From the diagram, z = r cot $p to z = Va? = r?, r = 0 


to r = asin ¢, (or use a? — r? = r? cot? ġo). Thus 
o o 


V = son feto (vos. rdzdrdà 


cot do 


= 2r fore o (v Ja? — r1 — r? cot bg) dr 


— r)3/2 


2x 
3 


asin do 
— r? cot do]. 


T 


[e 
p|- (s — a? sin? WA — aè sin? œg cot dy + a] 


= $za? [1 — (cos? ġo + sin? ġo cos $9)] = $va?(1 — cos ġo) 
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(b) The wedge in question is the shaded area rotated from 0 = 0; to 0 = 05. 
Letting i 


Vij = volume of the region bounded by the sphere of radius p; 
and the cone with angle , (0 = 0; to 02) 


and letting V be the volume of the wedge, we have 
V = (Via — Var) - (Via — Vix) 

3 (02 — 01) [p3(1 — cos $2) — p3(1 — cos 1) — py (1 — cos $y) + pi (1 — cos $1)] 

= 4 (02 — 1) [(P3 — pi) (1 — cos bg) — (o3 — pt) (1 — cos )] = (42 — 1) [(03 — p3) (cosg — cos ó5)] 


023 pegsindg prcotd, 
Or: Show that V = | f r dz dr dð. 
01 Jp T 


1 Sind, cot do 


(c) By the Mean Value Theorem with f (p) = p? there exists some p with p, < 5 < pz such that 
f(p2) — f(p1) = f'(P)(e2 — p1) or p} — p3 = 32? Ap. Similarly there exists ¢ with , < $ < dp 


such that cos $5 — cos $i — (- sin 4) Ad. Substituting into the result from (b) gives 


AV = (2? Ap)(62 — 01) (sin $) Ad = P? sing Ap Ag A0. 


15.10 Change of Variables in Multiple Integrals 


1.%=5u-—v, y =u+ 3v. 


Ox/Ou Ox/dv 5 —1 
The Jacobian is Pty) _ / / = = 5(3) — (-1)(1) = 16. 
O(u,v) |8y/8u 8y/8v 1 8 
3.r—e "sind, y =e’ cosh. 
(x, y) Or/Or Ox/00 —e "sinf e`” cos i -— B f x 
2 = = = LP 0— "on 2 0- 2 pics 2 = 
a(r, 0) Oy/Or 0y/80 coed —unü| - "— lids e didi cd 


5. z—u/v, y — v/w, z — w[u. 


Oz/Ou Or/Ov Ax/Aw l/jv —uf? 0 
Fade Oy/Ou Oy/Ov Oy/Ow|-— 0 l/w -—vfw? 
> ðz/ðu Oz/Ov Oz/Ow| |—w/w 0 1/u 
2001 [Vv —v/w? E Ej 0  —v/w? 0  1/w 
v| O 1/u v?/|—w/u? 1/u —w/u? 0 


1f 1 
- i3 -o) (o7 az) +0= 4-0 
v NV uw v uw uvw uw 
7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side S, in the uv-plane. S; is 


described by v = 0, 0 € u € 3, so x = 2u + 3v = 2u and y = u — v = u. Eliminating u, we have.z = 2y, 0 € x < 6. So is 
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11. 


the line segment u = 3,0 < v < 2, so x =6+43vandy=3-—v.Thnv=3-y > z-—6-3(3— y) — 15 — 3y, 

6 € x € 12. Ss is the line segment v = 2,0 <u < 3,soz = 2u + 6 and y = u — 2, giving u =y +2 = x2=2y+4+10, 
6 € x < 12. Finally, S4 is the segment u = 0,0 < v < 2, so x = 3v and y = —v = x=—3y,0 < x <6. The image of 
set S is the region R shown in the zy-plane, a parallelogram bounded by these four segments. 


. S, is the line segment u = v, 0 < u < 1, soy = v = u and z = u? = y?. Since 0 € u < 1, the image is the portion of the 
gm h y 


parabola z = y?,0 < y < 1. S2 is the segment v = 1,0 < u € 1, thus y = v = 1 and z = u?, so 0 < x < 1. The image is 
the line segment y = 1,0 < z € 1. S5 is the segment u = 0, 0 < v < 1,soz = u? —0andy—v => O<y<l1. The 
image is the segment z = 0, 0 € y < 1. Thus, the image of S is the region R in the first quadrant bounded by the parabola 


x = y?, the y-axis, and the line y = 1. 


R is a parallelogram enclosed by the parallel lines y = 2x — 1, y = 2x + 1 and the parallel lines y = 1 — x, y = 3 — x. The 
first pair of equations can be written as y — 2x = —1, y — 2x = 1. If we let u = y — 2z then these lines are mapped to the 
vertical lines u = —1, u = 1 in the uv-plane. Similarly, the second pair of equations can be written as x + y = 1, z +y =3, 
and setting v = x + y maps these lines to the horizontal lines v = 1, v = 3 in the uv-plane. Boundary curves are mapped to 
boundary curves under a transformation, so here the equations u = y — 2x, v = x + y define a transformation T™* that 
maps R in the zy-plane to the square S enclosed by the lines u = —1, u = 1, v = 1, v = 3 in the uv-plane. To find the 
transformation T that maps S to R we solve u = y — 2x, v = x + y for x, y: Subtracting the first equation from the second 
gives v — u = 3t > r= i(v — u) and adding twice the second equation to the first gives u + 2v = 3y => 


y = į (u + 2v). Thus one possible transformation T (there are many) is given by z = i(v-uy- i(u T 2v). 
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13. R is a portion of an annular region (see the figure) that is easily described in polar coordinates as 
R= {(r, 0) |1<r<v2,0<0< 7/2). If we converted a double integral over R to polar coordinates the resulting region 
of integration is a rectangle (in the rÓ-plane), so we can create a transformation T here by letting u play the role of r and v the 
role of 0. Thus T is defined by z = ucos v, y = usin v and T maps the rectangle S = {(u, v)|1<u< V2,0<u< 1/2) 


in the uv-plane to R in the zy-plane. 


21 
1 2 


O(rmy) _ 
` O(u,v) 


= 3 and x — 3y = (2u + v) — 3(u + 2v) = —u — 5v. To find the region S in the uv-plane that 


corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0) and (2, 1) is 
y = $x which is the image of u + 2v = 3(2u-- v) = v = 0; the line through (2, 1) and (1,2) is z + y = 3 which is the 
image of (2u +v) + (u--2v) 23 = u-+v=1,; the line through (0,0) and (1,2) is y = 2a which is the image of 


u--2v-—2(2u--v) = u-0.Thus S is the triangle 0 < v < 1 — u, 0 < u € 1 inthe uv-plane and 


(fg (@ — 3y) dA = fj fo“ (~u — 5v) [3] dudu = -3 f; [uv + $0] Z“ du 


v=0 


- -8 f; (u—u? + §(1—u)*) du = —3[}u? - łu? — 81 — u)?]} = -3(2 -2 + 8) =-3 


20 
17. a 5 aM s 6, x? = 4v? and the planar ellipse 9? + 4y? < 36 is the image of the disk u? + v? < 1. Thus 
u, l 
[faz^dA- ff (4u?)(6)dudv = f°" fi (24r? cos? 6) r dr dð = 24 jor cos? 0 d0 f r? dr 
u2+y2<1 
= 24[22 + } sin 22)" [3r*]) = 24(x)(1) = 6r 
l/v —u/v? 
1 en = à , t. xy = u, y = x is the image of the parabola v? = u, y = 3z is the image of the parabola 
v? = 3u, and the hyperbolas zy = 1, zy = 3 are the images of the lines u = 1 and u = 3 respectively. Thus 
3 pv3u 3 
JI ay dA = į fi u(=) dv du = f u(In V3u — In Yu) du = f? uln V3 du = 4In V3 = 21n3. 
R 1 Jyū v 1 
a 00 
21. (a) O(a, yz) —|0 b 0| =abcand since u = =, u- E w = = the solid enclosed by the ellipsoid is the image of the 
O(u, v, w) a b c 
0 0 € 


ball u? + v? +w? < 1. So 
fff; V= fff  abedudvdw = (abc) (volume of the ball) = $7abc 


u2+v2+w2 <1 
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(b) If we approximate the surface. of the earth by the ellipsoid ——— = 1, then we can estimate 


"S AM M 
as 8? + 53787 63562 
the volume of the earth by finding the volume of the solid Æ enclosed by the ellipsoid. From part (a), this is 
[ff dV = $n(6378) (6378) (6356) = 1.083 x 10? km’. 


(c) The moment of intertia about the z-axis is I. = fff, (x? -- y?) p(x, y, z) dV, where E is the solid enclosed by 


m 


O(z,y,z) 


+5 AT — = 1. As in part (a), we use the transformation z = au, y = bv, z = cw, so Bu v, 1) 


— abc and 


I= We (a? +y*)kdV= fff — k(a?u? + b?v?) (abc) du dv dw 


u2+u2+w? <1 
= abck er y (a? p? sin? à cos? 0 + b? p? sin? $sin? 0) p? sind dp d0 dd 
— abck [a ce Fy (p? sin? $ cos? 0) p? sin $ dp dO do + b? KR E (9? sin? $ sin? 8) p? sin dp dà d$) 
= a?bck fọ sin? $ d$ Ja cos ? Gdo fo p* dp + ab? ck E sin? ġ d$ E" sin? 8 d6 [^ p* dp 
= a?bck [3 cos? ¢ — cos $]7 [30 + 1 sin 20)?” [i pls + ab? ck [3 cos? ¢ — cos]; [30 — 1sin26]^" [195]? 


= a®bck (3) (m) (4) + aPck (3) (x) ($) = $7 (a? +°) abck 


; O(z,y) . -1/5 2/5 1 
23. Letting u = z — 2y and v = 3x — y, we have x = 1 (2v — u) and y = &(v — 3u). Then ———— == 
g y y 5 (20 — u) and y = 5 ( dum co -3/5 5| 8 
and R is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus 
2720 da “ELS zara f udu ied aj tlt adi 
r 3r- y 5 slav RT 
: - a(z, y) -1/2 1/2] _ 
25. Letting u = y — T, V = NOU APRI . Then == = ! ani Rint 
gu-y y y — $(u v) g(v — u) B(u,v) paa 3 


image of the trapezoidal region with vertices (—1, 1), (—2, 2), (2, 2), and (1, 1). Thus 


RETE 


27. Let u = z +y andv = —z--y. Then u +v = 2y => y = (u+ v) and u—v = 2z => z-i(u-v) 


uUum E! =3 
dudv= 5 f [vsin =] du = sf 2vsin(1) dv sinl 


u-l-—v 


a(x, y) _ 1/2 =1/2 | _ 
(uv) |i 12| 7 2° Now ul =| +y| €lz|--|y| <1 = -l<u<l,and 
jo] =|—a+y| < |z| + ly] <1 = —1 <v < 1. Ris the image of the square 


region with vertices (1, 1), (1, —1), (—1, —1), and (—1, 1). 


So ffp t dA = 3 f, ^, e" dudv = al. [v], =e—e™. 
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15 Review 
CONCEPT CHECK 


1. (a) A double Riemann sum of f is 5^. >> f(x}; yj) AA, where AA is the area of each subrectangle and (27;, y7;) isa 


t=ig=1 
sample point in each subrectangle. If f(x,y) > 0, this sum represents an approximation to the volume of the solid that lies 


above the rectangle R and below the graph of f. 


( ff, /(z9)dA- lim Y; Y 


m,n—oo I j4- 


i f (aij, yi) AA 

(c) If f (a, y) > 0, ffr f(x, y) dA represents the volume of the solid that lies above the rectangle R and below the surface 
z = f (v, y). If f takes on both positive and negative values, ffp f (v, y) dA is the difference of the volume above R but 
below the surface z = f (x, y) and the volume below R but above the surface z = f(z, y). 

(d) We usually evaluate ffp f(x,y) dA as an iterated integral according to Fubini's Theorem (see Theorem 15.2.4). 

(e) The Midpoint Rule for Double Integrals says that we approximate the double integral ffp f (c, y) dA by the double 


Riemann sum 5; 5; f (zi, y;) AA where the sample points (zi, y;) are the centers of the subrectangles. 
t=1j=1 i 


(f) fes xU II f(x,y) dA where A (R) is the area of R. 


2. (a) See (1) and (2) and the accompanying discussion in Section 15.3. 

(b) See (3) and the accompanying discussion in Section 15.3. 
(c) See (5) and the preceding discussion in Section 15.3. 
(d) See (6)-(11) in Section 15.3. 

3. We may want to change from rectangular to polar coordinates in a double integral if the region R of integration is more easily 
described in polar coordinates. To accomplish this, we use ffp f(x,y) dA = f. IT f(r cos 0, r sin 0) r dr dé where R is 
givenbyO <a<r<ba<0<f8. 

4. (a) m = [fj p(x, y) dA 
(b) Mz = ffp ye(z,y) dA, My = ffp z(x,y) dA 


Mz 


(c) The center of mass is (7, y) where T = “s andy = = 


(d) I= = ffp yalz,y) dA, Iy = ffo 2 p(z.y) dA, Io = ffp (z^ +y*)o(z,y) dA 
5. (a) P(a < X «bc € Y € d) — f’ f? f(z,y) dy dz 
(b) f(z, y) 2 O0 and ff. f(z, y) dA — 1. 
(c) The expected value of X is p, = ffi x f (z, y) dA; the expected value of Y is p, = ff,» y f(x,y) dA. 
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6. A(S) ex IL [f (2, y)? + (f, (v, y)? + 1dA 


Li m n 


T. (a) ffs f T,9,2 )dV =, lim » 25 a! f(e Tli Vije Zik) AV 


mno ;—]j-1k- 
(b) We usually evaluate fff, f (v, y, z) dV as an iterated integral according to Fubini’s Theorem for Triple Integrals 
(see Theorem 15.7.4). 
(c) See the paragraph following Example 15.7.1. 
(d) See (5) and (6) and the accompanying discussion in Section 15.7. 
(e) See (10) and the accompanying discussion in Section 15.7. 


(f) See (11) and the preceding discussion in Section 15.7. 
8. (a) m= fff p(z, y, z) dV 
(b) My: = fff, xp(z, y, z) dV, Maz = ff fo upele y, z) AV, May = fff, zo(m y, z) dV. 
Mu Mzz = 


yg ,andz — Moy 
m m 


(c) The center of mass is (z, y, Z) where = = 


(d) I5 = ff fo? +27)o(a,y,z) AV, Iy = Sf fel +22) ola, y, 2) aV, I: = fffg(z? +y?)o(a, y, z) dV. 
9. (a) See Formula 15.8.4 and the accompanying discussion. 
(b) See Formula 15.9.3 and the accompanying discussion. 


(c) We may want to change from rectangular to cylindrical or spherical coordinates in a triple integral if the region E of 
integration is more easily described in cylindrical or spherical coordinates or if the triple integral is easier to evaluate using 


cylindrical or spherical coordinates. 


Oz/Ou Ox/dv 
Oy/Ou Oy/dv 


| Ox dy Ox dy 


a (x,y) _ oy 
= QuOv dv du 


ð luv) 


10. (a) 


(b) See (9) and the accompanying discussion in Section 15.10. 


(c) See (13) and the accompanying discussion in Section 15.10. 


TRUE-FALSE QUIZ 
1. This is true by Fubini’s Theorem. 
3. True by Equation 15.2.5. 
5. True. By Equation 15.2.5 we can write I^ fa f(x) f(y) dy dz = i f(x) dx p f(y) dy. But P f(y)dy = p. f(x) dz so 
this becomes f? f(x) da f f(x) dx = [ fd f(z) aj. | 
7. True: ffp /4— x? — y? dA = the volume under the surface x? + y? + 2? = 4 and above the zy-plane 
= $ (the volume of the sphere x? + y? + 2? = 4) = 1: $2(2)? = £r 
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9. The volume enclosed by the cone z = 4/2? + y? and the plane z = 2 is, in cylindrical coordinates, 
V = fo" fo f rdzdr dd F Jo" fo J? dz dr d0, so the assertion is false. 


EXERCISES 


1. As shown in the contour map, we divide Ft into 9 equally sized subsquares, each with area AA — 1. Then we approximate 


[fa f (2, y) dA by a Riemann sum with m = n = 3 and the sample points the upper right corners of each square, so 


Jf flew)dA~ © 35 Feny) AA 


= AA [f (1, 1) + f(1,2) + f(1,3) + f(2, 1) + f(2,2) + f(2,3) + £(3, 1) + (3,2) + /(3,3)] 
Using the contour lines to estimate the function values, we have 


[fn f(x,y) dA ~ 1[2.7 + 4.7 + 8.0 + 4.7 + 6.7 + 10.0 + 6.7 + 8.6 + 11.9] = 64.0 


1 E (y + 2ze") dz dy = f [ry + 27e¥ 22 dy = fy + 4e") dy = [y? + 4e"? 


r-0 


d 


=4+ 4e? — 1— 4e = 4e? — 4e 43 


Jo fo. cos(z?) dy dz = Jo. [eos(z2)y] dies dz = f; zcos(z?) dz = 1 sin(z?)]? = isinl 


A 


PE fM} ysinz dz dy dz dd i [(y5in.z)z] 7 Y^? dy dx = IF fo uA — yi sine dy de 

| = E Ha- sing] de = fr dsinzdz = -4 osa]; = 3 

9. The region R is more easily described by polar coordinates: R = {(r,9)|2 <r <4,0 <8 € v). Thus 
SSn f(@,y)dA = EL f(r cos, r sin 0) r dr dé. 

11. The region whose area is given by qu " Jo in 26 v dr dO is 


r —sin28 ((,9)|0 <8 € 3,0 < r € sin20), which is the region contained in the 


loop in the first quadrant of the four-leaved rose r = sin 26. 


% Jè [È cosy?) dy dz = fè fË cos(y?) dz dy 
= fo cosy?) [2]75 dy = Jo wcos(y?) dy 
= [7 sin(y?)], = $ sin1 
15. ffs ye" dA = fd Jd ye" de dy = JÈ [172 dy = JÈ — 1) dy = [Je - y] = 16 3-4 = 4 - 1 
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47. 
fL cts [o [dto 
1+2? "MET 1a '2 
—: t g G —1]n2 
T Tee 4 -[imüez),-im 
d 2 8—y? 
19. Sfp v4A = fo fj y dx dy 
= fè v[z] 75" dy = f? y(8 = y? — y?) dy 
= fo (8y — 2°) dy = [4? — dy*]5 =8 
21. 


23. fff; xy dV = RP a" gy dz dy dz = £g ie av [5], s ae dy dx = f; Jo zylz + y) dy dx 


=P p ay + ay" ) dy dz = f° [xy + gay?) ny dz = fo ($24 + $2*) dz 


25. Ife yz av = f* Tul n = y^z? dz dzdy = f°, Vie vate — 2?) dz dy 


1-9? 
= f” fo (r^ cos? 6) (r? sin? 6)(1 — r?) rdr dé = f°" f) 1 sin? 26(r* — r") dr d8 


= fo” 1 (1 — cos40) [175 — ir "1o dð = Zz[6-ism49]" = 22 — & 


27. Jf fe vzdV = f*, I dt = b yz dz dy dz = JŽ om adsl $y* dy dz = fr f, 7 1r? (sin 0) r dr dO 


= M J sin? odo = $ [- TT i cos xi -H 


29. V = K I^ (a? + 4j?) dy dz = f? [z?y + $i y] "1 dx = f? (32? + 84) dx = 176 


y=1 


LU 


V= y eee dz da dy = Ce (1 — iy) da dy 


= f (y—iy?) dy=2 


31. 
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33. Using the wedge above the plane z = 0 and below the plane z = mz and noting that we have the same volume for.m < 0 as 


for m > 0 (so use m > 0), we have 
— 2 [2/3 (V ** 9 mz dzdy = 2 f?/? Lm(a? — 9?) dy = m[a?y — 3y?) = m(3a? — La?) = 2ma?. 


- i l 
35. (a)m= fe fo Y ydedy = fo (y-y))dy-i-i-1 


(b) My = fo fo" aydzdy = fo 4y(1—y?)? dy = i - vy, = ds. 
Mz = fo fo" y? dedy = [o (y? — y’) dy = & Hence (7,3) = (3,8). 
©) I. = Ji JE” y dedy = fd (^ — y*)dy = 4, 
I, — fő pe yz? dz dy = f; yll- y? dy = -40 9); = &. 
Ip = In + Ty = 3,9 = U2 =} > J= 24, andz —U74 -$ > T= J. 


37. (a) The equation of the cone with the suggested orientation is (h — z) = # \/x? + y?, 0 < z < h. Then V = $ra?h is the 


volume of one frustum of a cone; by symmetry M,. = Mzz = 0; and 


h—(h/a)/ z? y? 2m (h/a)(a—r) n? 1 
Mis "n | zdzdA= | L li rzdzdr dð = fet ai (a — r)* dr 


z2--y?« «a2 


mh? (at  2a* at vh?a? 
TE [ar ar +r°)dr = a r-3*)- 


Hence the centroid is (z, y, z) = (0, 0, 1p), 


2- pa p(h/a)(a—r) ah 2mh E auk 

3 S. 24 
z= r” dz dr dð = 2 = -rjad = —|( — —-— |] = —— 
(b) I. fi {f r” dzdr rf a (ar r^) e (e =) TT 


39. Let D represent the given triangle; then D can be described as the area enclosed by the x- and y-axes and the line y = 2 — 2z, 
or equivalently D = ((z,y) D <£ « 1;0<y €2— 2a}. We want to find the surface area of the part of the graph of 


z = x? + y that lies over D, so using Equation 15.6.3 we have 


0z WV 8z V ud pe 
A(s)= ff 1+ (3) + (3) da= || virer a- | [ J24 Ax? dy dz 
= fd VIF [y 92 de = fÀ (2 — 22) VIF Ae dz = f1 2 VIF Aa dz — f} 2w VIFA dz 
Using Formula 21 in the Table of Integrals with a = 4/2, u = 22, and du = 2 dz, we have 
[2 2r Ax? dz = 2/2 + Ax? + In(2z + /2 + 42? ). If we substitute u = 2 + 42? in the second integral, then 
du = 8x dz and f 2x /2+ Az? dz = + f yudu = +. $uV? = 1(2 + 4z?)9/?, Thus 
A(S) = [2 2-323 + In(20 + V2 427) — (2+ atn] 
= V6 + In (2+ V6) — (6)? —1n /2 + X2 = mf + 2 
= In(V2+ V3) +2 x 1.6176 
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M. [ f Joa? Joa 
"3 tay") dye = f " a(x” + y^) dy de 
idi Vocat 
= [7/7 fo (rcos0)(r?) r dr d8 


= [rj 008 8 d8 Jo rt dr 


= [sing] as [ir dn = 2-4(243) = S88 = 97.2 
43. From the graph, it appears that 1 — z? = e? at x ~ —0.71 and at 
x = 0, with 1 — z? > e” on (—0.71, 0). So the desired integral is 
um ydAs Jo; 71 P y^ dy dz 
=3 Fal -a^y — e*]dz 


ze «95 8454 £47 — E -— 
—-i[r—-2?--$25— $2? — be] |, 0.0512 


45. (a) f(x,y) is a joint density function, so we know that ff. f(x,y) dA = 1. Since f(x,y) = 0 outside the rectangle 
[0,3] x (0, 2], we can say 
J faa Fwy) dA = J, [7 F(E v) dy dz = fo fo Cla + y) dy da 
=C fp [zy + $y?) de =C fo (22 -- 2) dz = C |a? + 22]; = 15C 
Then 15C =1 > C=. l 


(b) P(X < 2Y 2 1) = f? Sf f(z,y) dy dz = f2 f? & (v, y) dydz = ind [ry + 4y] "T? dz 


y=1 


= i fo (+ $) de = ilie + Be] = 3 


(c) P(X + Y € 1) = P((X,Y) € D) where D is the triangular region shown in 
the figure. Thus 
P(X +Y <1)= ffo flav) dA = RR h(E y) dydz 
= 5 h [ey + ivl 4 


= i Jo [e(1- 2) + 1(1— z)°] dz 


— ds fo (1-7 27)dz = hle- 347]; - & 


do. Dec B 7 F(a, y, z) dz dy dz = fo Ja ini z J (2, y, z) dz dy dz 
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49. Since u = z — y and v = z +y, z = į (u + v) and y = 4 (v — u). 


51. 


1/2 1/2 
-1/2 1/2 


alz, y) . 


Thus aen 


1 r—y 4 fa 4 dv 
= — and ——— dA = —( = | dudv=-— —-—— 
z an HER LES u dv A 1n 2. 


Let u = y — x and v = y + x so x = y >u = (v-s)- u > x= įv — u) andy =v — į (v - u) = į(v + u). ` 


| A(z, y) 
A(u, v) 


with vertices (u, v) = (0,0), (—2, 0), (0, 2), and (—2, 2). So 


2 [? s — (1 if2[2 1,,3]"—0 1 £2 (972 _ 8 1/243 _ 8y]? 
| aya = ji. 5 ) dudv — Jo [^u — gu] ig dv — $ f; (20 — 8) du = &[$v? — $v]; =0 


This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric about 


Ox Oy Ox Oy 


ðuðv Ov Ou 


= = |-4 (4) — $(3)| =|—3| = $- R is the image under this transformation of the square 


the x-axis. 


. For each r such that D, lies within the domain, A( D») = ar”, and by the Mean Value Theorem for Double Integrals there 


1 


exists (£r, yr) in D, such that f (£r, yr) = 2 


I f(x,y)dA. But lim (£r, yr) = (a,b), 
D, r—0t 


so lim E-S "n f(zx,y)dA- lim. f(&r, Yr) = f(a, b) by the continuity of f. 
Dr r= 


r=0+ nT? 
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ko F Let R = U}_, Ri, where 
9 T ; TT 
4 SE Ri={(z,y)|t+y2it+2jc+y<i+3,1<2<3,2<y< 5}. 
3 5 ; 
; NN Sfple+yldA = D Ifa Io + v4 dA = Dle 9d She, dA, since 
x+y=5 


[z + y] = constant = i + 2 for (x,y) € Ri. Therefore 


Male + vl dA = Y, (i+ 2) [A(R:)] 
= 3A(R1) + 4A(R2) +5A(Rs) + 6A(R4) + 7A(Rs) 
=3(}) +4) +5(2) +6(8) +7(3) =30 


3. foe = 54, f(a)de= zs if cos(t?) )at| as 


= f? f? cos(t?) dt dz = f? f* cos(t?) da dt changing the order of integration] 
0 Jz 0/0 


= fo tcos(t?) dt = } sin(t?) = tsini 


4 " T 1 
5. Since |zy| < 1, except at (1, 1), the formula for the sum of a geometric series gives = = Y (ry)”", so 


fis 157; de dy = = fs TE 2 Y (zy)" dx dy = 2 | Tt xy) "de dy = È [ie a” da] [Jo y” dy| 


oo oo 
- I 3 ars —$; 1 T quo 2 
= M sn «ITI w—szt$t$t = J n= aT 
n= n= 


7. (a) Since |zyz| < 1 except at (1, 1, 1), the formula for the sum of a geometric series gives T 


bo fi pl pl 
[ffs eo Xy dédy de = X [ [ | (mye) da dydi 
1- zyz ryz 0 n=0 n=0 Jo Jo Jo 


oo 
= Y (zyz)", so 
z n=0 


it T os i es 1 1 1 
n d | [Jo d | = — — , — 
-X [hee * de) [fo v y||os d = 3 nal nii 
og 1 1 L 1 ; T 
=Le PIF PT -Ls 
(b) Since |—xyz| < 1, except at (1, 1, 1), the formula for the sum of a geometric series gives D = >> (-ayz)",so 
n=0 
&x qu gd opi 
Ü a a — ——— da dy dz — ui! n Y (—axyz)" dz dydz = >> f fi f (—ayz)” dz dy dz 
14+ 2yz LYZ 0 n=0 n=0 
1 1 1 i ii 
n a” ad: n d | n d n : Š 
-Xc 1) I | [Io v u] Jz z| = G 1) ii n+1n+1 
= (-1)" 1 1 ay 
== ————-4 == — 
p miD 19 2€ anco n? [continued] 
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To evaluate this sum, we first write out a few terms: s = 1 — 5 4 s — a + z — S^ £z 0.8998. Notice that 


a7 = 5 < 0.003. By the Alternating Series Estimation Theorem from Section 11.5, we have |s — se| < a7 < 0.003. 


This error of 0.003 will not affect the second decimal place, so we have s e 0.90. 


9. (a) z —rcos0, y —rsinO, z —z. Then 24 = Quë DuOp  QuOR Du 6080 + 2 wind and 


dx Or dyOr Ozór x Oy 
= FH cog? 0+ oe sin? 04224 cos0 sind 
Similarly 55 = =e rsin 0 + Gi reos and 
an z r? sin? ox Due cos? 8 — 2 Pe sind cos0 — 24 roos0 — P^ ring. So 
Beim, So Oe P et ot D sin? 92 3 3 cos0 sing + ZECE using 
+ ^t in? 0+ D cof 0— 2 d a sind cosó 


 OucosÜ  Ousin6 Pu 
ðr r oy r Oz? 
Oru Pu 
NI Rx 2 5 Oz? 


(b) x = psin$cosÓ, y = psin ġsin 0, z = pcos¢. Then 


du dude , Oudy , ðuðz du, eo we 
8p dx Op + sap * 0s 0p = p, n9 ae + Had sin 0 + 5 cos É, and 
Ou , ude u Oy Gu dz 
gg = nd | e ao neca 
: ‘ Ou Oy Ou dc u Oz 
+ enaint (25, + 373,95 * 273537] 
O'uOz Zu de Ou Oy 
t cos 6 [525 Br 8z Op d 
2 
-205 sin? $ sin 0 cond +2 D sin $ cos $ cos 2 oe sin $ cos p sin à 
Ou Pu 
PES a $ cos? EA o sin? $ sin? 0+ 5 cos! à 
azg ðu Ou ðu 
end g = sogen k By “ pcos sin é — 3; Psind, and 
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2 
IE p? cos * $ sino cos 0 — Tal p? sin $ cos ¢ cos 0 
Ou 5. F Pus 3 2 Pus 2492 
~ 25 0:^ sin ġ cos sin? + 5 p cos“ $ cos O+ a? cos? ġ sin? 0 
Dus; OM. ÜR o xg x D 
+ 323^ sin yg; Renae S. uid uini eR pong 
Ou ðu . ‘ ðu . ; 
And 9b 7 Ər p sin $ sin 0 + AUN while 
2? o Zu Pu 
ae 2 5y On Ex zP sin? à sin? 0 
Pu Ou Ou 
+ ap^ sin? $ cos? 0- 5, esing uda "Land sin 0 
Therefore 
Au 20u | cotóOu , 1 ou 1 Oru 


Bp t pap + p! 06 pop ^ panto 00 


= oe [(sin? 4 cos? 8) + (cos? $ cos? 0) + sin? 6] 
ap [(sin? ¢ sin? 8) + (cos? $ sin? 0) + cos? 8] + = [cos à $ sin? ø] 


Ou [2 $ cos 0 + cos? ġ cos 0 — sin? — 


da psin g 
4 Ou [ees $ sin 0 + cos? PE 
+ Oy psin ó 


But 2 sin? $ cos 0 + cos? à cos 0 — sin? $ cos 0 — cos0 = (sin? $ + cos? $ — 1) cos = 0 and similarly the coefficient of 
Ou/Oy is 0. Also sin? ¢ cos? 0 + cos? ¢ cos? + sin? 0 = cos? 0 (sin? $ + cos? $) + sin? 0 = 1, and similarly the 
coefficient of 8?u/Ay? is 1. So Laplace's Equation in spherical coordinates is as stated. 
11. fo fo fo f (t) dtdzdy = fff, F(t) dV, where . 
B={(t,z,y)|0<t<z,0<z<y,0<y<z}. 


If we let D be the projection of E on the yt-plane then 


D = ((y,t) |O < t < x,t < y X z). And we see from the diagram 
that E = {(t,2,y) |t £z y t Xy <z, 0< t< x). So 
Ja Ja So F(t) dtdzdy = fr f? [7 f(t) dz dy dt = il [fe (y — t) f(t) dy] dt 
-= PR IP wf) Jae d£— fo [38 ^ tz 4t +07] F(t) at 
= fo [$a? —ta+3 - (t) dt = Jy ($a? — 2tx + t?) f(t) dt 


— $ fo (x — t)? f(t) dt 
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13. 


. unit ball cut off by the plane u + v + w = 1, a “cap of a sphere" (see the figure). 


O CHAPTER 15 PROBLEMS PLUS 


The volume is V = f'ff p dV where R is the solid region given. From Exercise 15.10.21(a), the transformation z = au, 


y = bv, z = cw maps the unit ball u? + v? + w? < 1 to the solid ellipsoid 
; utrtw-l 


2 2 2 j 
74+ 5 <i with Mem) 


tas Bu, v1) — abc. The same transformation maps the 


u—v-w 


plane u +v 4-w —1 to = = a a — = 1. Thus the region R in zyz-space l 


corresponds to the region S in uvw-space consisting of the smaller piece of the 


We will need to compute the volume of S, but first consider the general case 
where a horizontal plane slices the upper portion of a sphere of radius r to produce 
a cap of height h. We use spherical coordinates. From the figure, a line through the 
origin at angle ó from the z-axis intersects the plane when cos = (r —h)/a = 


a = (r — h)/ cos @, and the line passes through the outer rim of the cap when 


a=r => cosd=(r—h)/r = d$-cos^((r— h)/r). Thus the cap 
is described by { (p, 0, $) | (r — h)/cosó € p < r,0 € 8 € 27,0 € $ € cos! ((r — h)/r)} and its volume is 


= fer gu ges h)/r) So n p^ sin ¢ dp d$ d8 


(r—h)/ cos 


7T fcos-l((r—h)/r 
c 2 E (( ^)/7 [153 sing)’ d$ dé 


9 p=(r —_— cos $ 


1 2r cos~!((r—h)/r) a s (r — A? . 
=3/ į l i sin $ — ind d sing] d$ d0 


-1 x 
= 1 f?" [-r? cos — 1(r — h)? cos? $] o cos" *((r—h)/r) ig 


a de a a eem 


H on ($rh? — 4h?) dð = $(3rh? — in?)(2«) = nh? (r — ih) 


(This volume can also be computed by treating the cap as a solid of revolution and using the single variable disk method; 
see Exercise 5.2.49 [ET 6.2.49].) 


To determine the height of the cap cut from the unit ball by the plane 
udvdu- 1, note that the line u = v = w passes through the origin with 
direction vector (1, 1, 1) which is perpendicular to the plane. Therefore this line 


coincides with a radius of the sphere that passes through the center of the cap and 


h is measured along this line. The line intersects the plane at (2, $, 1) and the plane u+v+w=1 


Sphere at (3s, NL A). (See the figure.) 
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2 
The distance between these points is h = 4/3 (Jz — 3). = V3 (Jz — 3)  1— Jg. Thus the volume of R is 


a Hr 


«dec Mae sli i i 


= aber ($ — Jz) (3 + d) = aber (3 — 535) ~ 0.482abc 


O(a, y, 2) 


Arum dV —a be f/f] dV — abcV(S) 
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16.1 Vector Fields 


1. F(x,y) 20.31— 04j 
All vectors in this field are identical, with length 0.5 and 
parallel to (3, —4). 


3. F(z,y) = —Zi+(y—2)j 
The length of the vector — 2 i+ (y — x) jis 


4/4 (y — 2)?. Vectors along the line y = x are 


horizontal with length 4. 


yit+aj 


The length of the vector 


5. F(x,y) = 


yi+zj 


VAF 


is 1. 


7. F(z, y,z) =k 
All vectors in this field are parallel to the z-axis and have 
length 1. 


9. F(z, y,z) =ak 
At each point (x, y, z), F (x, y, z) is a vector of length |z|. 
For x > 0, all point in the direction of the positive z-axis, 


while for x < 0, all are in the direction of the negative 


z-axis. In each plane x = k, all the vectors are identical. 
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11. F(x, y).— (x, —y) corresponds to graph IV. In the first quadrant all the vectors have positive z-components and negative 
y-components, in the second quadrant all vectors have negative z- and y-components, in the third quadrant all vectors have 
negative z-components and positive y-components, and in the fourth quadrant all vectors have positive x- and y-compdnents. 


In addition, the vectors get shorter as we approach the origin. 


13. F(a, y) = (y, y + 2) corresponds to graph I. As in Exercise 12, all vectors in quadrants 1 and II have positive z-components 
while all vectors in quadrants III and IV have negative z-components. Vectors along the line y — —2 are horizontal, and the 


vectors are independent of x (vectors along horizontal lines are identical). 
15. F(z,y, z) =i + 2j + 3k corresponds to graph IV, since all vectors have identical length and direction. 


17. F(z, y, z) =xi+yj+3k corresponds to graph III; the projection of each vector onto the xy-plane is z i+ yj, which points 


away from the origin, and the vectors point generally upward because their z-components are all 3. 


19. 
The vector field seems to have very short vectors near the line y = 22. 


For F(a, y) = (0,0) we must have y^ — 2x = 0 and 3ry — 62? = 0. 
The first equation holds if y — 0 or y — 2z, and the second holds if 

x = 0 or y = 2x. So both equations hold [and thus F(z, y) = 0] along 
the line y — 2z. 


21. f(z,y) 2z&" => 
Vf(z.y) = fely) i+ fy (zy) j= (ze -y + &")i-- (ze -2)j = (zy + lei c z^ e?" j 
r r x oe y : z 
23. Vf (z,y,z) = falx, y, z) i+ fy(z,9,2)3 + f-(2, y, 2) k = ——— i + — jd ——————k 
f(z,y,z) = fe(z, y, 2) fy(x,y,2)5 fz(x,y, z) Jar +y? +27 Jetyte VENTET 
25. f(x,y) -32—-y => Vf(z,y)-2zi-j. 
The length of V f(x, y) is V4x? +1. When x z 0, the vectors point away 
from the y-axis in a slightly downward direction with length that increases 


as the distance from the y-axis increases. 


2x , 4y 


27. We graph Vf(z,y) = 1473 pgp it 


Ipe sae along with 


a contour map of f. 
The graph shows that the gradient vectors are perpendicular to the 
level curves. Also, the gradient vectors point in the direction in 


which f is increasing and are longer where the level curves are closer 


together. 


© 2012 Cengage Learning. All a Reserved. May mW WW: SEST dion a Fo: H a pes accessible website, in whole or in part. 


SECTION 16.2 LINEINTEGRALS O 305 


29. f(a,y)=2?+y? => Vf(z,y) = 2xi+ 2y j. Thus, each vector V f(x, y) lias the same direction and twice the length of 
the position vector of the point (x, y), so the vectors all point directly away from the origin and their lengths increase as we 


move away from the origin. Hence, V f is graph III. 


31. f(z,y) - (z--y) => Vf(z,y) — 2(z - y) - 2(z + y)j. The x- and y-components of each vector are equal, so all 
vectors are parallel to the line y = x. The vectors are O along the line y = —z and their length increases as the distance from 


this line increases. Thus, V f is graph II. 


33. At t — 3 the particle is at (2, 1) so its velocity is V(2, 1) — (4,3). After 0.01 units of time, the particle's change in 
location should be approximately 0.01 V (2, 1) — 0.01 (4,3) — (0.04, 0.03), so the particle should be approximately at the 
point (2.04, 1.03). 

35. (a) We sketch the vector field F(x, y) = xi — yj along with 
several approximate flow lines. The flow lines appear to 
be hyperbolas with shape similar to the graph of 
y = +1/z, so we might guess that the flow lines have 


equations y = C/z. 


(b) Ifa = x(t) and y = y(t) are parametric equations of a flow line, then the velocity vector of the flow line at the 
point (x, y) is z'(t) i + y' (t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 
z'(t)i--y(t)jo ri—yj = dx/dt — z, dy/dt = —y. To solve these differential equations, we know 
dz/dt=x => da/e=dt => ]ln|z|—-t-C = x=+e't+? = Ae’ forsome constant A, and 
dy/dt=-y => dy/[y—-dt => Inljy|=-t+K = y=+e-*t* = Be~ for some constant B. Therefore 
zy = Ae' Be~' = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constan 21 => ay=1 => 
y — l/z,x » 0. m 


16.2 Line Integrals 


1. x = t? and y = 1,0 € t € 2, so by Formula 3 


2 
L? as= f un «() a= f e VGPO f t? /ot4 + 1dt 
0 
1. Xfau , 10/9]* 5 3x 3/2 1 
= dg: 3 (9t^ +1) i — 1) or & (145 V145 — 1) 


3. Parametric equations for C are x = 4cost, y = 4sint, —5 €t € $. Then 


fo zy ds — 7 (4 cost)(4sin t)* (—4sin£)? + (4 cost)? dt = ps 2 4? cost sin* t J/16(sin? t + cos? t) dt 


=45 7/7 .(sin* t cos t)(4) dt = (4)8 [1 sinë t ses - s — 1638.4 
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5. If we choose x as the parameter, parametric equations for C are z = £, y = Vx for 1 X xz € 4 and 


is (z^? - Vz) dy = fi [2?- (va)? - va] ree} t (a? — 1) dz 


C= 0 +02 i 


7. 
OnC::z2z7,y—Àimr > dy-idz, 0<2<2. 
On C2: tz=2,y=38-a4 => dy=—-dx, 2<a<3. 
Then 


fe (a + 2y) da + x? dy = Jo, (a+ 2y) dz + 2? dy + fo, (@ + 2y) dz + 2? dy 
= fo [e +2 (32) +27 (3)] de + Jy [e+ 2(8 — 2) + 2°(-1)] dz 
=j (2z + 12?) dz + fy (6 — z — z?) dr 
= jeden e- de? Je" = B04 8-8 =F 


2 


9. 2=2sint, y=t, z= —2cost, 0 € t € m. Then by Formula 9, 


fe tyz ds = fy (2sint)(t)(—2 cost) (y + (ay + (#2) dt 
= fy —4tsint cost J/(2cost)? + (1)? + (2sint)? dt = fj —2t sin 2t /4(cos? t + sin? t) + 1dt 


- "Tis 1 E Wen T integrate by parts with 
= —2 V5 fy tsin2tdt = —2 V5 [-$tcos2t + 4 sin 2t]7 | 


--2v5(-2-0)- vV5r 
11. Parametric equations for C are c = t, y = 2t, z = 3t, 0 € t € 1. Then 


1 
b me? * ds. B te (200/12 792 4 32 dt = Vf te** dt = Miri [ke]. a Aae si: 


l l ; 
13. fo zye” dy = ROMEO -2tdt = fo 2te" dt = ie]. = 2(e' — €?) = 2(e — 1) 


15. Parametric equations for C are z = 1 + 3t, y —t, z —2t, 0 €t <1. Then 
Jo 2 dz +a? dy +y? dz — fy (2t)? 3dt+ (14 3t)? dt +t? -2dt = fy (23t? + 6t + 1) dt 
= [26-32 4:1] = 2 +3+1=% 
17. (a) Along the line z = —3, the — of F have positive y-components, so since the path goes upward, the integrand F - T is 


always positive. Therefore f, co, F dr = Jo, F - T ds is positive. 
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(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that is, opposite the 


direction to the path. So F - T is negative, and therefore f... F - dr = fo, F - T ds is negative. 


19. r(t) = 114 i + t? j, so F(r(t)) = (11:5) (£9) i + 3(0)? j = 114^ i + 305 j and r'(t) = 44t i + 30? j. Then 


[o E- dr = fo F(r(t)) -x'(t) dt = fo (1t - 44t? + 3° - 3°) dt = fo (484t" + 905) dt = [44t +°] = 45. 


21. fa F -dr = fà (sint*,cos(—£),t*) - (3t, —2t, 1) dt 


= fo (3t? sint? — 2t cost? + t*) dt = [7 cost? — sint? + ic = $ — cos1 — sin1 


i 


23. F(r(t)) = (e) (e°) i-- sin (e-*) jae" i+ sin(e- js r'(t) = et i — 2te-*^ j. Then 


[E x= [ FEH) x (dt = [ à [eet »sin(e-?) - (-2e*)] a 


- f Y nd — e” sin(e-^)] dt = 1.9633 
1 


2.2=t?, y =t, z= t^ so by Formula 9, 


fc zsin(y + 2) ds = [5 (£2) sin(t? + tt) / (2t)? + Be)? + (48)? at 
= Jp t? sin(t® + t*) VAt + 9t* + 1615 dt ~ 15.0074 


27. We graph F(x, y) = (x — y) i + xy j and the curve C. We see that most of the vectors starting on C point in roughly the same 
direction as C, so for these portions of C the tangential component F - T' is positive. Although some vectors in the third 
quadrant which start on C point in roughly the opposite direction, and hence give negative tangential components, it seems 
reasonable that the effect of these portions of C is outweighed by the positive tangential components. Thus, we would expect 
iF: dr = Jo E - T ds to be positive. 

To verify, we evaluate f, F - dr. The curve C can be represented by r(t) = 2costi+2sintj, 0 € t « 37, 
so F(r(t)) = (2cost — 2sint)i--4costsintj and r'(f) = —2sinti+ 2costj. Then 

[o F -de= fo" F(r(t)) -r (t) dt 

= far 2 sin t(2 cos t — 2sin t) + 2 cos t(4 cost sin t)] dt 
= 4 f°"/? (sin? t — sint cost + 2sin t cos? t) dt 


=3r+% [usinga CAS] 
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31. 


33. 


35. 


(b) r(0) = 0, F(r(0)) = (e~", 0); 


(Ya) = (daa) 8) = (ny 
r(1) = (1,1), F(r(1)) = (1,1). 


In order to generate the graph with Maple, we use the 1 ine command in 


the plottools package to define each of the vectors. For example, 
vl:-line([0,0],[exp(-1),0]): 

generates the vector from the vector field at the point (0, 0) (but without an arrowhead) and gives it the name v1. To show 

everything on the same screen, we use the display command. In Mathematica, we use List Plot (with the 


PlotJoined - » True option) to generate the vectors, and then Show to show everything on the same screen. 


z —e''cos4t, y —e 'sindt, z=e™, O<t<2r. 


Then E: = e^! (—sin4t)(4) — e^* cos4t = —e~'(4 sin 4t + cos4t), 


Bi e~ ‘(cos 4t)(4) — e~* sin 4t = —e~'(—4 cos 4t + sin 4t), and E. —e^*, so 


dt à 
daz 2 dy a dz 2 E 
— oo — = —e-t)2 n At? = 4 > 1 
(a) +(#) +(4) (—e-*)?[(4 sin 4t + cos 4t)? + (—4 cos 4t + sin 4t)? + 1] 
=e * J/16(sin? 4t + cos? 4t) + sin? 4t + cos? 4t + —23V8e7t 
Fanm fo y’zds= ^ ^27 (e7* cos 41)? (e~* sin 4t)? (e^) (3 /2e7*) dt 


2 E TCR 72,704 e714 
= fo" 3V2e~ cos? 4tsin? 4tdt = 212721. V2 (1 — 9 


We use the parametrization x = 2cost, y = 2sint, —5 < t € $. Then 


ds = J/ (42) E (—2sint)? + (2cost)? dt = 2dt, so m = fords = 2k J Eh dt = 2k(v), 
a 2 : 7/2 = 7/2 : - 
T= 3k forkds- + [57,(2c051)2 dt = zz [4sin1] 7, = 4,7 = zi Jo yds = -L 7 a sin t)2 dt = 


oz-z[ np(z. y 2)ds ij — > | vole, y,2)ds,z = > f zp(z, y, z) ds where m = fo p(x, y, z) ds. 
Mic m jc m Jc 


(b) m = fo kds =k f?" V/4sin? t+ 4cos? t +9 dt = k V13 [7" dt = 2nk v/13, 


1 27 1 2T 
= -———— 2k V13 sint dt = 0, y = —— = 2k V13 cost dt = 0, 
" 7 ask V8 Jo a V7 OnkVi3 b - 
z= mah ( (r v3) )(3t) dt = = (27°) = 3r. Hence (T, 7, Z) = (0, 0, 37). 
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37. From Example 3, p(z, y) = k(1— y), z — cost, y = sint, and ds = dt, 0c t«- => 
Iz= fov o(z,y) ds = fo sin? t [k(1 — sint)] dt = k fj; (sin? t — sin? t) dt 


T T " Let u = t, du = —sintdt 
= 1k f (1 — cos2t) dt — k f (1 — cos? t) sint dt | imd | 


-k[s +K a - vh) du] = &($ - 4) 
I, = fo z^ p(z, y) ds = k fj cos? t (1 — sint) dt = È fo (1 + cos2t) dt — k f cos? tsint dt 
2 


= k(% — $) , using the same substitution as above. 


39. W = f, F -dr = 27 (t — sint, 3 — cost) - (1 — cost, sin t) dt 
= PT (t — tcost — sint + sint cost + 3sint — sint cost) dt 
= fal — tcost + 2sin t) dt = [3t? — (tsin t + cost) — 2cost] E e] 
= 2r? 


41. r(t) = (2t,t,1-t), O<t<1. 


c 


W = fo F -dr = f} (22? - 86, — (1—t)?,1—t — (2t?) - (2,1, —1) dt 
= fo (4-20 -t-12t- C — 1t 40?) dt = fy ( + 8t — 2) dt = [t + at? — 24] = 2 
43. (a) r(t) = at?i--bt*j =  v(t) —r'(t) —2ati--3b?j = a(t) =v'(t) =2ai+ 6bt j, and force is mass times 
acceleration: F(t) = ma(t) = 2ma i + 6mbt j. 
(b) W = fo F- dr = fẹ (2mai + 6mbt j) - (2ati + 3bt? j) dt = fo (Ama?t + 18mb?t*) dt 
= [2ra?t? + $ml?t*]^ = 2ma? + $m? 
45. Let F = 185k. To parametrize the staircase, let z = 20cost, y —20sint, z= 29t— 3t, 0«t« 6r > 
W = fo F -dr = fj" (0,0, 185) - (-20sint, 20 cost, 15) dt = (185)4 f?" dt = (185)(90) ~ 1.67 x 10° ft-lb 
47. (a) r(t) = (cost,sint), 0 € t € 27, and let F = (a, b). Then 
W =f, F -dr =f" (a,b) - (- sint, cost) dt = f?" (Casint + bcost) dt = [acost + bsint]?" 
=a+0—a+0=0 l 
(b) Yes. F (x, y) = kx = (ka, ky) and 
W= IcF -dr= z" (k cost, k sin t) - (— sint, cost) dt = $7 (—ksint cost 4- ksint cost) dt — a Odt — 0. 
49. Let r(t) = (x(t), y(t), z(t)) and v = (v1, v2, vs). Then 
Jov de = fa (v1, v2, va) - (x(t), (6), 2 ()) dt = Ja [v1 x(t) + va y/ (t) + vs 2/(t)] dt 
= [v1 z(t) + va y(t) + vs z(0)]7, = [vr (b) + v2 y (b) -- va 2(6)] — [vı z(a) + va y(a) + vs z(a)] 
= vi [x(b) — x(a)] + v2 [y(b) — y(a)] + vs [z(b) — z(a)] 
= (vı, va, va) - (z(b) — z(a), y(b) — y(a), z(b) — z(a)) 
= (v1, va, va) - [(x(5), y(b), 2(6)) — (x(a), (a), 2(a))] = v - [r(b) — r(a)] 
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51. The work done in moving the object is i. F -dr = fe F - T ds. We can approximate this integral by dividing C into 
7 segments of equal length As = 2 and approximating F - T, that is, the tangential component of force, at a point (aj, y; ) on 
each segment. Since C is composed of straight line segments, F - T is the scalar projection of each force vector onto C. 


If we choose (x, y; ) to be the point on the segment closest to the origin, then the work done is 


7 
[oF Tds% DD [F(z?,yi): T(27,y7)] As = [2 +2 +2 -- 2-- 1 -- 1 +1](2) = 22. Thus, we estimate the work done to 


i=1 


be approximately 22 J. 


16.3 The Fundamental Theorem for Line Integrals 


1. C appears to be a smooth curve, and since V f is continuous, we know f is differentiable. Then Theorem 2 says that the value 
of fo V f - dr is simply the difference of the values of f at the terminal and initial points of C. From the graph, this is 
50 — 10 — 40. 


3. 0(2z — 3y)/8y = —3 = 0(—3z + 4y — 8)/0x and the domain of F is R? which is open and simply-connected, so by 
Theorem 6 F is conservative. Thus, there exists a function f such that V f = F, that is, f. (x, y) = 22 — 3y and 
falz, y) = —3z + 4y — 8. But f. (z, y) = 2x — 3y implies f(x,y) = z? — 3ay + gly) and differentiating both sides of this 
equation with respect to y gives Ae) = —32 + g'(y). Thus —3x + 4y — 8 = —32 + g'(y) so g'(y) = 4y — 8 and 


gly) = 2y? — 8y + K where K is a constant. Hence f(z, y) = z? — 3zy + 2y? — 8y + K is a potential function for F. 
5. O(e cos y)/Oy = —e" sin y, O(e" sin y)/Ox = e” sin y. Since these are not equal, F is not conservative. 


7. alye” + siny)/ðy = e” + cosy = O(e* + x cos y)/ðx and the domain of F is IR?. Hence F is — so there 
exists a function f such that Vf = F. Then fz (x,y) = ye? + sing implies f(x, y) = ye” +a sin y + g(y) and 
fy(z, y) =e" + cosy + g' (y). But f(z, y) = €* + «cosy so g(y) = K and f(x, y) = ye? + x sing + K isa potential 
function for F. 

9. A(Iny + 22)?)/8y = 1/y + Gay? = 0(32^y? + x /y)/8x and the doniain of F is ((z, y) | y > 0) which is open and simply 
connected. Hence F is conservative so there exists a function f such that Vf = F. Then fz(z, y) = In y + 2ay? implies 
f(z,y) =clny + z?y? + g(y) and fy(a,y) = z/y + 32^y^ + g'(y). But fy(z,y) = 32y? + 2/ysog'(y)=0 > 


gly) = K and f(a, y) = zlng + z^y? + K is a potential function for F. 


11. (a) F has continuous first-order partial derivatives and a 2ry = 22 = E (x?) on R?, which is open and simply-connected. 


Thus, F is conservative by Theorem 6. Then we know that the line integral of F is independent of path; in particular, the 
value of f, c E : dr depends only on the endpoints of C. Since all three curves have the same initial and terminal points, 
dio F - dr will have the same value for each curve. 
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(b) We first find a potential function f, so that V f = F. We know f; (z, y) = 2xy and f,(x, y) = z?. Integrating 
f(x, y) with respect to x, we have f(x, y) = z?y + gly). Differentiating both sides with respect to y gives 


? => g(y)—-0 = g(y)- K,a constant. 


fy(x,y) = a? + g'(y), so we must have x? + g'(y) = x 
Thus f(x,y) = z?y + K. All three curves start at (1, 2) and end at (3, 2), so by Theorem 2, 


fo E- dr = f(3,2) — f(1,2) = 18 — 2 = 16 for each curve. 


13. (a) f«(z, y) = zy? implies f(x,y) = 32?^y^ + gly) and f,(z, y) = z^y + g'(y). But fy(x,y) = z^ysog'(y) -0 = 
gly) = K, a constant. We can take K = 0, so f(x,y) = 32^y?. 
(b) The initial point of C is r(0) = (0, 1) and the terminal point is r(1) = (2, 1), so 
fo F- dr = f(2,1) - (5,1) =2-0=2. 


15. (a) f«(z, y, z) = yz implies f(x, y, z) = xyz + g(y, z) and so fy(x, y, z) = xz + gy(y, z). But fy (a, y, z) = xz so 
gy(y,z) 20 => gly,z) = A(z). Thus f(x,y,z) = zyz + h(z) and f.(a,y,z) = zy + h'(z). But 
felz, y, z) = zy + 2z, so h'(z)=2z => h(z)=2? + K. Hence f(z,y,z) = zyz + z? (taking K = 0). 
(b) fo F -de = f(4,6,3) — f(1,0,—2) =81 -4 = 77. 


17. (a) fe(w,y, 2) = yze™* implies f(x,y, z) = ye”? + g(y, z) and só fy (x,y,z) = e** + gy(y, z). But fy (x, y, z) = e** so 
gy(y,z) 2 0 = gly, z) = h(z). Thus f(x,y,z) = ye** + A(z) and f:(z, y, z) = zye"? + h'(z). But 
fz(z, y, 2) = zye^,soh'(z) - 0 = h(z)=K. Hence f(x,y, z) = ye** (taking K = 0). 


(b) r(0) = (1, 1,0), (2) = (5,3,0) so fo F - dr = f(5,3,0) — f(1,—1,0) = 3e° +e = 4. 


19. The functions 2xe™” and 2y — z?e^" have continuous first-order derivatives on R? and 


x (2ze^") = —2re™” = Z (2y — z?e-"), so F(x, y) = 2ze^" i + (2y — z?e^") j is a conservative vector field by 


Theorem 6 and hence the line integral is independent of path. Thus a potential function f exists, and f; (z,y) = 2e " 
implies f(x, y) = z?^e^" + g(y) and fy(z, y) = —z?e^" + g'(y). But fy (x,y) = 2y — z?e^" so 

g(y) -2y = g(y)- y^ +K. We can take K = 0, so f(x,y) = ze V + y’. Then 

Jo Que" dz + (2y — z°e™”) dy = f(2,1) — f(1,0) 2 4e! -1—1 = 4/e. 


21. 


- 


If F is conservative, then f F - dr is independent of path. This means that the work done along all piecewise-smooth curves 


that have the described initial and terminal points is the same. Your reply: It doesn't matter which curve is chosen. 


23. F(z,y) = 2j i4-3z yj, W = Jo E- dr. Since 0(2??)/8y = 3 yg = 9(3x Vy )/ðz, there exists a function f 
such that V f = F. In fact, f (z,y) = 2y?? => f(x,y) —-2zy?? --g(y) = fy(x,y) = 3zy!"? + g'(y). But 
fy (z,y) = 3z /y so g'(y) = Oorg(y) = K. Wecantake K —0 = f(x,y) = 2zy?/?, Thus 
W = fo F - dr = (2,4) — f(1,1) = 2(2)(8) — 2(1) = 30. 
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25. We know that if the vector field (call it F) is conservative, then around any closed path C, f, c E- dr=0. But take C to bea 


circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C are roughly in the direction of 


motion along C, so the integral around C will be positive. Therefore the field is not conservative. 


2T 


From the graph, it appears that F is conservative, since around all closed 
paths, the number and size of the field vectors pointing in directions similar 
to that of the path seem to be roughly the same as the number and size of the 


vectors pointing in the opposite direction. To check, we calculate 


O ues mE SC " : 
dy (siny) = cosy = Aa (1+ 2 cos y). Thus F is conservative, by 


Theorem 6. 

29. Since F is conservative, there exists a function f such that F = V f, that is, P = fz, Q = fy , and R = fz. Since P, 
Q, and R have continuous first order partial derivatives, Clairaut's Theorem ei that OP/Oy = fry = fyz = 0Q/0z, 
0P/0z = fez = fzx = OR/Ox, and 9Q/Oz = fy. = fey = OR/Oy. 


31. D = ((z, y) | 0 < y < 3) consists of those points between, but not » 
on, the horizontal lines y — 0 and y — 3. 
(a) Since D does not include any of its boundary points, it is open. More 


formally, at any point in D there is a disk centered at that point that 


lies entirely in D. 
(b) Any two points chosen in D can always be joined by a path that lies 
entirely in D, so D is connected. (D consists of just one “piece.”) 
(c) D is connected and it has no holes, so it's simply-connected. (Every simple closed curve in D encloses only points that are 
in D.) 
33. D = ((z,y) | 1 < z? +y? € 4, y > 0] is the semiannular region 
in the upper half-plane between circles centered at the origin of radii 
1 and 2 (including all boundary points). 
(a) D includes boundary points, so it is not open. [Note that at any 


boundary point, (1, 0) for instance, any disk centered there cannot lie 
entirely in D.] 
(b) The region consists of one piece, so it’s connected, 


(c) D is connected and has no holes, so it’s simply-connected. 


y ðP y? — 2? 
35. P-L-————À,.L— = SS 
(a) z2 + y? E (a? + y?)? 


(b) Ci: z = cost, y = sint, 0 < t X s, Ca: x = cost, y = sint, t = 2r tot = v. Then 


F-dr= | (sin C epo 3 Costes ay = f dt — m and F-dr= | dt = r 
€; 0 cos? f + sin“ t 0 Co 2« 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 
www.elsolucionario.net 


SECTION 16.4 GREEN'S THEOREM O 313 


Since these aren’t equal, the line integral of F isn’t independent of path. (Or notice that Jo, F-dr= EN dt = 2r where. 


Cs is the circle z? + y? = 1, and apply the contrapositive of Theorem 3.) This doesn’t contradict Theorem 6, since the 


domain of F, which is R? except the origin, isn’t simply-connected. 


16.4 Green's Theorem 


1. (a) Parametric equations for C are x = 2cost, y — 2sint, 0 € t € 27. Then 
$e (x — y) dz + (x + y) dy = i [(2 cost — 2sin t)(—2sint) + (2cost + 2sin t)(2cos t)] dt 
= fq" (4sin? t + 4cos? t) dt = fy” Adt = 4t]°" = 8r 
(b) Note that C as given in part (a) is a positively oriented, smooth, simple closed curve. Then by Green's Theorem, 
folz- v) dz +(x+y)dy= ff, [2 (z  y)— & «- y) dA = ffp 1 - (-1)4A — 2 ffp dA 


= 2A(D) = 2x(2)? = 8v 


3. (a) Ci: z—ct > dr=di, y=0 > dy=0dt, 0<t<1. 
Cz: z=1 > dr=0dt, y=t => dy=dt, 0<t<2. 
C3: 2=1-t => dxr=—dt, y=2-2t => dy=-2dt, 0<t<1. 
9| c (0) * 
Thus $o vy dz + x7y? dy = $ ay da + z^? dy 


Ci t Co C3 
= fo Odt+ [2 det f) [-C(1 —4)(2 — 2t) — 2(1 - £t? (2 — 20)?] at 
= 0+ [ir]; Ba -0* «a 709]; 4-3 - 8 
(b) fi, zy dz + ^y? dy = ff, E (»)-2 (zy) dA — fj fo (2xy? — 2) dy dz 
= fo [ayt — zy] 1 dx = fo (815 — 2x?) dx = 4-2 — 3 
The region D enclosed by C is given by ((z, y) |0 € z € 2,4 € y < 2z}, so 
| fo zy? dz + 2z?y dy = ff, L (22?) — È 22] dA 
= fo JE (4zy — 2zy) dy dz 
= J pera de 


= fo 3x dz = ia] = 12 


7. Je (y+ev™) dz» (22 4 cos y?) dy = Sfp | & (2a 4- cos y?) — 2 (ue «)] dA 
= fo X (2 — 1) dz dy = fo (y? — y?) dy = i 
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9. foy? dz — 3? dy = ff, [& (7-23) — » (^) dA = ff5(—32? - 3?) dA = | gd Jo (73r?) r dr d 
— —8 f?" d0 for? dr = —3(2n)(4)  —24n 
11. F(x,y) = (y cosx — vysinz, zy + x cos z) and the region D enclosed by C is given by 
[(z,y)|0€2 €2,0€ y € 4— 2z}. C is traversed clockwise, so —C gives the positive orientation. 


fc F:dr =- f e (y cosz — zysinz)dz + (ry + zcosz) dy = — ff, [£ (zy + zcosz) — X (ycosz — zysinz) dA 


4—2r 


— — [fp(y — zsinz + cosa — cosz + zsinz) dA = — f; f; ydydz 


--[fo|iv] de=- fo 3 (4 — 20)? de = — f; (8 —8z 227) dz = — [Bz — 42? + $2?]; 
— (16 — 16 + 3$ — 0) 2 —18 
13. F(x, y) = (y — cos y, x sin y) and the region D enclosed by C is the disk with radius 2 centered at (3, —4). 
C is traversed clockwise, so —C gives the positive orientation. 
fc F:dr — — f G(y — cosy) dz + (xsiny) dy = — ff, [£ (zsin y) — » (y — cosy)] dA 
— — ffo (siny — 1— siny) dA = ffp dA = area of D.= (2)? = 4r 
15. Here C = C; + C2 where 
C4 can be parametrized as x = t, y — 1, —1 €t € 1, and 
C2 is given by z = —t, y22—0, -1<t<1. 
Then the line integral is 
$ ye” dz + a?e" dy = fü -e' -- te. 0] dt 
Ci-tCo 1 2 
+ fI - ?)e*(-1) + (—t) e?" (-21) dt 


= J? [et — (2 — &)*e7* — 2e] dt = —8e + 48e? P 
according to a CAS. The double integral is 
1 p2—2? , 
J /. t E a) dA = / / (2ze" — 2ye”) dy dz = —8e + 48e +, verifying Green's Theorem in this case. 
—1J1 


17. By Green's Theorem, W = fo F -dr = fo z(z-- y)dz + zy? dy = ffp (y^ — x) dA where C is the path described in the 
question and D is the triangle bounded by C. So 
W = fd fo-*(y? — 2) dy de = fd [y — zy]! 2 7 de = fa (30 — 2)? — a(1 — 2)) dz 
[-ha-af-de ede] = C4 +) - C4) - 
19. Let C; be the arch of the cycloid from (0, 0) to (27, 0), which corresponds to 0 € t < 27, and let C2 be the segment from 


(27, 0) to (0, 0), so C2 is given by z = 27 = t, y = 0,0 € t < 2r. Then C = C; U C3 is traversed clockwise, so —C is 


oriented positively. Thus —C encloses the area under one arch of the cycloid and from (5) we have 
A--$gydz- fo ydz + fo, ydr = 2" (1 — cost)(1 — cost) dt + JE 0 (—dt) 
= fa — 2cost + cos? t) dt +0 = [t — 2sint + $t + 4 sin 2t]?" = 3r 
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21. (a) Using Equation 16.2.8, we write parametric equations of the line segment as x = (1 — t)zi + tao, y = (1 — t)y + tye, 
0<t € 1. Then dz = (za — 21) dt and dy = (yo — yı) dt, so 
fo zdy-ydz = Ds [(1 — t)aa + tz2](yo — yr) dt + [(1 — t)yi + tye] (xo — 21) dt 
= fo (zi(ya — y1) — yı (22 — 21) + t[(ya — yi)(za — 21) — (£2 — 21)(y2 — 1)]) dt 
= fd (ziya — ways) dt = ziya — £291 
(b) We apply Green's Theorem to the path C = C1 U C2 U -++ U Cn, where C; is the line segment that joins (xi, yi) to 
(zi41, yix1) fori = 1,2, ..., n — 1, and Ch is the line segment that joins (£n, yn) to (x1, y1). From (5), 
+ fo zdy — y dz — ffp dA, where D is the polygon bounded by C. Therefore 
area of polygon = A(D) = ffp dA — $ fo zdy — y dz 
= (So, zdy- yds + fo, zdy-ydz-.- + fo,_, zdy-ydz4 fo, zdy - ydz) 
To evaluate these integrals we use the formula from (a) to get 
A(D) = i [(ziya — 221) + (2293 — aya) + +++ + (En-1Yn — £nya-1) + (any — 21s] 
(c) A=3[(0-1—2-0) +(2-3—1-1) - (1.2— 0-3) - (0-1 — (—1)-2) - (21-0 — 0- 1)] 
—-1(0454242)-2 


23. We orient the quarter-circular region as shown in the figure. 
1 1 
E A 2 = 2 
A — ina 2-555. dy and y = x. dz. 


Here C = C4 + Co + C3 where C1: 2 =t, y=0, 0<t<a; 


Cz: x =acost, y=asint, 0 X t € Z; and 


C3:2=0,y=a—t,0<t<a. Then 
fox? dy = fo, T dy + fo, x? dy + fo, a^ dy = fy Odt + «^ (acost)?(acost) dt + f$ 0 dt 


7/2 


= f7” à? cos? t dt = a? (7/^ (1 — sin? t) cost dt = a? [sint — 1 sin? t]? 


EN 
= $30 


fcy dz = fo, Y? dz + fo, y! dE + fo, y dz = fy Odt + fr" (asint)? (—asint) dt + fy Oat 


= (7 (-a? sin? t) dt = —a? (7? (1 — cos? t) sint dt = —a? [3 cos? t — cost] 7/5 —2a3 


0 
Lf de Mo thus (xp) T 
25] dae 37 ih gy = (= m) 
25. By Green's Theorem, —4p$,y° dx = —3p ff, (-3y?) dA = Jf, y^ pdA = I. and 


ipfo? dy = tp [fp (327) dA = ff, z^ pdA = Iy. 


27. As in Example 5, let C’ be a counterclockwise-oriented circle with center the origin and radius a, where a is chosen to 
be small enough so that C" lies inside C, and D the region bounded by C and C". Here 


2ay OP 2xz(z^- y") —2zy-2(3--y"):2y — 22? —6zy* 


P-————s > = ir 
(x? + y?)? Oy (x? + y?)4 (a? 4342) 
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Ge y? -r oQ . —2z(z? + y?)? — (y? —2?) -2(z? + y?) . 2x " 22? — Gay? 
(x? + y?)? Ox (x? + y?) (a? +92)” 


[Pacts [P2 94 = [| (52 - 5E) aa - [f oda=o 


and f, F -dr = fo: F : dr. We parametrize O” as r(t) = a costi -- asintj, 0 € t € 2x. Then 


[Ea p.a [7 Hoos Dennis (oft 9 03. (— canti +acosts) dt 
c fou 0 (a? cos? t + a? sin? t) 


Thus, as in the example, 


2v 2 
=if (—costsin®t — cos?) at = = f (— cos t sin? t — cost (1 — sin? t)) dt 
0 0 


2T 2m 
=- f costdt = -isnd =0 


29. Since C is a simple closed path which doesn't pass through or enclose the origin, there exists an open region that doesn’t 
contain the origin but does contain D. Thus P = —y/(z? + y?) and Q = «/(x? + y?) have continuous partial derivatives on 
this open region containing D and we can apply Green’s Theorem. But by Exercise 16.3.35(a), OP/dy = 0Q/8x, so 
$oF dr = ff, 0dA — 0. 


31. Using the first part of (5), we have that [fp dx dy = A(R) = fyn x dy. But a = g(u, v), and dy = oh g du + 2 dv, 


and we orient 0S by taking the positive direction to be that which corresponds, under the mapping, to the positive direction 


along OR, so 
? «dy- f DICT u+ o àv) = f glu, v) au + glu, v) a 
ƏR as Jas 


=+ [fs [3 (g(u,v) 24) - Z (gluv) 2*)] dA [using Green's Theorem in the uv-plane] 


2 id 2 : P F 
=e TE, ($23 + g(u, v) BR — 2295 — g(u,v) Fk) dA [using the Chain Rule] 


=+ ff, (9294 — 922) dA [by the equality of mixed partials] = + ffy alzu) dy du 


O(u,v) 


The sign is chosen to be positive if the orientation that we gave to ôS corresponds to the usual positive orientation, and it is 


negative otherwise. In either case, since A(R) is positive, the sign chosen must be the same as the sign of PICS , 
O(z; y) l 
Therefore A(R) = /[, dx dy = IL. 5 Iluv) du dv. 
16.5 Curl and Divergence 
i j k 


1 (a)culF =VxF=| 0/Ox 0/8y 0/8z 
+yz yd zz z +t ry 


aem = Zu +29]i- [6920 - z6rvo]ie [22 gety] 
=(e-2)i- (pit (@-2)k=0 
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(b) divF = V -F = > (ez) phas) + Š (+a) =1+1+1=3 


ij k 
3. (a) curlF =VxF=|0/dx 0/0y 0/0z | = (ze* —0)i— (yze* — sye”) j + (0 — ze^)k 


gye? 0  yze 


= ze” i + (rye* — yze^)j — ze^ k 


" at ð z oO 9 SY z p. DL z x“ 
(b) divF = V.F — 5- (zye^) + 5. (0) + 57 (yze^) = ve +0+ ye* = y(e* + e) 


i j k 
5. (a) curlF = V x F = 8/0x 9/8y 6/82 
— — ee p— 
1 , " _ 
= Gy zy [(—yz + yz)i- (—zz + 2z)j+( zy + zy) k] = 
8 g ð y ô z 
b) div F = V.F-LI—|-——————ijcz|—————dc0u|———— 
(b) div al m) A tess) al ieee) 
ETETETT QS Py Scy à J 22? + 2y? 4+ 22? » 2 
= (+ +P +2? pyte (mc-yb iB (+742)? JeF Fei p 
i j k 
7. (a) cuc] F — VxF—| 0/dx  O/O0y 0/dz | —(0—e"cosz)i— (e^ cosz —0)j + (0 — e” cosy) k 
e^siny e"sinz esing 
= (—e” cos z, —e* cos x, —e* cos y) 
(j dE vare ting) 4 etna 4 2 ene) me ing dd elus cl dna 
Ox Oy Oz , 
9. If the vector field is F = Pi + Qj + Rk, then we know R = 0. In addition, the z-component of each vector of F is 0, so 
BEL RL OR _ OR _ j dQ . d 
P — 0, hence ET B5 "m az 0. Q decreases as y increases, so By < 0, but Q doesn’t change 
in the æ- or z-directions, ot = 8Q zx. 
Oz Oz 
_ OP , 0Q , OR 0Q 
(a) divF — Da + By +z =0+—— By +0<0 
OR  0Q OP OR. oQ OP LL ms E i E 
(b) cur] F — (28 - Si (z oe) i+ (3d mr) k= (0 0)i--(0—0)j--(0—0)k— 0 
11. If the vector field is F = Pi + Qj + Ek, then we know R = 0. In addition, the y-component of each vector of F is 0, so 
Lo hence 92 = 22 _ 99 R LOR OR p, ! ap — 
Q — 0, hence E Dz az Dy A = 0. P increases as y increases, so By > 0, but P doesn’t change in 
the z- or z-directions, so —— E acta 
ðr Oz 
_ OP ,O0Q , OR -$ 
(a) div F = "De "y Be =0+0+0=0 
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(bor = (2-99) (E - SE (Fo - Fe o-oie0-014 (o- 27) - T 


Oy Oz Oz Oc Ox Ody Oy Oy 
Since x » 0, AA is a vector pointing in the negative z-direction. 
i j k ; 
13. curl F =VxF=|0/dx 0/8y | 0/0z | = (6zyz? — 6xyz?) i — (392? — 3y?22) j + (2yz? — 2yz*)k — 0 


yz 2zyz 3e 


and F is defined on all of R? with component functions which have continuous partial derivatives, so by Theorem 4, 
F is conservative. Thus, there exists a function f such that F = V f. Then f;(z,y,2) = ye? implies 
f(2, y, z) = zy?^z? + g(y, z) and fy(z, y, z) = 2zyz? + gy(y, z). But fy(z, y, z) = 2zyz?, so g(y, z) = h(z) and 
f(x,y, z) = zy?z? + h(z). Thus f:(z, y, z) = 3zy?z? + h'(z) but f: (z, y, z) = 3xy?z? so h(z) = K, a constant. 
Hence a potential function for F is f(z, y, z) = zy?z? + K. 
i j k 
15. cu] F - Vx F—| 90/óz O/0y 0/dz 
Bayz? 2ax?yz? 3a74?2? 
= (6z?yz? — 6x? yz”) i — (6xy?2? — 623?2) j.+ (4xyz? — 6xyz?) k 
= 6zy?z(1 —z)j- 2xyz^(2z — 3)k 40 
so F is not conservative. 
i j k 
17. curl F -VxF-—/|9/0r 0/dy 0O/0z 
ee’  zeY* Dyer 


= [ryze"^ + ze"* — (zyze"* + ze**)]i— (ye"* — ye”) j+ (ze — ze") k — 0 


F is defined a all of R?, and the partial derivatives of the component functions are continuous, so F is conservative. Thus 
there exists a function f such that V f = F. Then f(x,y,z) = e"^ implies f(x,y,z) = ze" --g(y,z) => 

fult, y, z) = vze"* + gy (y, z). But fy(z, y, z) = vze"^, so g(y, z) = h(z) and f(x,y,z) = xe”? + h(z). 

Thus f:(z,y,z) = rye”? + h (z) but f(x,y, z) = zxye"* so h(z) = K and a potential function for F is 

f(z,y,z) = 2e +K. 


19. No. Assume there is such a G. Then div(curl G) = E (z sin y) + x (cos y) + E (z — zy) = siny — sing + 13 0, 
which contradicts Theorem 11. 
i j k 
21. cul F =|8/dx 8/8y 8/0z| = (0 —0)i-- (0 —0)j-- (0 — 0) k = 0. Hence F = f(z)i + g(y) j + h(z) k 
f(z) gly) A(z) 
is irrotational. 


I 
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For Exercises 23—29, let F (x, y, z) = Pi i + Qij+ Rik and G(z,y,z) = Pi + Q2j + Rok. 


Pi +P) ð ! 
23, div(F + G) = div(Pi + Ph, Qi Qi Ra + Ra) = SU P2 , Ae ie) At iia 


Oz 
= 2P. , 9P (00,00. OR , ORs _ (OP: , 91 , OR) , (BP , O02 , Oe 
~ ðr “Oy ` ay pet (FB) a (ER eB) 
= div(Pi, Q1, Ri) + div(P», Qo, R2) = div F + div G 
25. div( fF) = div( (Pi, Qs, Ra)) = div(f Pi, fs, fa) = SUP 4 UI | UR 
OP, Of 9Q1 Of OR; Of 
- (rs On TB yy +Q = s) Hn &) 
a of of 
0/Or O[Oy O/Oz 
Z.dw(FxG)-V-(FxG)-| B. Q R gi oe ga gms 
. x =V.: x = = — eee I 
iv( 1 1 1 row Qa Ro dy | p Ro Oz P, Qa 
P Qo Re 
OR» 0Qi OR p, 22 OR» OP; OR OP; 
-le 2 ded! MGE JN r | - In Fe + Re dy i-a a S| 


yp OR ee Tae ae 


_ [p (OR: _ 801) (9B AR) | p, (2A on 
-a5 e )*e(m- Se) + ma 3:3] 


OR; Qz OP, ôR OQ. OP» 
- [n (5 - E35 e. (5 - RE) (e -B)] 


= G- curl F — F - curl G 


OQ» OP; Qı OP; | 


i j k 
29. curl(curl F) = V (V x F) = 8/0x 0/dy 0/dz 
OR /Oy —0Q1/0z OP, /dz — OR, /Oxr 0Q1/0xr — OP; /Oy 
" p OP PP za) , -s Q Qi 9?p, ) 


OyOor Oy? Oz? | OzOxr 


Bzdy 022 — 8X 5 andy 


PP, OR _ aie + ËQ PQI 
ôrðz | Oz? Oydz 


Now let's consider grad(div F) — V?F and compare with the above. 
(Note that V?F is defined on page 1119 [ET 1095].) 


[continued] 
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OP Q  @Ri\. (PR EQ R OP OQ ËR 
: _wpe , 1 1 1 
padde) = SPI [ Ox? = Oxdy $ 2) à (Eos $ Oy? » e) a ( dzdx t Oz0y i 0z? ) k| 


-[(53 PP se ia e "Qi Er 


Ox? t Oy? ! O22 As 4s Be 


OR: | ORB R 
«(S5 + Oy? T Oz? )x| 


OxOy Oxdz Oy? Oz? 


_ [PQ PR PP PRP pie OP Om OQ PQN. 
7 OyOx  OyOz ðr? 02? 


+ 0? Pi Qi OR 0? Re 
Oz0r  OzO0y Or? Oy? 
Then applying Clairaut’s Theorem to reverse the order of differentiation in the second partial derivatives as needed and 
comparing, we have curl curl F = grad div F — V?F as desired. 


(a) Vr 2 Vyr +y 4- z2 = | O£ictyjtzk — 


z m y x z r 
=t a Bf eh, EE T 
/x? + y? +22 [£ +y? + z? z? + y? + z? / 2 Ty? + 2? T 


31. 


= 


i 


j k 

EER IE Baile PE E P EPE TU 
evxe-|? 2 2l- [F-Pt [FE @-Zelst+ o k= 0 
2 y z 


MTS NR INI; 
ev(t) má) 


1 ; ` 1 1 
Se (2x) > are (2y) a = ee (22) 
242? HY +2 . 2 fn?+y? +z . 2a? +y? +2? 
= 1 i ee dl FOO 
ax? + y? + 2? x? + y? + 2? T? + y? + 2? 
ri+yjtzk r 


(a? + y? + 22)3/2 nim 
(d) Vinr = VIn(z? + y? + 22)? = 1v ln(z? +y? +2’) 
z k= Zityj+zk_r 


"appre aay! Pre ee 5 
33. By (13), fo f(Vg)-nds = ffp div(f Vg) dA = ff [f div(Vg) + Vg- Vf] dA by Exercise 25. But div(Vg) = V?g. 
Hence ffp /V^gdA = fo f(Vg) nds — ff, Vg: Vf dA. 
35. Let f(x,y) = 1. Then vi = 0 and Green's first identity (see — 33) says 
Sfp V'gdA = fo (Vg): nds— ff; 0- VodA => ff, V'gdA = f; Vg: nds. Butgis harmonic on D, so 


V?g —0 => fo Vg: nds-—O0and fo Dag ds = $,(Vg- n)ds = 0. 


37. (a) We know that w = v/d, and from the diagram sinó = d/r => v= dw = (sin0)rw = |w x r|. But v is perpendicular 


to both w and r, so that v — w x r. 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, elsc jl dupligated, or pqsted to a publicly accessible website, in whole or in part. 


www.elsolucionario.net 


SECTION 16.6 PARAMETRIC SURFACES AND THEIR AREAS O 321 
ijk 


(b) From (a), v=wxr=/0 0 w]=(0-z-—wy)i+(wr—-0-z)j+(0-y—2-0)k= —uyi-rwzrj 


(c) curlv = V x v = | /ðz 0/dy 0/dz 


—wy wr 0 
ð 8 ; ð ð P ə ð 
= [5,9 - Foa]i+ [ 00 - 0] 1 [55 on) - Cn] k 
= [w — (-w)] k = 2w k = 2w l 
39. For any continuous function f on R, define a vector field G(z, y, z) = (g(x, y, z), 0,0) where g(x, y, z) = So f (ty, z) dt. 
Then div G — J (g(z,y, z)) + Ld (0) 4- Ed (0) = E Jo f(t, y, z) dt = f(a, y, z) by the Fundamental Theorem of 
Ox uae Oy Oz GEO NEN mun ise 


Calculus. Thus every continuous function f on E? is the divergence of some vector field. 


16.6 Parametric Surfaces and Their Areas 


1. P(7, 10,4) lies on the parametric surface r(u, v) = (2u + 3v, 1 + 5u — v, 2 + u + v) if and only if there are values for u 
and v where 2u + 3v = 7, 1 + 5u — v = 10, and 2 + u + v = 4. But solving the first two equations simultaneously gives 
t, = 2, v = 1 and these values do not satisfy the third equation, so P does not lie on the surface. 
Q(5, 22, 5) lies on the surface if 2u + 3v = 5, 1 + 5u — v = 22, and 2 + u + v = 5 for some values of u and v. Solving the 


first two equations simultaneously gives u = 4, v = —1 and these values satisfy the third equation, so Q lies on the surface. 


3. r(u, v) = (u 4- v) i- (3 — v) j + (14+ 4u + 5v) k = (0,3, 1) +u (1,0, 4) + v (1, —1, 5). From Example 3, we recognize 


this as a vector equation of a plane through the point (0, 3, 1) and containing vectors a = (1,0, 4) and b = (1, —1,5). If we 


ijk 
wish to find a more conventional equation for the plane, a normal vector to the planeisax b —|1 0 4)=4i-—j—k 
t=} $9 


and an equation of the plane is 4(z — 0) - (y — 3) — (z — 1) = 0 or 4z — y — z = —4. 


5. r(s,t) = (s, t, t? — s^), so the corresponding parametric equations for the surface are z = s, y — t, z = t? — s?. For any 


point (x, y, z) on the surface, we have z = y? — a?. With no restrictions on the parameters, the surface is z = y? — x”, which 


we recognize as a hyperbolic paraboloid. 
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7. 


1t. 


13. 


. r(u,v) = (ucosv,usinv, už). 


r(u,v) = (u,v, u +v), -l<u<l, -l<v<l. 
The surface has parametric equations z = u?, y =v”, z =u+v,-1<u<1,-l<v<1. 


In Maple, the surface can be graphed by entering 


plot3d([u*2,v°2,u+v] ,u=-1..1,v=-1..1);. 


In Mathematica we use the ParametricPlot3D command. Sones 


If we keep u constant at uo, £ = uz, a constant, so the 


corresponding grid curves must be the curves parallel to the 


yz-plane. If v is constant, we have y = và, a constant, so these 


grid curves are the curves parallel to the zz-plane. 


The surface has parametric equations x = ucosv, y = usin v, 

z =u, —1 <u < 1, 0 <v < 2r. Note that if u = uo is constant 
then z = uğ is constant and z = uo cos v, y = uo sin v describe a 
circle in x, y of radius |uo|, so the corresponding grid curves are 


circles parallel to the xy-plane. If v = vo, a constant, the parametric 


equations become a = u cos vo, y = usin vo, Z = u5. Then 


y = (tan vo), so these are the grid curves we see that lie in vertical 


planes y = ka through the z-axis. 
z —sinv, y —cosusindv, z=sin2usindv, 0Xuc2mr, -f Sv <$. 


Note that if v= Uo is constant, then z — sin vo is constant, so the 
corresponding grid curves must be parallel to the yz-plane. These 
are the vertically oriented grid curves we see, each shaped like a 
“figure-eight.” When u = uo is held constant, the parametric 
equations become z = sin v, y = cos uo sin 4v, 

z = sin 2ug sin 4v. Since z is a constant multiple of y, the 


corresponding grid curves are the curves contained in planes 


z = ky that pass through the x-axis. 


r(u, v) = ucosvi + usin v j - vk. The parametric equations for the surface are x = u cos v, y = usin v, z = v. We look at 
the grid curves first; if we fix v, then x and y parametrize a straight line in the plane z = v which intersects the z-axis. If u is 
held constant, the projection onto the xy-plane is circular; with z = v, each grid curve is a helix. The surface is a spiraling 


ramp, graph IV. 
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15. 


17. 


19. 


21. 


23. 


25. 


27. 


. Using Equations 3, we have the parametrization x = x, y = e^ 
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r(u,v) = sinv i + cosu sin 2vj + sin u sin 2v k. Parametric equations for the surface are z = sin v, y = cos u sin 2v, 

z = sin u sin 2v. If v = vo is fixed, then z = sin vo is constant, and y = (sin 2vo) cos u and z = (sin 2vo) sin u describe a 
circle of radius |sin 2vo|, so each corresponding grid curve is a circle contained in the vertical plane z — sin vo parallel to the 
yz-plane. The only possible surface is graph II. The grid curves we see running lengthwise along the surface correspond to 
holding u constant, in which case y = (cos uo) sin 2v, z = (sin uo)sin2v = z= (tan uo)y, so each grid curve lies in a 
plane z = ky that includes the x-axis. 

x = cos? u cos? v, y= sin? u cos? v, z = sin? v. If v = vo is held constant then z = sin? vo is constant, so the 
corresponding grid curve lies in a horizontal plane. Several of the graphs exhibit horizontal grid curves, but the curves for this 
surface are neither circles nor straight lines, so graph III is the only possibility. (In fact, the horizontal grid curves here are 
members of the family z = a cos? u, y = a sin? u and are called astroids.) The vertical grid curves we see on the surface 


correspond to u = uo held constant, as then we have z = cos? up cos? v, y = sin? ug cos? v so the corresponding grid curve 


lies in the vertical plane y = (tan? uo)z through the z-axis. 


From Example 3, parametric equations for the plane through the point (0, 0, 0) that contains the vectors a = (1, —1,0) and 
b = (0,1, —1) are z = 0 + u(1) +v(0) = u, y = 0+ u(—1) +0(1) 2v — u, z =0 +u(0) + v(—1) = —v. 


Solving the equation for x gives z? = 1 + y? + iz = w= 4/1+y? + iz?. (We choose the positive root since we want 


the part of the hyperboloid that corresponds to z > 0.) If we let y and z be the parameters, parametric equations are y = y, 


z=z, 2=4/1+y? + iz. 


Since the cone intersects the sphere in the circle z? + y? = 2, z = 2 and we want the portion of the sphere above this, we 
can parametrize the surface as £ = x, y = y, z = \/4 — x? — y? where x? + y? < 2. 

Alternate solution: Using spherical coordinates, x = 2 sin pcos @, y = 2sin ġ sin 8, z = 2 cos where 0 < $ < > and 
0<@< 2r. 


Parametric equations are z = x, y = 4cos0, z = 4sin 9, 0 < x < 5,0 € 0 € 2r. 


The surface appears to be a portion of a circular cylinder of radius 3 with axis the z-axis. An equation of the cylinder is 

y? + z? = 9, and we can impose the restrictions 0 < x < 5, y € 0 to obtain the portion shown. To graph the surface on a 
CAS, we can use parametric equations x = u, y = Hoos v, z = 3sin v with the parameter domain 0 < u < 5, $sSvt&s az. 
Alternatively, we can regard x and z as parameters. Then parametric equations are x = x, z = z, y = — V9 — z?, where 


O<x2<5and-3<2<3. 


in 


cos 0, 


z=e "sin, 0<2<3, 0<0< 2z. 
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31. 


33. 


35. 


37. 


(a) Replacing cos u by sin u and sin u by cos u gives parametric equations 
x = (2 + sinv)sinu, y = (2 + sin v) cosu, z = u + cosv. From the graph, it 
appears that the direction of the spiral is reversed. We can verify this observation by 
noting that the projection of the spiral grid curves onto the xy-plane, given by 
x = (2+sinv)sinu, y = (2 + sin v) cosu, z = 0, draws a circle in the clockwise 
direction for each value of v. The original equations, on the other hand, give circular 
projections drawn in the counterclockwise direction. The equation for z is identical in 
both surfaces, so as z increases, these grid curves spiral up in opposite directions for 
the two surfaces. 

(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations 
xz = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, z = u + cos v. From the graph, it 
appears that the number of coils in the surface.doubles within the same parametric 


domain. We can verify this observation by noting that the projection of the spiral grid 


ANS. 


curves onto the zy-plane, given by x = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, 


ALO 


NS 


` 
SSF 


S 


z = 0 (where v is constant), complete circular revolutions for 0 < u < 7 while the 


NN 


a VA 
ae 
+P 


original surface requires 0 < u < 27 for a complete revolution. Thus, the new 


surface winds around twice as fast as the original surface, and since the equation for z 


is identical in both surfaces, we observe twice as many circular coils in the same 
z-interval. 
r(u,v) = (u-- v)i -3u? j + (u — v) k. 
ry, =i+6uj+kandr, = i — k, sor, x ry = —6u i + 2j — 6u k. Since the point (2,3, 0) corresponds tou = 1, v = 1,a 
normal vector to the surface at (2, 3, 0) is —6 i + 2j — 6k, and an equation of the tangent plane is —6a + 2y — 6z = —6 or 
3r — gy --3z2 23. 
r(u,v) — ucosvic-usinvj--vk => r(1,2)— (4, xs, $). 
ry = cosvi+sinvjandr, = —u sin v i + u cos v j + k, so a normal vector to the surface at the point (4. xS. 3 is 
r.(1, $) x (5$) = (i i+ $j) x (-¥ i+$j+ k) = Y i— 4j + k. Thus an equation of the tangent plane at 
(555,8) 836-7 2) -3(v7:3) «16-7 8) o Ba bees 5. 


r(u,v) = u'i--2usinvj-d-ucosvk = r(1,0)— (1,0,1). 
ru = 2ui + 2sinvj + cosv k and r, = 2ucosvj — usin vk, 


SEX. 
MX 

SSS 

SSS 


so a normal vector to the surface at the point (1, 0, 1) is 
ry(1,0) x ry (1,0) = (2i + k) x (2) = —2i-- 4k. 
Thus an equation of the tangent plane at (1,0, 1) is 

—2(x — 1) + O(y — 0) + 4(z — 1) = 0or —z +22 = 1. 
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. The surface S is given by z = f(x,y) = 6 — 3x — 2y which intersects the xy-plane in the line 32 + 2y = 6, so D is the 


triangular region given by ((z,y) |0 < £ < 2,0 < y € 3 — $x}. By Formula 9, the surface area of S is 


a(s)= [f 1+ (#) + 


= ffo VIF (C89 F (2? dA = VIA ff, dA = VTA A(D) = VTA (3 - 2-3) = 3 VTA. 


Here we can write z = f(x,y) = 4 — 4a — 2y and D is the disk x? + y? < 3, so by Formula 9 the area of the surface is 
A(S) = LM a dA = If 1+ (-3)* +p aE [f dA 
D 
= XH A(D) = = Vm 


. z = f(x,y) = $(z?? + 9/7) and D = ((z,y) D < z € 1,0 < y <1}. Then f; = 2”, fy = y!/? and 


A(S) = ffo Y1 + (VE)? + (Vu): dA = fo fo VIF z-* ydydz 


= fo [Eee n] ae = f [ie 2 - oe] ac 


1 5 
- JBG + 2)5/2 o 2 (x 3 ye = & (35/2 — 95/2 _ 95/2 4 1} = & (25/2 -27/24 1) 


z = f(x,y) = zy with z? + y? < 1, s0 fe = y, yur > 
A(S) = [Jo VIF FT dA = fo" fo Ve? FIr dr do = fj" bero] do 
= [27 1(2 /2 — 1) do = % (2 /2 — 1) 


A parametric representation of the surface is z = zx, y = 4z + 2°, z = z withO<a< 1, 0s2<L 


Hence rz x rz = (i+4j) x (22j +k) 2 4i — j - 2z k. 


ifia: = Ff;_5, of - ff afY | (ary 
Note: In general, ify = f(x, z) then re x rz = 5r i j+ 5; kand A(S) = 3 1+ An + n dA. Then 


A(S)= fo fo VAT c Az? dr dz = f) VAT +42 dz 
= Ke VITEAZ + 3 npe + az FTT )] = 3E + X [i2 VIT) — în VIF] 


. Tu = (2u, v, 0), ry = (0, u,v), and ru x ry = (v?, —2uv, 2u?). Then 


A(S) = na |ru x r.|dA = E f JVvt + 4u?v? F Au? dv du = E f VJ (v? + 2u?)? dv du 
=h (v? + 2u?) dv du = fy [199 + 2u i du = fi ($ + 4u?) du = [fu + $u?) =4 


From Equation 9 we have A(S) = ffp \/1 + (fx)? + (fy)? dA. But if |fe] € 1 and |f,| < 1 then 0 < (fe)? <1, 
OS (F) <1 > 1514+ (fe)? + (fy)? <3 => 15 1I-c(fz + (fy)? < V3. By Property 15.3.11, 
Sfp 14A < ff Vi+ Ge? + (f)? dA < ff; V3dA = A(D) < A(S) < V3A(D) = 

mR? < A(S) € V3x R^. 
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53. z = f(x,y) = e^ —” witha? +y? < 4. 


A(S) = ff, 1+ (72ze-2?-9")* + (-2ye-:*-:^)* dA = ff, VIFA? ye 2E dA 
57 [o V1 + 4r2e-2"? r dr dd = fo" db fo r VA + 4re-27? dr = 2r fêr \/1 + 4r?e-27 dr = 13.9783 


(5) Az? + 4y? 
55. (a) A(S) — "n 1+( abes Lf türsayn dr 


Aa? + 33 


Using the Midpoint Rule with f(x,y) = 4/14- * esty 


, M = 3, n = 2 we have 


A(S) x » t f(2i,9;) AA = A[F(1,1) + f(1,3) + f (3,1) + f(3,3) + £(5, 1) + f (5,3)] e 24.2055 


121j21 


6 4 2 2 
(b) Using a CAS we have A(S) = $ Z "E HAGA dy de = 24.2476. This agrees with the estimate in part (a) 
0 ü 


to the first decimal place. 


57. z = 1 + 2x + 3y + 4y?, so 


az V 8z V E a 2 
a(s) = ff pEISE) epe a=) f VIFF a ay ae = | f VIA 48y + 64y? dy dz. 
D Ox Oy 1 Jo 1 Jo 
Using a CAS, we have 
So fo Vis 48y + 64y? iy de = VTL oan V543 VTE VE) - VE VIE v) 
or 48 Vid + 38 15 In Wit 
59. (a) x = asin ucos v, y = bsinusinv,z=ccosu => 


= FE. a (sin u cos v)? + (sin usin v)? + (cos u)? 
= sin? u +cos u = 1 
and since the ranges of u and v are sufficient to generate the entire graph, 


the parametric equations represent an ellipsoid. 


(c) From the parametric equations (with a = 1, b = 2, and c = 3), 
we calculate r, = cos u cos v i + 2 cos usin vj — 3sin u k and 


ry = — sinu sin vi + 2sinucosvj. So r, x ry = 6 sin? u cos vi -+ 3sin? usin v j + 2sin u cosu k, and the surface 


area is given by A(S) = fo" Jo" |ru x ro|dudv= fo" f; v/36sin* u cos? v + 9sinf usin? v + 4cos? usin? u du dv 


61. To find the region D: z = x? + y? implies z + 2° = 4z or z? — 3z = 0. Thus z = 0 or z = 3 are the planes where the 
surfaces intersect. But z? + y? + z? = 4z implies z? + y? + (z — 2)? = 4, so z = 3 intersects the upper hemisphere. 


Thus (z — 2)? = 4 — a? — y? or z = 2+ /4 — z? — y?. Therefore D is the region inside the circle x? -- y? + (3 — 2)? = 4, 
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that is, D = ((z,y) | i? +y? < 3}. 


AG) = fff a+ Cx) — 9 = P) Coa = a? — 9) dA 


un rere MEL 2r dr "- L [-24- E ay ap 


2m (—2 + 4) dO = 20]°" = 4r 


63. Let A(S1) be the surface area of that portion of the surface which lies above the plane z = 0. Then A(S) = 2A(S|). 
Following Example 10, a parametric representation of Sı is x = asin ġ cos @, y = asin sin 6, 
z = acos ó and |rg x ro| = a” sing. For D, 0 € $ < Ẹ and for each fixed ¢, (x — la) +y? € (Ia)? or 
[asin $ cos — la] +a? sin? ó sin? 0 < (a/2)? implies a? sin? 9 — a? sin ócos0 < 0 or 
sin ¢ (sin — cos6) < 0. But0 < $ € 2, so cos0 > sing orsin(5 --0) > sinóoró 2 «60€ & — 9. 


Hence D = ((6,|0€ó6 < 5,0—5 <8 < $ —ó). Then 


A(51) = a nt a sin $ d6 do = a? (7^ (x — 26) sing do 
= a? [(— cos à) — 2(— —ó cos ó + sin $)|z? = a?(« — 2) 


Thus A(S) = 2a?(x — 2). 


Alternate solution: Working on Sı we could parametrize the portion of the sphere by « = q, y = y, z = ya? — x? — y?. 


Then |rz x ry| = — — 
a?—3?—9?  a?—32—4? a? — r? — y? 


7/2 a cós 8 


— NEN 
qe 
a T a= MANI Va? — r? 


A($1) = 
0 X (a — (a/2))? + y? < (a/2)? 


1/2 pv 


= frog Ar] c dð = Es a?[1 — (1 — cos? 8)!/?] qg 


= 7/7, a* (1 — |sin |) d = 2a? 7" (1 — sim 6) d8 = 2a? (2 — 1) 
Thus A(S) = 4a? (£ — 1) = 2a? (r — 2). 


Notes: 


(1) Perhaps working in spherical coordinates is the most obvious approach here. However, you must be careful 


in setting up D. 


(2) In the alternate solution, you can avoid having to use |sin 0| by working in the first octant and then 


multiplying by 4. However, if you set up S; as above and arrived at A( S1) = a?r, you now see your error. 
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16.7 Surface Integrals 


1. The faces of the box in the planes z = 0 and x = 2 have surface area 24 and centers (0, 2, 3), (2, 2, 3). The faces in y = 0 and 
y = 4 have surface area 12 and centers (1, 0, 3), (1, 4, 3), and the faces in z = 0 and z = 6 have area 8 and centers (1, 2,0), 
(1, 2, 6). For each face we take the point P to be the center of the face and f(x, y, z) = e~°*+"**), so by Definition 1, 

[fs f(2, y, 2) aS = [f(0,2, 3)] (24) + [F(2, 2, 3) 24) + [/(1,0,3)](12) 
+ [£(54,3))2) + [£(1, 2, 0))(8) + [F(1, 2, 6))(8) 


= 24(e^95 + e797) 4 12(e794 +e) + 8(e793 + e799) ~ 49.09 
3. We can use the sz- and yz-planes to divide H into four patches of equal size, each with surface area equal to 3 1 the surface 


area of a sphere with radius v50, so AS = $ (4)r (V50 j = 257. Then (+3, +4, 5) are sample points in the four patches, 
and using a Riemann sum as in Definition 1, we have | . 

Sta f(@.y,2) dS ~ f(3,4,5) AS + f(3, 4,5) AS + f(—3,4,5) AS + f(—3, —4, 5) AS 

= (7 -- 84-9-- 12)(25x) = 900 ~ 2827 
5. ries) m (u+v)i+ (u —v)j+ (1 +2u+v)k,0 <u € 2,0 € v € land 
Tu X ry = (i+ j+2k) x (i-j+k)= 3i+j—2k => jrxrj- Ja + 1? + (—2)? = v14. Then by Formula 2, 
ffs(z--y-2)48 = abe eae ese Ir. x rv) dA = fo fe (4u 4- v +1): V14 du dv 
=V [2u? + uv - u] 7 ? dv = vaf (2v + 10) dv = vA [v? + 10v]; = 11 y14 


u=0 
7. r(u,v) = (ucosv, usinv,v), 0 < u € 1,0 € v € s and 
Tu X ry = (cosv,sinv, 0) x (-usinv,ucosv,1) = (sinv, —cosv,u) > 
lru x r;| = v/sin? v + cos? v +u? = Vu? + 1. Then 
[fau dS = ff, (usinv) |ru x ra| dA = f; fy (usinv) - Vu? +1 dv du = fo uv? +1 du fy sinvdv 
= jie expe] [-cosv]] = 1(22/2 — 1) -2 = 2(2/2 — 1) 


Oz 


9. EEE ET T Be =2 zu "nhe CNET 


Ox 


D yzdS — Sf el (2) + (&) +1dA= fo fF zyl + 2z + 3y) V4 3-9 + 1 dy dz 


ESEVAT 4 fe fo (a? y + 223g + 3224?) dy dz = V1 4 [5 [12?y? + ay? zy? o dr 
= VTA f 102? + 42?) de = VIA [Ha + at]? — 171 VTA 


11. An equation of the plane through the points (1, 0, 0), (0, —2, 0), and (0, 0, 4) is 4a — 2y + z = 4, so S is the region in the 
plane z = 4 — 4z + 2y over D = ((z,y) | < x € 1,22 — 2 € y < 0]. Thus by Formula 4, 


ffs «dS = ff, x /(74) 4+ Q? +1dA — 21 f; fara xdydz = V21 LA ENG 2 dx 
= V21 f; (722? + 2x) dz = 21 [- 2a? + c°] = V21 (—2 +1) = 
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13. S is the portion of the cone z? = x? + y? for 1 € z < 3, or equivalently, S is the part of the surface z = \/x? + y? over the 
region D = ((z,y) | 1 < a? +y?” < 9}. Thus 


=f Pat da= || Vii +da a [7 ["(rcos0)%(r*)raras 
D 0 1 


= V2 f?" cos? 0 d0 fpr? dr = V2 [10 + 1 sin 26]?" ir s = 8 (x) - 1(3° oi) - Sav? 


15. Using x and z as parameters, we have r(x, z) = zi + (z? + 2°) j + zk, a^ +2? < 4. Then 


re X re = (i+ 22j) x (22j +k) = 27i — j + 2zk and |r, x rz| = v4z? +1442? = \/1 + A(z? + 2). Thus 
SfsydS = (a? + 22) /1 + A(z? +27) dA = fo” fo T? VI Ar? rd dO = f" do f? r? VIFA? rdr 


atte, 
=2n for 2 1+ 4r? rdr [let u = 1 + 4r? as r? = 1(u — 1) and TE 
=2n fr" iu- 1),/a- idu = dem [2 (u$? =u?) du 


- da [zu > pen" - riam? Ain. i4. 3] = eg (391 vi7 +1) 
17. Using spherical andina and Example 16.6.10 we have r(¢, 0) = 2sin $ cos0i + 2sin o sin 6j + 2cos ġ k and 
Iro x ‘al = Asin $. Then ff, (z?z -- y^z) dS = f°" [/?(4sin? $)(2cos )(4sin 4) dé d0 = 16 sin* 4|; ^ = 167. 
19. S is given by r(u, v) = ui + cosvj--sinuk 0€ u € 30€ v « 7/2. Then 
ru, X ry = ix (—sinvj-- cosvk) = —cosvj — sin v k and |ru x r,| = Vecos? v + sin? v = 1, so 
Sfg(z+2?y) ds = p [o (sinv + v? cosv)(1) dudv = /? (8 sin v + 9 cos v) dv 
= [-3cosv + 9sin v]; =0+9+3-0=12 


21. From Exercise 5, r(u, v) = (u +v) i + (u — v)j + (1 + 2u +v) k,0 < u € 2,0 < v € 1, and r, xr, = 3i +j-— 2k. 


Then 
F(r(u, v)) = (1 + 2u + v)e t» u-v) i — 3(1 + 2u + vjete) j + (u+v)(u—v)k 


2 (14- 2u 4- v)e* i — 3(1--2u 4- v)e -t j+ (u? -—v?)k 

Because the z-component of ry, x ry is negative we use —(r, X rv) in Formula 9 for the upward orientation: 

JJs F 48 = ffo F -(-(« x ))dA = fo f; [-30 + 2u- ve --30 + 2u + v)e"? + 2(u? — v*)] duav 
= But 2(u? — v?) dudv = 2 f! FI uv] "za dv = op ($ — 2v?) dv 

1 
-2[$v-$v], -2($- 8) - 4 
23. F(x,y, z) = zyi-- yzj-- zzk, z = g(x,y) = 4 — a? — y?, and D is the square [0, 1] x [0, 1], so by Equation 10 
[[; F -dS = Jfp|-wy(—2x) — yz(-2y) + zz] dA = f fa [22y + 2y? (4 — 2? — y)4 z(4— x? — y?)] dy dz 


= fo Gc + 4r- 2? + B) de = BG 
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25. F(z, y,z) = vi-zj+yk, z = g(x,y) = y4 — x? — y? and D is the quarter disk 


((z,y)|0€z€2,0€y € V4—a?). S has downward orientation, so by Formula 10, 


SIF -dS — — ff, |- :$046—2* =y) "^ (-2z) - (22) -$(4 - 2? -y ) ^ (2) + v| dA 


- (4-2-7 .§_—4 Hy i dA 

=- f (a= 4— == vA- a? —y? d V/A — 2? — y? v) 

= — ffp x* (4 — (2? +4?) dA = — [7^ f (rcos8)* (4 — r?) -2 rdr d6 

= — fo”? cos? 8d8 [2r(4— r) dr — [ltu-4—r? => r?—4-uand-idu-rdr] 


- -KP 3 + 1cos20) d0 f? —1(4 — u)(u)-? du 
=~ [40+ 1207 CC) [sva ge^] - - C) Cei) — de 


27. Let S be the paraboloid y = x? + 22, 0 < y < 1 and S» the disk z? + z? < 1, y = 1. Since S is a closed 
surface, we use the outward orientation. 
On $1: F(r(z, z)) = (z? + 2) j - zkandr, x rz = 2xi—j+2zk (since the j-component must be negative on 5;). Then 


[fs F-d$— ff [Ha +2?) 22]dA = - fl" f(r? + 2r? sin? 0) rdr dO 
s2? +22 <i 


= = J?" P r9(1 + 2sin? 0) dr d0 = — f?" (1 +1 — cos 26) d8. f r° dr 
= — [20 — 3 sin 20)" [ir f= cm pm 


On So: F(r(z, z))=j—zkandr. x rz =j. Then ff... F-dS= ff (1dA-m. 


z2--22 «1 


Hence ff; F -dS = -r +r — 0. 


29. Here S consists of the six faces of the cube as labeled in the figure. On 53: 
F =i+2yj+3zk, ry x re =iand ff, F -dS = f}, f°, dy dz = 4; 
So: F = 2i+2j+3zk,r. x re — jand ff, F-dS = f}, f°, 2dzdz = 8; 
Ss: F = zi 2yj+ 3k, r x ry = kand ff, F-dS = f}, f}, 3dzdy = 12; 
Sa: F = —i  2yj +3zk, r x ry = —i and ff, F -dS = 4; 
Ss: F —2i—-2j- 32k, rs x r. — —j and ff, F- dS = 8; 


Se: F = zi--2yj — 3k, ry x re = —k and ff, F -dS = f}, f^, 3dzdy = 12. 


6 
Hence ff, F - dS = 5; ffo, F- dS = 48. 
i=1 


31. Here S consists of four surfaces: $1, the top surface (a portion of the circular cylinder y? + z? = 1); S5, the bottom surface 
(a portion of the xy-plane); Ss, the front half-disk in the plane « = 2, and S4, the back half-disk in the plane x =0. 
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On Si: The surface is z = y1 — y? for 0 < x < 2, —1 € y < 1 with upward orientation, so 


ff e - [ f, E (- x) tz i dyds = f f (ss AO +1-¥) dy dx 
-fo[-VA-v ia - vy? +y- p) {d= fo § de = § 
On S»: The surface is z = 0 with downward orientation, so 
Ss, F dS = fo f>, (77) dude = fs J*, O) dy dx =0 
On S3: The surface is z = 2 for-—l<y<1,0<2< 4A- y, oriented in the positive z-direction. Regarding y and z as 


parameters, we have ry x rz = i and 

Me, F- A3 = [*, fy 0? dedy = f°, fy Adzdy = 4A (Ss) = 2r 
On S4: The surface is x = 0 for —1 < y < 1,0 <2 < Ji-y, oriented in the negative x-direction. Regarding y and z as 
parameters, we use — (ry x rz) = —i and 

ffs, E -dS = fa RP dzdy = Hr. Ir" (o) dzdy —0 

Thus ff; F -dS — $--0-- 27 -0 = 2r +$. 
z-— ze" => Oz[0x = e”, ðz/ðy = xe", so by Formula 4, a CAS gives 
ffs +y? + 27) dS = So fo (a? + y? +276") ety + ate +1 de dy z 4.5822. 
We use Formula 4 with z = 3 — 22? — y? => z/Ór = —Az, Oz/[Oy = —2y. The boundaries of the region 
3—2z? — y? > Oare -/3 <a< V8 and —V/3 — 22? < y € V3 — 22”, so we use a CAS (with precision reduced to 


seven or fewer digits; otherwise the calculation may take a long time) to calculate 


V3 — 223 22? 
2,2,2 2,2 2. ,22 
r'yzdS- ae zy (3 — 2x" — y) 162? + Ay? + 1dy dz = 3.4895 
Il, Jap d-i 


3 — 22? 
If S is given by y = h(a, z), then S is also the level surface f(x,y,z) = y — h(a, z) = 0. 
= Vilew2) _ Haiti-hk and —n is the unit normal that points to the left. Now we proceed as in the 
[VF (2, y; z)] VAZ +1 + h2 


derivation of (10), using Formula 4 to evaluate 
1 Ai-je 
[[ esq [[e-nas= [| mi 01» rey 228 —— 
E s D ðh err ðh a 
Ox a 


where D is the projection of S onto the zz-plane. Therefore J ji F -dS = f Y (Pz sh -Q+R 2:) dA. 
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39. m = ff, KdS = K -4n(4a”) = 2ra? K; by symmetry Mz. = My. = 0, and 
Mazy = [[; zKdS = K fo" f" (acos $)(a? sing) d$ dd = 2nKa®[—4 cos 24]? = «Ka? 
Hence (7,7, Z) = (0,0, $a). 

41. (a) I; — ffs? T y?))b(z, y, z) dS 


O Ie = [f(a +y?)(10- Va? +P) dS= ff (a? +?) (10- Va y?) vàdA 


1€2z?--y? «16 


= [77 fé VZ (10r? — r*) dr d0 = 2/2 (4322) = 3229. /24 


43. The rate of flow through the cylinder is the flux fJ. pv -ndS = ff, pv - dS. We use the parametric representation 
r(u, v) = 2cosui+ 2sinuj + vk for S, where 0 € u € 27,0 € v € 1, sor, = —2sin u i + 2cosuj, ry = k, and the 
outward orientation is given by r, x r = 2cosui-- 2sin uj. Then 
ffs ov: dS= po” Jo (vi-- Asin? uj + 4cos? uk) - (2cosui+ 2sinuj) dv du 
= pf” [a (2ucosu 4- 8sin? u) dudu = p f3” (cosu + 8sin? u) du 


= p[sinu 4- 8(-3)(2 + sin? u) cos ua" — 0 kg/s 


45. S consists of the hemisphere S; given byz = ya? — x? — y? and the disk S2 given by 0 < z? +y? < a?, z — 0. 
On Si: E = asin $ cos0 i + asin $ sin 0 j + 2a cos ġ k, 
Ty x To =a’ sin? ¢ cos0i +a? sin? ¢ sin j +a” sing cos ġ k. Thus 
SÍa, E =f,” ng (a? sin? ¢ + 2a? sin ¢ cos? ¢) do dé 
= =i iad sin $ +a? sin ¢ cos ? ) d$ d6 = (2r)a? (1 + 4) = $ra’ 


On S2: E = zi-- yj, and ry x re = —k so f/f, E -dS = 0. Hence the total charge is q = £o f fẹ E - dS = Sra%eo. 


41. KVu = 6.5(4yj + Az k). S is given by r(x, 0) = zi + V6 cos@j + V6 sin@k and since we want the inward heat flow, we 
use re x ra = — v6 cos0 j — V6 sin 0 k. Then the rate of heat flow inward is given by 


[fs (CK Vu) -aS = J" fé —(6.5)(—24) dz d0 = (21) (156)(4) = 12487. 


49. Let S be a sphere of radius a centered at the origin. Then |r| = a and F(r) = cr/ |r|? = (c/a?) (xi +yj+ zk). A 
parametric representation for S is r(ġ, 0) = asin ġ cos ĝi + asin ó sin8j + acosók, 0 € ġ € m, 0 € 0 € 27. Then 
rg = acos¢ cos0i J- acos $ sin0j — asin o k, ro = —asin ó sin 0 i + a sin $ cos6 j, and the outward orientation is given 
by ry x re = a? sin? ¢ cos6 i + a? sin? $ sin 0 j + a? sin $ cos $ k. The flux of F across S is 
Jf; F:d8- fy Ye £ 3 (asin ó cosĝ i + asin à sinf j + acos pk) 
^ (a? sin? ¢ cos 0i + a? sin? ¢ sin 0j +a” sind cos pk) dé do 
=a <r [27 a? (sin? + dnd cos? $) dO dó = c (7 [7" sin $d8 do = 4c | 


Thus the flux does not depend on the radius a. 
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16.8 Stokes' Theorem 


1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve 2? + y? — 4, 
z = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes’ 


Theorem, so by (3) we know ff,, curl F - d$ = fo F - dr = ffp curl F - dS (where C is the boundary curve). 


3. The paraboloid z = x? + y? intersects the cylinder x” + y? = 4 in the circle x? + y? = 4, z = 4. This boundary curve C l 
should be oriented in the counterclockwise direction when viewed from above, so a vector equation of C is 
r(t) = 2costi+ 2sintj + 4k, 0 € t € 2r. Then r'(t) = —2sin ti + 2costj, 
F(r(t)) = (4cos? t)(16) i+ (4 sin? t)(16) j + (2cost)(2sint)(4) k = 64 cos? ti + 64sin? tj + 16sint costk, 
and by Stokes’ Theorem, 
Sf, curl F -dS = fo F -dr = fo" F(r(t)) -r’(t) dt = f2" (—128 cos? t sint + 128 sin? t cost + 0) dt 


= 128[i cos? t+ $sin” ew =0 


5. C is the square in the plane z = —1. Rather than evaluating a line integral around C we can use Equation 3: 
Sf. s, curl - dS = fc F-dr= Js, curl F - dS where S; is the original cube without the bottom and S» is the bottom face 
of the cube. curl F = z?zi-- (zy — 2ayz) j + (y — xz) k. For Sa, we choose n = k so that C has the same orientation for 
both surfaces. Then curl F n = y — zz = x + y on So, where z = —1. Thus ff... curl -dS = S fA (n 4- y) dz dy =0 
so STs, curl F - dS = 0. 

7. curl F = —2z i — 2a j — 2y k and we take the surface S to be the planar region enclosed by C, so S is the portion of the plane 


x+y +z = lover D = {(x,y) |0 < x < 1,0 < y < 1 — 7z}. Since C is oriented counterclockwise, we orient S upward. 


Using Equation 16.7.10, we have z = g(x,y) = 1 — zr— y, P = —2z, Q = —2z, R = —2y, and 
fo F- de= ff; cu -dS = ffo [-(-22)(-1) — (-22)(-1) + (-2)] dA 
shh =(— haan 
9. curl F = (xe*¥ — 2x) i— (ye™” — y)j+ (2z — z) k and we take S to be the disk z? + y? < 16, z = 5. Since C is oriented 

counterclockwise (from above), we orient S upward. Then n = k and curl F - n = 2z — z on S, where z = 5. Thus 

$F dr = ff; curl F -ndS= ff; (2z — z) dS = ff. a0 — 5)dS = 5(area of S) = 5(v - 4?) = 80x 

11. (a) The curve of intersection is an ellipse in the plane z + y + z = 1 with unit normal n = 3 (à 4- j 4- k), 
curl F = 2? j + 3? k, and curl F - n = Jg (2? + y?). Then 
$5 F - dr = ffs va CA +y?) dS = ne +y? <9 (x? t y^) de dy = Uy ^ia dr d0 = 25 ($) = 8 
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13. 


15. 


17. 


19. 


(b) 


(c) One possible parametrization is x = 3 cost, y = 3sin t, 


z = 1 — 3cost — 3sin t, 0 € t € 2m. 


The boundary curve C is the circle x? + y? = 16, z = 4 oriented in the clockwise direction as viewed from above (since S is 
oriented downward). We can parametrize C by r(t) = 4costi — 4sintj + 4k, 0 € £ € 27, and then 
r'(t) = —4sin ti — 4costj. Thus ae = 4sinti+4costj — 2k, F(r(t)) - r'(t) = —16 sin? t — 16 cos” t = —16, and 
foEF -dr = a7 F(r(t)) - r'(t) dt = e" (— 16) dt = —16 (27) = —32x 
Now curl F = 2k, and the projection D of S on the zy-plane is the disk z? + y? < 16, so by Equation 16.7.10 with 
z= gdaj) = V2? +y? [and multiplying by —1 for the downward orientation] we have 
ff; curl F - dS = — ff,(—0 -0+ 2)dA = —2- A(D) = —2- 1(4?) = —320 
The boundary curve C is the circle x? + z? = 1, y = 0 oriented in the counterclockwise direction as viewed from the positive 
y-axis. Then C can be described by r(t) = costi — sin tk, 0 € t < 27, and r’(t) = —sin ti — cost k. Thus 
F(r(t)) = —sintj + costk, F(r(t)) - r' (t) = — cos? t, and £, F dr = f?" (— cos? t) dt = —1t— 1 sin21]?" --—m. 
Now curl F — —i — j — k, and S can be parametrized (see Example 16.6.10) by 
r(ó,0) = sing cosĝi + sin ġ sin ĝj + cosók, 0 € 0 < 1,0 € $ € m. Then 
ro X ro = sin? ¢ cos ĝ i + sin? ó sin0 j + sin ó cos ġ k and 


[[;culF.dS— ff curlF-(rg x ro)dA = fj fo (—sin? ¢ cos — sin? ¢ sin 0 — sin ¢ cos $) dó dó 


z2--22«1 
= fo (- —2sin? à — rsin¢ cos 9) dọ = [3s sin 2¢ — ó — $ sin zels = 
It is easier to use Stokes’ Theorem than to compute the work directly. Let S be the planar region enclosed by the path of the 
particle, so S is the portion of the plane z = $y for 0 <2 < 1,0 < y € 2, with upward orientation. 
curl F = 8yi + 2z j + 2y k and 
$c; F dr= ff; curl F - dS = ffp [-8y (0) — 22 (3) - 29] dA = fo fo (2y — ày) dy dz 

= fo Jo su dy de = fo [$y]; dx = f; 3dz —3 
Assume S is centered at the origin with radius a and let Hı and He be the upper and lower hemispheres, respectively, of S. 
Then ff. curl F - dS = ffy, curl F - dS + ffy, curl F - dS = fo, F dr + f, F - dr by Stokes’ Thesea But C; is the 


circle z? + y? = a? oriented in the counterclockwise direction while C2 is the same circle oriented in the clockwise direction. 


Hence fF - dr = — fo, F - dr so ff, curl F - dS = 0 as desired. 
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16.9 The Divergence Theorem 


1. dvF = 3 + z + 27% = 3 + 32, so 
SIS div F dV = f} fo fo (3a + 3) da dy dz = $ (notice the triple integral is 
three times the volume of the cube plus three times z). 


To compute ff, F - dS, on 


Si: n=i, F=31+yj+2zk, and ff, F- d3 = ffy, 345 =3; 
S2: F = 32i+aj+2czk,n=jand ff, F -dS = ff, 2dS = 3; 
Ss: F = 3zi + zyj + 22k, n = kand ff, F -dS = ff, 2zdS — 1; 
Sa: F =0, ff, F- dS = 0; Ss: F =30i+2ck,n — —j and ff, F -dS = ff, 0dS = 0; 
Se: F = 32i + zyj, n = —kand ff, F -dS = f fg, 0dS = 0. Thus ff, F dS = $. 


kag 


divF =0 +1 +0 =1,so fff, divFdV = fff „14V =V (E) = $r -4° = 235. S isa sphere of radius 4 centered at 
the origin which can be parametrized by r(#, 0) = (4sin pcos 0, 4sin ġsin 8, 4 cos), 0 < ¢ < 7,0 < 0 < 27 (similar to 
Example 16.6.10). Then 
ry X re = (4cos ġ cos 0,4 cos ósin 0, —4 sin $) x (—4sin ¢sin 6, 4 sin $ cos 0, 0) 
= (16 sin? $ cos0, 16 sin? ¢ sin 6, 16 cos sin à) 
and F(r($,0)) = (4cos ó, 4sin ġsin 0, 4sin $ cos 0}. Thus | 
F - (r4 X ro) = 64 cos $ sin? $ cos 0 + 64 sin? $ sin? 0 + 64 cos sin? $ cos0 = 128 cos $ sin? h cos 0 + 64 sin? sin? 6 


and E 
[fs F dS = ff, E - (ro x ro) dA = f; fg (128cos ósin? ó cos + 64sin? $sin? 0) do d8 
= [5^ [HE sin? pcos + 64 (—1(2 + sin? 4) cos $) sin? 2 e d 


= [r^ 239 sin? ggg = 238 [19 — 1 sin 26] 5” = eq 
5. div F = 2 (zye*) + ar (y*z*) + 2(-ye*) = ye + 2zyz? — ye” = 2zyz?, so by the Divergence Theorem, 
SJs E- dS = fff, divF dv = fj [7 fo 2zyz? dzdydz =2 f? edx fo ydy fè z? dz 
= 2 [i27], ih [52]; =2(8) (2) (3) = 3 
. div F = 3y? + 0 + 32°, so using cylindrical coordinates with y = r cos ĝ; z = r sin 0, x = x we have 


Sf; F -aS = fff ,(3y? +327) aV = f" [> [?, (3r? cos? 0 + 3r? sin? 0) r dz dr do 


ET! 


—3 fo" dO fj r? dr f^, dz = 3(2)(1)(3) = % 
9. div F = 2rsiny — xsiny — zsiny = 0, so by the Divergence Theorem, ff, F - dS — fff ,0dV — 0. 


11. div F = y? +0 + z? = 2? +y? so 
JJs F-4S = fff a? - y") aV = fo" fo fra r^ -rdzdr dð = [2^ f? r*(4 — r?) dr do 


4 


= i dð f? (4r? —r°) dr = 2n [r* — ir = 27 
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13. F(x,y, z2) = za? 4- y? + ity /2? +y? +22 j+ zyr? +y? 4- 22 k, so 
div F = 2-3(x? +y? +. z2) V? (22) + (a? +y? -- 22)? + y - 1a? 4 y? + 27)-/?(2y) + (a? + y? +. 22)? 
EN E (a? +y? 4 22)-1/7 (27) 3h (a? +y? +2) 
= (z? +y? +2)? [z? + (z? +y? +2) - y? +(e? y? Ha) H a +y? +27)] 
E A(z? + y? + 27) = 


yty 


z? + y? + z?. 

Then n/2 p2e pl x 

nz- = f[[ v2 vw sav - f | f 44/ p? - p* sin ġ dp dé dd 
S E 0 o Jo 


= (Z^ sin $ dé f?" dB fè Ap! dp = [— cos dlg/" (0127 [p*]3 = (1) (27) (1) = 27 
18. JJe F -d3 = [ff 8 wav = f°, f, fg" VET de dy de = 38 V2 B sin (8) 


17. For $1 we have n = —k, so F n = F - (-k) = —2?z — y? = —y? (since z = 0 on 51). So if D is the unit disk, we wil 
WSs, F 4$ = ffs, F ndS = ff,(-y?)dA = — OT [o r? (sin? 8) r dr dd = —47. Now since S» is closed, we can use 
the Divergence Theorem. Since div F = 2 (z?z) + X die + tanz) + 2 (z?z +y?) = z? +y? + z?, we use spherical 
coordinates to get ff, F - dS = fff „div F dV = pem : p? sin $ dpd dO = 27. Finally 


ff; F -dS = ffs, F -4S — ffs, F-d$— $n - (-37) = " 


19. The vectors that end near P; are longer than the vectors that start near P, so the net flow is inward near P; and div E(P) is 
negative. The vectors that end near Pz are shorter than the vectors that start near P5, so the net flow is outward near P» and 


div F(P3) is positive. 


From the graph it appears that for points above the z-axis, vectors starting near a | 
particular point are longer than vectors ending there, so divergence is positive. 

The opposite is true at points below the x-axis, where divergence is negative. 

F (x,y) = (zys +y) => divF=2 (2y)+ 2 (2+4) =y + 2y = 3y. 


Thus div F > 0 for y > 0, and div F < 0 for y < 0. 


EE s E E 
zi+yj+zk z( T E (ry E h= Sa Kum similar expressions 


"xf "i = Ta? + y? + 22)3/2 (z? + y? + 22)3/2 € (a? + y? + z2)5/2 
ð y [o] z 

Rea e -—À —— —— 

i Nan err 

av) k 3(z? +y? +27) — 3(x? +y? +27). 
bx? (a? +y? + 


) we have 
= 0, except at (0, 0, 0) where it is undefined. 


25. [f,a-ndS = fff, divadV = Osince diva = 0. 
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27. ff, curl F -dS = fff, div(curl F) dV = 0 by Theorem 16.5.11. 
29. ff,(fVg)-ndS = fff, div(fVg)dV = fff _(fV'9 + Vg- VF) dV by Exercise 16.5.25. 
31. Ifc = cii + cej + c3 k is an arbitrary constant vector, we define F = fe = fci i + fe2j-- fes k. Then 
of of of 


div F = divfe- zta at ao = Vf - c and the Divergence Theorem says ff. F -dS = fff p divF dV > 


[f; F-ndS = fff, Vf- dV. In particular, if c = i then ff, fi- ndS = fff, Vf-idV => 


[ [as — [S| Edv erem m mie nai e nit. Similarly, ite =jwehave [f (mas — fff Sav 
Ei E p Ox : S E Oy 
nb 
and c = k gives [| fna dS = Í —— dV. Then 
s E p Oz 


JJ fndS = (Jf, fra dS) i+ (JJe fra d8) 5+ (fJ fns dS) k 


- (Ee (Ee QUT ee) LG o 9) 


= fff; Vf dV as desired. 


16 Review 
CONCEPT CHECK 


1. See Definitions 1 and 2 in Section 16.1. A vector field can represent, for example, the wind velocity at any location in space, 


the speed and direction of the ocean current at any location, or the force vectors of Earth's gravitational field at a location in 
space. 


D” 


(a) A conservative vector field F is a vector field which is the gradient of some scalar function f. 


(b) The function f in part (a) is called a potential function for F, that is, F = V f. 


» 


(a) See Definition 16.2.2. 
(b) We normally evaluate the line integral using Formula 16.2.3. 
(c) The mass is m = fo p(x, y) ds, and the center of mass is (7,7) wherez = > fo xp (z,y) ds, 9 = + fo yp(z, y) ds. 


(d) See (5) and (6) in Section 16.2 for plane curves; we have similar definitions when C is a space curve 


' [see the equation preceding (10) in Section 16.2]. 


(e) For plane curves, see Equations 16.2.7. We have similar results for space curves ' 


[see the equation preceding (10) in Section 16.2]. 
4. (a) See Definition 16.2.13. 
(b) If F is a force field, f, c F : dr represents the work done by F in moving a particle along the curve C. | 
(c) fo F -dr = fo P dz 4 Qdy + Rdz 


5. See Theorem 16.3.2. 
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10. 


11. 


O CHAPTER 16 VECTOR CALCULUS 


. (a) fc F - dr is independent of path if the line integral has the same value for any two curves that have the same initial and 


terminal points. 


(b) See Theorem 16.3.4. 


. See the statement of Green's Theorem on page 1108 [ET 1084]. 


. See Equations 16.4.5. 
OR  0Q OP ƏR ðQ P 
. (a) curl F = (5 - 3) i+ (F-E) «(28 - k= VxF 
OP 0Q | OR ; 
(b) div NE s hy ia =V-F 


© For curl F, see the discussion accompanying Figure 1 on page 1118 [ET 1094] as well as Figure 6 and the accompanying 
discussion on page 1150 [ET 1126]. For div F, see the discussion following Example 5 on page 1119 [ET 1095] as well as 
the discussion preceding (8) on page 1157 [ET 1133]. 

See Theorem 16.3.6; see Theorem 16.5.4. 


(a) See (1) and (2) and the accompanying discussion in Section 16.6; See Figure 4 and the accompanying discussion on 
page 1124 [ET 1100]. 


(b) See Definition 16.6.6. 
(c) See Equation 16.6.9. 


12. (a) See (1) in Section 16.7. 


13. 


14. 


15. 


16. 


(b) We normally evaluate the surface integral using Formula 16.7.2. 

(c) See Formula 16.7.4. 

(d) The mass is m = ff’; p(x, y, z) dS and the center of mass is (z, y, Z) where z = + ffs xp(z, y, z) dS, 
T= i ffsyp(z.y, z) d$, z = = ffs z(x,y, z) aS. 

(a) See Figures 6 and 7 and the accompanying discussion in Section 16.7. A Móbius strip is a nonorientable surface; see 
Figures 4 and 5 and the accompanying discussion on page 1139 [ET 1115]. 

(b) See Definition 16.7.8. 

(c) See Formula 16.7.9. 

(d) See Formula 16.7.10. 

See the statement of Stokes’ Theorem on page 1146 [ET 1122]. 

See the statement of the Divergence Theorem on page 1153 [ET 1129]. 


In each theorem, we have an integral of a “derivative” over a region on the left side, while the right side involves the values of 


the original function only on the boundary of the region. 
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TRUE-FALSE QUIZ 


1. False; div F is a scalar field, 

3. True, by Theorem 16.5.3 and the fact that div 0 = 0. 

5. False. See Exercise 16.3.35. (But the assertion is true if D is simply-connected; see Theorem 16.3.6.) 
7. False. For example, div(y i) = 0 = div(z j) but yi 7 xj. 

9. True. See Exercise 16.5.24. 


11. True. Apply the Divergence Theorem and use the fact that div F = 0. 


EXERCISES 


1. (a) Vectors starting on C point in roughly the direction opposite to C, so the tangential component F - T is negative. 
Thus fj, F - dr = fo F - T ds is negative. 
(b) The vectors that end near P are shorter than the vectors that start near P, so the net flow is outward near P and 
div F(P) is positive. 
3. [o yz cos ds = fy (3cost) (3sint) cost /(1)? + (—3sint)? + (3cost)? dt = fj (9 cos? t sint) V/10 dt 
= 9/10 (—4 cos? t)]? = —3 V10(—2) = 6 VIO 
5. fo y? dz +a" dy =f, [yf (-2y) + (1—y*)?] dy = f°, (—y* - 29? +1) dy 
-[-b -$ +s] =-3-$4+1-§-F+1=% 
7.C: 2—1--2t > der=2dt,y=4t > dy=4dt,z=-1+3t > dz=3dt,0<t<1. 
So zy dz + y? dy + yzdz = fy [(1 + 2t)(4t)(2) + (4t)? (4) + (4t)(—1 + 30) (3)] dt 
= fo (116¢? — 4t) dt = [HEt — 2°]; = 4S —2 = 120 
9. F(r(t)) =e *i+ t?(—t)j + (P +#°)k, (t) = 2ti + 3t? j — k and 
[cz F- dr = fi (2te™ — 3t° — (t? +43) dt = [-2te™ — 2e-* - 448 — 243 1) 3 t. 
ft. 2 [(1 + zy)e*"] = 2xe™ + x 2ye®Y = # [e" + z^ e*"] and the domain of F is R?, so F is conservative. Thus there 
exists a function f such that F = V f. Then f,(z, y) = e" + z^ e?" implies f(x, y) = e" + ze*" + g(x) and then 


fa(a,y) = aye" + €" + g'(x) = (1+ ay)e™ + g'(x). But fa(z,y) = (1--2y)e?",sog(z) -0 => g(a) = 
Thus f(x,y) = e" + ze*" + K is a potential function for F. 


13. Since X (4z*y? — 21y?) = 8z?y — 6zy? = 2 (2a*y — 3x? y? + 4y?) and the domain of F is R°, F is conservative. 


Furthermore f(a, y) = ay? — z?y? + y* is a potential function for F. t = 0 corresponds to the point (0, 1) and t = 1 
corresponds to (1,1), so f. F -dr = f(1,1) — f(0,1) 21—1— 0. s 
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15. Ci: r(t) =ti+t?j,-1<t<1; 
C2: rit) —ti+j,-l1<t<1. 
Then 
So xy? dz — a? ydy = f} (È — 215) dt + f^, tdt 
= [ie], + Bé, =9 


Using Green’s Theorem, we have 


Í zy! dz — z°y dy = /Í E (—2”y) — — (ay ; dA = If —2xy —2zy)dA = L L —4zy dy dz 
c D 


= f^ [2zy? s dz = f} (225 — 22) da = [42° — cal ae = 


17. f ay dx — ay ages n AL: (-ay?) - 2 ; (2?y)] dA = Sf (V —2?)dA = — 2" f? r? dr d = -8r 


z2 4y? z2-Ly? «4 
19. If we assume there is such a vector field G, then div(curl G) = 2 + 3z — 2zz. But div(curl F) = 0 for all vector fields F. 
Thus such a G cannot exist. 


21. For any piecewise-smooth simple closed plane curve C bounding a region D, we can apply Green's Theorem to 


F(z,y) = f(z) i+ g(y) J to get fo f(x) dz + gly) dy = ffr; [2 su) - 5; f(z)] dA = ffp 0dA — 0. 


2 2 
23. V? f — 0 means that m = » = 0. Now if F = fyi — fz j and C is any closed path in D, then applying Green's 


Theorem, we get 
Jo de= Jo fy dz — fa dy = [fo [& C12) - 4, Fu] 4A 
=—ffp(fex + fuy)dA = — ff, 04A — 0 


Therefore the line integral is independent of path, by Theorem 16.3.3. 


25. z = f (z,y) = z? + 2y with 0 € z € 1,0 € y € 27. Thus 
A(S) = ff; VIF 4a? +4dA = fi f?" V5 3- 4a? dy dz = ive VEA de = (6 asy] = (27-5 v5). 


27. z = f(x,y) = z? + y? with 0 < z? + E X 4sor; X ry = —2ri — 2y j + k (using upward orientation). Then 


ffazdS— ff (£? +y?) vAr? 4p? 14A 


z?4y?«4 
= fo" fo 53 VIF 4r? dr d0 = dn (391 VIT + 1) 
(Substitute u = 1 + 4r? and use tables.) 
29, Since the sphere bounds a simple solid region, the Divergence Theorem applies and 


JJ, -dS = JJJ p div E dv = fff (s - 2) AV = fff,2dV —2fffpdV 


2 odd function in z ET as MÀ S. . 04 
eid boi 2 V(E) = 2 37(2) 2T $^ 
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31. 


33. 


35. 


37. 


41. 


CHAPTER 16 REVIEW 0 341 


Alternate solution: F(r($,0)) = 4sin ġ cos @ cos $i — 4sin ġ sin ĝj + 6sin¢ cos @k, 
ry X re = Asin? à cosĝ i + Asin? ¢ sind j + 4sin $ cos ¢k, and 
F - (ry X ro) = 16sin* ¢ cos? 0 cos o — 16sin? ¢ sin? 0 + 24 sin? $ cos $ cos 9. Then 
ff; dS = [57 Jz (16 sin® $ cos $ cos? 0 — 16 sin? ¢ sin? 6 + 24sin? à cos¢ cos 6) dó dO 


= fa" 4(-16 sin? 0) dd = —S*a 
Since curl F = 0, f/f. (curl F) - dS = 0. We parametrize C: r(t) = costi -- sintj, 0 € t < 2 and 
fo E -dr = 2" (— cos? t sint + sin? t cost) dt = 3 cos? t + 3 sin? qe =0. 


The surface is given byx+y+z=lorz=1—2—y,0<2<1,0<y<1-—zandr, xr, =i+j+k. Then 
foE - dr = ff,curlF -dS = ff,(—yi—zj—ak)-(it+j+k)dA= ff,(—1)dA = —(area of D) = —1. 


ff, divFdV = fff | 34V = 3(volume of sphere) = 47. Then 


x2 +y? +z? <1 
F(r(ó, 0)) - (ry x ro) = sin? à cos? 0 + sin? ¢ sin? 0 + sin ġ cos? $ = sin ġ and 


SJs F- dS = f; f; sind dd = (27)(2) = 47. 


Because curl F = 0, F is conservative, so there exists a function f such that V f = F. Then f(x,y, z) = 3z°yz — 3y 
implies f(z,y,z) = a°yz —3zy + g(y,z) => fy(z,y,z) = z?z — 3z + gy (y, z). But fult, y, z) = az — 32, so 
gly, z) = h(z) and f(z, y, z) = 2° yz — 3ay + h(z). Then f.(x, y, z) = z?y + h'(z) but f(z, y, z) = a?y + 2z, 

so h(z) = z? + K and a potential function for F is f(z, y, z) = z?^yz — 3ay + z?. Hence 

fo F:dr = f; Vf -dr = f(0,3,0) — f(0,0,2) = 0 — 4 = —4. 


. By the Divergence Theorem, ff, F -ndS = Iff div F dV = 3(volume of E) = 3(8 — 1) = 21. 


Let F = a x r = (a1, 02,43) X (x,y, z) = (a22 — aay, a3% — a1z, a1y — a2). Then curl F = (2a1,2a2,2a3) = 2a, 


and ff; 2a dS = ff; curl -dS = fo F -dr = f/.(a x r) - dr by Stokes’ Theorem. 
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O PROBLEMS PLUS 


1. 


e 


5. 


Let Sı be the portion of Q( S) between S(a) and S, and let 0.51 be its boundary. Also let Sz be the lateral surface of S, [that 


is, the surface of Sı except S and S(a)]. Applying the Divergence Theorem we have f 5 
081 


- ee EORR S m i E z 
r3 \ ôr’ Oy’ dz (a? + y? +22)??? (a? + y2 +22)” (gà + yd + 22372 


i (a? +y? +2? — 32?) + (a? +Y? + 2? — 3y?) + (x? + y? + 2? — 32”) 


(a? + y? + 22)5/2 =U 


> f |. 5 rn ds = F ji i OdV = 0. Onthe other hand, notice that for the surfaces of 0.5; other than S(a) and S, 
85 Sı 


r:n—-0 > 


0= LS r2 as = > ast ff a » ase ff > Pas = [rast ff Sas > 


A 77. dS. Notice that on S(a), r = a = n= —~ =—~andr-r=r? =a?, s0 
S(a) T r a 


that — -Jf 7 a [A SS dis nae " z ff as = mee = |o(S)l. 
sta) 7? S(a) x S(a) ai a ~ @ S(a) 


Therefore |$2(S)| = 


. The given line integral 5 fo (bz — cy) da + (cw — az) dy + (ay — bx) dz can be expressed as fc F : dr if we define the vector 
field F by F(z,y,z) = Pi+Qj+Rk = }(bz —cy)i+ į (cx — az) j + 4 (ay — bz) k. Then define S to be the planar 
interior of C, so S is an oriented, smooth surface. Stokes’ Theorem says f. F - dr = ff, curl F-dS = ff; curl F - nds. 
Now 

OR  0Q OP OR\,,.f{0Q OP 
F = — — — — — — — 
sud (x - pH 5 «(e 2,)* 
= (ła + $a) i (3b - 30) j - (c+ 0€) k=ait+bj+ck=n 
so curl F - n = n- n = |n|? = 1, hence ff, curl F- ndS = Jf dS which is simply the surface area of S. Thus, 
Jo E -dr = $ fo (bz — cy) dz + (cx — az) dy + (ay — ba) dz is the plane area enclosed by C. 
e-v)e- (n5 +a? yt gs à) (Pei + eie Rak) 


(nA «eo emi (AZ oe Qe Ry 3L 


ð ô Oy Oz 
OR: OR: 
A= +52 +e k 
Ox Oz 
= (F - VP5)i + (F- VQ3)j + (F - VRz) k. 
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344 (1 CHAPTER16 PROBLEMS PLUS 
Similarly, (G: V) F = (G- VP)i -(G- VQ1)j +(G- VRi)k. Then 
i j k 
F x curl G = Pı Qi Ri 
8Ra/0y —OQ2/O2 OP2/8z—OR2/Ox 8Qz/dx —ƏPz/ðy 


= (o s - a m ono (gm St n su 


8 à ð Oz Ox 
«(n - 7m 2 - a. +a) k 
and 
= (928 — 9.28 P. + nO 9m p,0Q1 p81 , pOPi 
G x oul F = (2% Q2 Fia az + Ra Jz Ji (8 Oy Re Bz Po 373 + Po 3" 
+ (28-198 942% 5 0,22) 
Then 
(e. v)G er xaxa - (A +a, +a); + (a2 40,28 "e + GP) 
«(n2 Pm Fd ssa Um +) 
and 
| = (n8. 5 q, 90. , s 985), , (mR , 0,99. 4 ny PB) 
(G-V)F+G x culF= (AZ + Qe —— + Ha x «(n 5 By + Qo + Re By j 
n mõ) k 
z 
Hence 
(F- V) GF x cul G 4 (G- V) P 4- G x curl F 
P. OR. 
- (n3 IR) (ae +a) + — 
à OP, OP, 9Q» I OR» ORi \|. 
s(a T A a + Qs Ri emt) 
OR 
«[(o +P) + + (a al. NR 


= V(PiP2+ Q1Q2 + Ri R2) = V(F | G). 
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17 ŒO SECOND-ORDER DIFFERENTIAL EQUATIONS 


17.1 Second-Order Linear Equations 


1. 


11. 


13. 


15. 


17. 


19. 


The auxiliary equation isr? —r —6—0 = (r—3)(r+2)=0 = r=3,r = -—2. Then by (8) the general solution 


is y = cie?* + coe". 


. The auxiliary equation is r? 4-16 =0 => r = +4i. Then by (11) the general solution is 


y = eU* (cı cos 4a + co sin 4g) = ci cos 4g + c2 sin 47. 


. The auxiliary equation is 9r? — 12r +4=0 =  (3r—2) 20 = r= $. Then by (10), the general solution is 


y = cie? + ege??? 


. The auxiliary equation is 2r? — r = r(2r — 1) 20. = r=0,r=4,soy=cye™ + coe"? = c, + coe?/?, 


. The auxiliary equation is r? — 4r--13 — 0 > r= m P-SE . 2 + 3i, so y = e?" (ci cos 3a + c» sin 3x). 
The auxiliary equation is 2r? + 2r —1— 0 > r= REV = E £ A so 
y= ce 7/2 3/2) á- cae M27 V3/2)t. 
The auxiliary equation is 100r? + 200r +101 2-0 > r= aan ima =-1+ dbi, so 


P-et* [ei cos (dt) -- c sin (35t)]. 


The auxiliary equation is 5r? — 2r — 3 = (5r-3)(r—1)—-0 > r=—3, 


10 
r = 1, so the general solution is y = cie ?*/5 + cze”. We graph the basic mm 
solutions f(a) = e79"/5, g(x) = e” as well as y = e ?*/5 + 2e", $ — 3 
y = e 3/5 — e7, and y = —2e-?"/5 — e*, Each solution consists of a single [et | 


continuous curve that approaches either 0 or +00 as z — +00. -10 
r? — 6r +8 = (r — 4)(r — 2) = 0, sor = 4, r = 2 and the general solution is y = c1e** + coe”. Then 
y' = 4ce + 2coe”*, so y(0) =2 => ci+e2=2andy’(0)=2 => 4c: +2co = 2, givingci = —1 and co = 3. 


Thus the solution to the initial-value problem is y = 3e?" — e**. 


9r? +12r+4=(3r+2)?=0 = r= —2 and the general solution is y = cie ^?*/? + coze~**/*. Then y(0) 21 => 
cı = Land, since y' = —$cie 7*7 + cz (1— 22) e77*/2,y'(0) =0 = —2e1 +c2 = 0, so c2 = 2 and the solution to 


the initial-value problem is y = e~?*/9 + 2ze7?7/3, 
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21. r? — 6r--10— 0. = r=3-+iand the general solution is y = e°” (c1 cosx + ca sin z). Then 2 = y(0) = c; and 


3=y'(0) =c2+3c, = ce = —3and the solution to the initial-value problem is y = e?” (2 cos x — 3sinz). 


23. r? —r—12=(r—4)(r+3)=0 = r—4,r = —3 and the general solution is y = cie** + c2e 9^. Then 


0 = y(1) = ciet + ee? and 1 = y'(1) = 4ere* — 3c2e™° soci = 1e7*, co = — 1e? and the solution to the initial-value 


3—32 


isy = 2 =k =1 E 
problem is y = ze “e ee =e se 


25. r--4—0 = r= +2i and the general solution is y = c; cos 2x + c2 sin2z. Then 5 = y(0) = c; and 3 = y(7/4) = cs, 


so the solution of the boundary-value problem is y = 5 cos 2x + 3sin 2x. 


27. r^ -FAr cA — (r--2)? 20 = r= —2and the general solution is y = cie ^?" + coze 7". Then 2 = y(0) = cı and 


0 = y(1) = ese? + eae? so c2 = —2, and the solution of the boundary-value problem is y = 2e~?* — 21e^?*. 


29.5?) —r—r(r-1) 2-0 = r=0,r = Land the general solution is y = ci + coe”. Then 1 = y(0) = c1 + c 


e—2 1 e—2 e” 


and 2 = y(1) = cı + c2e so c1 = —T The solution of the boundary-value problem is y — RAD + TEn 


31. r? +4r+20=0 = r= —2 + 4i and the general solution is y = e^?" (cı cos 4a + cz sin 4a). But 1 = y(0) = cı and 


27 


2-—y(x)-cie ?" = cy = 2e?", so there is no solution. 


33. (a) Case 1 (A=0): y" +Ay=0 = y” = 0 which has an auxiliary equationr? 2-0 > r=0 > y-c-dcoc 
where y(0) = 0 and y(L) = 0. Thus, 0 = y(0) = cı and 0 = y(L) 2c2L = ci c2 = 0. Thus y = 0. 
Case 2 (A < 0): y" + Ay = 0 has auxiliary equation r? = —A =  r — 4-/—À [distinct and real since A < 0] = 
y = cie ^ + coe V—** where y(0) = 0 and y(L) = 0. Thus 0 = y(0) = c1 + c2 (*) and 
0 — y(D) = ie V + eje V (p). 
Multiplying (*) by e and subtracting (1) gives ca (ev = gre) =0 = cs and thus c; = 0 from (+). 
Thus y = 0 for the cases À = 0 and A < 0. 


(b) y” + Ay = 0 has an auxiliary equation r? +A=0 => r=+iVA = y= c cos VAs + csin vAz where 
y(0) = 0 and y(L) = 0. Thus, 0 = y(0) = c; and 0 = y(L) = c2 sin VAL since cı = 0. Since we cannot have a trivial 
solution, c2 # 0 and thus sin VAL=0 = VAL = nr where n is an integer = A= nn? / L? and 
y = casin(nzz/ L) where n is an integer. 
35. (a r^ —2r +2=0 = r=1+iand the general solution is y = e” (c cosa + cosinz). If y(a) = c and y(b) = d then 
€^ (c1cosa--cosina) =c => cicosa+cesina = ce ^? and e" (cı cosb + cosinb) =d => 


cı cos b + c2 sin b = de". This gives a linear system in cı and c» which has a unique solution if the lines are not parallel. 


If the lines are not vertical or horizontal, we have parallel lines if cos a =.k cos b and sin a = k sin b for some nonzero 
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c sina sina sinb |: 2 
constant k or 2% = k = —- > ——— = —| > tana=tanb => b—a=nz, nany integer. (Note that 
cos b sin b cosa  cosb 


none of cos a, cos b, sin a, sin b are zero.) If the lines are both horizontal then cosa = cosb — 0 =  b— a — nm, and 


similarly vertical lines means sina = sinb — 0 =  b— a = nz. Thus the system has a unique solution if b — a # n. 


(b) The linear system has no solution if the lines are parallel but not identical. From part (a) the lines are parallel if 


b — a = nr. If the lines are not horizontal, they are identical if ce~* = kde~® > C. =p = t 
E de- cosb 
C — a-5C080 eN E . = _ sina : 
2-7 (If d = 0 then c = 0 also.) If they are horizontal then cos b = 0, but k Sur also (and sin b 0) so 


cosa 


TU" € _ ,o-psina 
equire os b 


‘ E ee € a-b 
d LE Thus the system has no solution if b — a = n and E. ze 


unless cos b = 0, in 
; c _)sina 

which case — 4 e^ "——. 
d i sinb 


(c) The linear system has infinitely many solution if the lines are identical (and necessarily parallel). From part (b) this occurs 


"a _,cosa asina 
when b — a = n7 and — = et~’ gp 
d cos b sinb 


unless cos b — 0, in which case < = 


17.2 Nonhomogeneous Linear Equations 


1. The auxiliary equation is r° — 2r — 3 = (r—3)(r+1)=0 — r =3,r = —1, so the complementary solution is 
Ye(@) = c1e?* + coe^*. We try the particular solution yp(x) = A cos 2x + B sin 2%, so 
Yp = —2Asin 2a + 2B cos 2x and y; = —4A cos 2x — AB sin 2x. Substitution into the differential equation gives 
(—4A cos 2a — 4B sin 2x) — 2(-2A sin 2x + 2B cos 2x) — 3(Acos2z + Bsin2x) =cos2x => 
(—7A — 4B) cos 2x + (4A — 7B) sin 2z = cos 2a, Then -7A — 4B = 1and4A — 7B 2 0. =>  A-— —4 and 


B = —&. Thus the general solution is y(z) = ye(x) + yp(z) = c1€?* + 2e * — d cos2z — A sin2z. 


3. The auxiliary equation is r° + 9 = 0 with roots r = +3%, so the complementary solution is ye(£) = cı cos 3x + co sin 3a. 
Try the particular solution y,(z) = Ae~**, so y, = —2Ae~** and y; = 4Ae ?*. Substitution into the differential equation 
gives 44e ?* + 9(Ae~*”) = e^?" or 13Ae~** = e?*, Thus 13A — 1. = A= and the general solution is 


y(x) = ye(x) + yp(x) = cı cos3z + co sin3z + 35e ?*. 


5. The auxiliary equation is r? — 4r + 5 = 0 with roots r = 2 + i, so the complementary solution is 
yc(z) = e” (cı cosa + co sin £). Try yp (x) = Ae~*, so yp = —Ae~* and y; = Ae~*. Substitution gives 
Ae~* —4(—Ae *)--5(Ae?) 2 e * => 10A4e *—e* = A=. Thus the general solution is 


y(z) = e?* (cı cosz + c» sinz) + je”. 
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7. The auxiliary equation is r? + 1 = 0 with roots r = +i, so the complementary solution is y-(x) = c1 cos + co sin z. 
For y" + y = e” try yp, (x) = Ae. Then yp, = yy, = Ae” and substitution gives Ae” -- Ae* =e” => A=, 
SO yp, (£) = $e". For y" + y = 2? try yp, (x) = Az? + Ba? + Cx + D. Then yh, = 3Az? --2Bz + C and 
yp, = 6Ax + 2B. Substituting, we have 6Az + 2B + Az? + Br? +Ca+D=2°,soA=1,B=0, 
6A+C=0 > C=-6,and2B+D=0 => D=0. Thus yp, (z) = x? — 6z and the general solution is 
Y(T) = ye(x) + yp, (T) + yp; (T) = c1 cos x + co sina + $e” + x? — 6x. But 2 = y(0) = cı + i > 
c; = 3and0 = y'(0 =a+}4-6 > " = +. Thus the solution to the initial-value problem is 


y(x) = 3 cosa + H sing + ie* +r? — 62. 


9. The auxiliary equation is r? — r = 0 with roots r = 0, r = 1 so the complementary solution is yc(z) = c; + cae". 
Try yp(x) = «(Ax + B)e* so that no term in yp is a solution of the — equation. Then 
y, = (Az? + (2A + B)z + B)e* and y; = (Az? + (4A + B)x + (2A + 2B))e". Substitution into the differential equation 
gives (Az? + (4A + B)z + (2A + 2B))e” — (Az? + (2A + B)z + B)e" = ze" = (2Ax+ (2A + B)? =z => 
A = 4, B = —1. Thus yp(x) = (42? — z)e* and the general solution is y(z) = c1 + coe” + ($z? — z)e*. But 
2— y(0) 2 c4 c and 1 = y’ (0) = c2 — 1, so c? = 2 and c4 = 0. The solution to the initial-value problem is 
ylz) = 2e” + (37? — z)e* = e” (34? - x + 2). 


11. The auxiliary equation is r? + 3r + 2 = (r + 1)(r + 2) = 0, so r = —1, r = —2 and y.(x) = c1e^? + c2e 77. 


Try yp = Acosz--Bsinz => y,-— —Asinz-- B coss, yp = —Acosx— Bsin x. Substituting into the differential 
equation gives (—Acos x — B sin x) + 3(—Asinz + B cos x) + 2(A cos x + B sin x) = cos x or 

(A 4- 3B) cos z + (—3A + B)sinz = cos z. Then solving the equations 
A+3B=1,-3A+ B = 0 gives A= +, B = & and the general 
solution is y(z) = cie * + ce ?* + 35 cosa + $ sinx. The graph 


shows yp and several other solutions. Notice that all solutions are 


asymptotic to yp as x — oo. Except for yp, all solutions approach either oo 


or —oo as z — —oo. 

13. Here yc(z) = cie?" + coe~”, and a trial solution is y» (c) = (Ax + B)e® cosa + (Cx + D)e? sin a. 

15. Here yc(z) = c1e^* + cze”. For y" — 3y' + 2y =e” try yp, (£) = Axe? (since y = Ae” is a solution of the complementary 
equation) and for jy" — 3y' + 2y = sin € try yp; (z) = B cosx + C sin æ. Thus a trial solution is 
yp(z) = yp, (T) + yp; (x) = Aze” + Bcosx + C sinz. 


17. Since yc(z) = e^* (c1 cos 3a + c2 sin 3z) we try yp(x) = z(Az? + Ba + C)e^* cos3z + z(Dz? + Ez + F)e~™ sin3z 


(so that no term of y; is a solution of the complementary equation). 
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Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives 

— -— -— 
a (yy — yoyi) a (yrs — you) 
We will use these equations rather than resolving the system in each of the remaining exercises in this section. 


uj=— and u = 

19. (a) Here 4r? +1=0 = r=+3iand ye(x) = cicos(32) + c» sin(3z). We try a particular solution of the form 
Yp(x) = Acosz--Bsinr => y, =—Asinag + Bcosz and y; = —Acosz — Bsinz. Then the equation 
Ay" + y = cos x becomes PIA VANA — Bsin v) + (Acosz + Bsinz) = cosz or 


—3A cosg — 3B singz = cosx > A= -i , B = 0. Thus, yp(£) = —$ cos æ and the general solution is 


ylz) = ye(x) + yp(x) = cı cos(x) + ca sin(1z) — $ cos x. 


(b) From (a) we know that y-(x) = c1 cos § + cg sin 2. Setting yı = cos 2, y2 = sin £, we have 


cos x sin = 
yry2 — yayi = $ cos? $+ $ sin? $ = 3. Thus uj = —e]p code §) sin § = — a. i 
cosx Cos 5 
and u$ = II 2 = icos(2. #) cos # = į (1 — 2sin? £) cos $. Then 
3 
ui(z) = f ($sin $ — cos? £ sin £) dz = — cos £ + 2 cos? 2 and 
u2(z) = f (3 cos $ — sin? € cos £) dz = sin £ — 2 sin? 2, Thus 
yp(x) = (— cos € + 2 cos? £) cos £ + (sin Z — 2 sin? £) sin 3 = — T CNN 8) + $ (cos* 2 — sin* £) 
= — cos (2 - $) + $ (cos? + sin? $) (cos? $ — sin? 2) = — cosg + 2cosz = —} cosa 


and the general solution is yz) = yc(z) + yp(z) = c1 cos $ + cosin $ — $ cosg. 


21. (a) r?—-2r-41- (r— 1? zu ou Xe so the complementary solution is yc(z) = cie* + coze". A particular solution 
is of the form yp(x) = Ae?*. Thus 4Ae?* — 4Ae?* + Ae? =e => Ae? —g > A=1 > yp(x) =e 
So a general solution is y(z) = yc(x) + yp(z) = ce” + cae? + e?7 


(b) From (a), y.(z) = cie* + coxe*, so set yı = e”, ya = xe”. Then, yy — yoy = e?*(1 +a) — ze?" = e?” and so 


uy =e => w(x)=— f ce* dx — —(r—1)e" [by parts] andus =e" = ua(x) = f e* dz = e". Hence 


yp (z) = (1 — z)e?* + ac?* = E and the general solution is y(z) = yc(x) + yp(z) = cie? + coge” + e°”, 


23. As in Example 5, y-(x) = ci sin + ca cos z, so set yı = sin z, yo = cos x. Then y1y5 — yoy, = — sin? x — cos? g = —1, 
à 2 
sec” T COST 
sou, = -— —- —secz => ui(z) = {seca da = In (secz + tana) for0 <x < £, 
F sec? x sinz 
and ub = — ee tant => wue(x%) = —secz. Hence 


Yp(x) = In(secz + tan z) - sin v — sec x - cosx = sin g ln(sec x + tan x) — 1 and the general solution is 


y(x) = cı sin z + c2 cos z + sin In(sec s + tan z) — 1. 
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2x -z 
EA bia EXE E Dux. 
25. yi = e" yn = e" and yi — ya — 67. So = rr Vnus T pus UM 
us (c) = f^ Ww =z de = In(l+e™*). w= (i+e-*)es® 3? + ere sa 


u2(x) = [| etx = -u( eR 4) —e€*? =In(1+e™*) —e™*. Hence — 


Yp(z) = e*In(1-c e?) + e°” [In(1 + e~*) — e~*] and the general solution is 


y(z) = [c1 + In(1 + e7*)]e* + [c2 — e~* + n(1 +e *)le”*. 


27.1? —2r41-2(r—-1? 20 => r=1s0yc(x) = cie + cre”. Thus yı = e”, ya = ze” and 


= m Cr — 2m P os ge” -e"/(1 +27) = a 
yiya — yoyi = e” (x + 1)e* — ze*e* =e xil MEE NEED UU. => 
= — uud jx Sree”) — 1 E 1 ENT" 
we [rs 5 In (1+2°), u2 = gis «ql 7 owes Tyg? ot = ten x and 
yp(z) = —3e* In(1 + x”) + ze? tan™? æ. Hence the general solution is y(z) = e” [c1 + cow — $ In(1 + 2”) + ztan^! z]. 


17.3 Applications of Second-Order Differential Equations 


1. By Hooke’s Law k(0.25) = 25 so k = 100 is the spring constant and the differential equation is 5z" + 1002 = 0. 
The auxiliary equation is 5r? + 100 = 0 with roots r = +2 V5 i, so the general solution to the differential equation is 
a(t) = cı cos(2 51) + ca sin(2 V/5t). We are given that x(0) = 0.35 = cı —0.35andz'(0 —0 = 


2V5c2=0 = ca 0,so the position of the mass after t seconds is a(t) = 0.35 cos(2 v5 t). 


3. k(0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 2z" + 142’ + 12z = 0, z(0) = 1, 2’(0) = 0. 
The general solution is z(t) = cie~®* + c2e~*. But 1 = z(0) = ci + c2 and 0 = z'(0) = —6c, — c2. Thus the position is 


given by z(t) 2 —te~™ + fe~. 


5. For critical damping we need c? — 4mk = 0 or m = c?/(4k) = 14?/(4- 12) = $2 kg. 


2. 
7. We are given m = 1, k = 100, z(0) = —0.1 and 2’ (0) = 0. From (3), the differential equation is c+ 3 cE at 100r = 0 
with auxiliary equation r? + er + 100 = 0. 
If c = 10, we have two complex roots r = —5 + 5 /3 i, so the motion is underdamped and the solution is 


a = e^ [cı cos(5 V3 t) + co sin(5 V3t)]. Then —0.1 = z(0) = cı and0—2'(0) 25V/3e2—5&1 > @= -A 


soz = e`" [0.1 cos(5 V3t) — rm. sin(5 V31)]. 
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If c = 15, we again have underdamping since the auxiliary equation has roots r = —42 + svt i. The general solution is 


z =e 19 [ex cos( $t) + ca sin(2*1)], so —0.1 = z (0) = cı and 0 = z'(0) = 8Yto -Ëa > Q=- TR I 


Thus z = e715t/2 [-0.1 eos (3t) — DF sin($y7r)| , 


For c = 20, we have equal roots r1 = r2 = —10, so the oscillation is critically damped and the solution is 


x = (ci + cat)e 1. Then —0.1 = z(0) = cı and 0 = z'(0) = —10c: +c2 = c= —1,so x = (—0.1 — t)e ^, 


If c = 25 the auxiliary equation has roots rı = —5, r2 = —20, so we have overdamping and the solution is 
z = cie ^9 + cae ?*, Then —0.1 = z(0) = cı + c2 and 0 = z'(0) = —5e1 — 202 — cı =- and c; = d, 
son= -&e ae geat, 


If c = 30 we have roots r = —15 + 5 /5, so the motion is 
overdamped and the solution is z = cj e 715 5 V5 )t + cael-15-5V5)t, 
Then —0.1 = z(0) = cı + c2 and 
0 =2'(0) = (-15+5V5)a+(-15-5V5)a => 
c; = 3335 and c; = =5+3~, so 


— (A) e( 71575 V8) 4 (m5) e(-15-5 v5)t, 


100 


—0.11 


. The differential equation is ma” + ka = Fo coswot and wo # w = 4/k/m. Here the auxiliary equation is mr? + k = 0 


with roots +,/k/mi = +wi so £e(t) = cı coswt + c2 sin wt. Since wo # w, try zy (t) = Acoswot + B sin wot. 
Then we need (m) (—w3) (A cos uot + B sin wot) + k(Acoswot + B sinwot) = Fo coswot or A(k — mu$) = Fo and 


Fo 


— we = = = — = ————— 
B(k mui) = 0. Hence B = 0 and A kemi mu -d) 


since w? = = Thus the motion of the mass is given 


; Fo 
by x(t) = cı cos wt + c2 sin wt + mu? — uh) cos wot. 


Fo 


From Equation 6, x(t) = f(t) + g(t) where f(t) = cı coswt + ca sin wt and g(t) = —————;- 
m(w? — wg) 


cos wot. Then f 


is periodic, with period p and if w x wo, g is periodic with period 2. If — is a rational number, then we can say 

x =% > a= = where a and 6 are non-zero integers. Then 

a(t+a- 2) = f(t-- a- 25) 4 g(t+a- 2) = f(t) e(t tm : 2r) - f(0- e(t v 2x.) = f(t) + g(t) = z(t) 
so x(t) is periodic. 

Here the initial-value problem for the charge is Q” + 20Q’ + 500Q = 12, Q(0) = Q'(0) = 0. Then 

Q.(t) = e~*°* (ei cos 20t + ca sin 20t) and try Qp(t)= A = 500A=120rA= s. 


The general solution is Q(t) = e~** (cı cos 20t + c» sin 20t) + 735. But 0 = Q(0) = c; + 43$; and 
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Q'(t) = I(t) = e~**[(—10e1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20¢] but 0 = Q'(0) = —10c; + 20c2. Thus the charge 


is Q(t) = —335e “(6 cos 20t + 3sin 20t) + 73; and the current is I(t) = e ^ (3) sin 20t. 


15. As in Exercise 13, Qe(t) = e 19* (cı cos 20t + c» sin 20t) but E(t) = 12sin 10t so try 
Qp(t) = Acos 10t + B sin 10t. Substituting into the differential equation gives 
(—100A + 200B + 500A) cos 10t + (C100B — 200A + 500B) sin 10t — 12sini0t => 
400A + 200B = 0 and 400B — 200A = 12. Thus A = —335, B = 4$ and the general solution is 
Q(t) = e "^ (e cos 20t + cz sin 20t) — 385 cos 10t + 335 sin 10t. But 0 = Q(0) = c1 — 335 so ei = 5. 
Also Q'(t) = $ sin 10t + $ cos 10t + e71% [(—10c1 + 20c2) cos 20¢ + (—10c2 — 20c1) sin 20t] and 
0 = Q'(0) = $ — 10c1 + 20c2 so co = — 55. Hence the charge is given by 


Q(t) = e~% [535 cos 20t — <3, sin 20t] — z% cos 10t + 73; sin 10t. 


17. x(t) = Acos(wt +46) & x(t) = A[coswtcosó —sinwtsinó] € x(t) = A(S cos wt + — S sinut) where 


A 


cosó = c1 /A and sinô = —c2/A + g(t) =cicoswt+c2sinwt. [Note that cos? ó --sin?ó — 1 > c?+c3=A?] 


17.4 Series Solutions 


oo oo 
1. Let y(z) = Y; cnz”. Then y'(z) = Y; ncsz"- * and the given equation, y’ — y = 0, becomes 
n=0 - 


n=1 


oo ' co 
L nenz” + — == Cnx2” = 0. Replacing n by n + 1 in the first sum gives pw n+1)en412" — } Cng” = 0,so 


n=1 n=0 n=0 
b» [(n + 1)cen+1 — Cn]x” = 0. Equating coefficients gives (n + 1)cn+1 — Cn = 0, so the recursion relation is 
Cn 1 Co 1 T od co 1 co 
= See = 2,5: EB = = = = = —— ——.— = — = =łl3 = — 
Cnil = pT” 0, 1,2, en ci = co, C2 = 501 = y, 3 = 502 — g^ 560 = qp 04 = 68 jj and 
à Co n > CO: n l oc ms 
in general, cn = —. Thus, the solution is y(z) = x Cng” —2" = c9 Y, — - coe 
n! R3 n! nz nl 


oo oo 
3. Assuming y(z) — x: cz", we have y'(z) = > neaz"^! = Y? (n+ 1)es 412^ and 


n=0 n=1 n=0 


—z?y = = Be Cart? = — bi €» 22". Hence, the equation y = z?y becomes =, (n+1)en4i12" -5 E =O 
or c1 + 2c2z + Xn + 1)en4i — Cn—2] x” = 0. Equating coefficients gives c = co = 0 and cn41 = =e 

for n = 2,3,.... But ci = 0, so c4 = 0 and cz = 0 and in general c3n41 = 0. Similarly c2 = 0 so c3n+2 = 0. Finally 

c3 = A. es = E = es = 2e = S = £i 7 gs ai , and ea, = ms. Thus, the solution 

is y (x) = zi a o x — R = c —" bi Ls ~ Z o © a m 
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oo oo 
5. Lety (z) = Y, car" => y'(z)-— J nens” and y" (x£) = > (n + 2)(n + 1)en42x”. The differential equation 


n=0 n=1 : n=0 


becomes S (n+2)(n + 1)cn428” + 2 S nens”! + $ Cag” = Oor x [(n + 2)(n + 1)cn+2 + ne + e4]z" = 


n=0 n=1 n=0 


oo oo | 
[since Y tee” = » nena]. Equating coefficients gives (n + 2)(n + 1)en42 + (n + 1)cen = 0, thus the 


n=1 n=0 


—(n+1)en 


(n+2)(n+1) aap 2 = 01,2)... . Then the even 


recursion relation is Cn+2 = 


i i CX a M TEE aa i 
coefñcients are given by c2 = 2" C4 1 2.4 C6 6 2.4.6" and in general, 
C2n — ee = CUm . The odd coefficients are c3 — E. = " D e = ES TES 
CE qe 2n 2^n 3 5 p 7 3-5-7’ 
ei. | (-2)"nla 


and in general, con+1 = (—1)” . The solution is 


3.5.7. (2n--1) (2n+ 1)!" 


y (x) = Co PE = =a g?” +c al a A. 5 po 


.Lety(z)- Y. cnz” => y'(z)-— Ð nenz”! = J (n+ Lenqiz” and y" (£) = 5 (n+ 2)(n + 1)enyox". Then 
n=0 n=1 


n=0 n=0 


(e-1)y" (2) = È (n*2)(n-1es a2" Și (n4-2)(nt1Jenga2™ = 35 m(n+lonsr2™— È (n+2)(n+1)ensaa”, 


n=1 


oo oo 
Since $5 n(n + 1)enq4i12" = $5 n(n + 1)en412", the differential equation becomes 


n=1 n=0 


D n(n + 1)engiz" — zis +2)(n + 1)en42z" + P (n+ 1)e4i17" 20 => 


n=0 n= n=0 


m [n(n + 1)en4a — (n+ 2)(n + 1)cn+2 + (n + 1)en4i]z" — 0 or I +1)en41 — (n+ 2)(n + 1)es42]z^ = 0. 


n=0 


Equating coefficients gives (n + 1)?en41 — (n +2)(n + 1)en42 = 0 for n = 0,1,2,.... Then the recursion relation is 


(n+ 1)? n+1 d go 1 : 
= — — — €n44, S0 given co and c1, we have c2 = $c1, c3 = 2e2 = 404, c4 = 2c3 = 1 
Cn+2 (n+2)(n+ yo n420 given co 1 2 = $301, C3 = 3C2 = 301, C4 = 103 = GC1, and 
in general c, = a, n = 1,2,3,.... Thus the solution is y(z) = co + ci Sz —. Note that the solution can be expressed as 
n=1 
co — c1ln(1 — z) for |z| < 1. l 
. Lety(z) = >> caz". Then —zy'(z) = —@ SS nent ^ — — 3; nez" — — Y; nenz”, 

n=0 n=i nzl n=0 


co 
y" (xz) = Y; (n+ 2)(n + 1L)cn+22”, and the equation y" — xy’ — y = 0 becomes 
n=0 


E [(n + 2)(n + 1)en4+2 — nes — cs]z" = 0. Thus, the recursion relation is 


n=0 
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_  Mnten _ Cn(n--l) _ n = ; toe u 
Cn42 = Goins 7 m 5,04] 244 for n = 0, 1,2, .... One of the given conditions is y(0) = 1. But 
> co 1 ce 1 Ca 1 
= 0)" = 0 e = =], ———— = — = — = — ———— 
y(0) 2 cn(0) co+0+0+ Co, S0 co 1. Hence, c2 z g= te T cee’ dak UL 
Con = D The other given condition is y’(0) = 0. But y'(0) = + Nen(0)"-* = ei +0+0+---=c1,80c, = 0. 
H n=1 


: : c . duse 
By the recursion relation, c3 — " = 0, cs = 0,..., Con+1 = 0 for n = 0, 1, 2, .... Thus, the solution to the initial-value 


oo oo 2/93n 
problem is y(z) = Y, cns” = Y; ez?" = Y, => ar) grt, 
n=0, * n= 
: EE n = = n — n+l 21,2 SS n-1_ = n+l 
11. Assumingthaty(z) = $35 c4z",wehavezy — 2 Y, nt" = Y» aaa y  —2* >> nea = Y, nea, 
n=0 n=0 n=0 n=1 n=0 


y'(z) 9 Y, n(n—-1enz”™? = 2 (n +3)(n+ 2)en4an"*? [replace n with n + 3] 


n=2 


= 2c2+ Y, (n+3)(n+ 2)en432"*", 
n=0 


and the equation y” + z?y' + zy = 0 becomes 2c» + Y [(n + 3)(n + 2)en43 + ne + cn] z"^** = 0. So co = 0 and the 
nz . 


recursion relation is Cn43 = Gran = whey n = 0,1,2,.... But co = y(0) = 0 = ce and by the 
. . i " 2e 2 
recursion relation, C3n = Can+2 = 0 for n = 0, 1, 2,.... Also, c1 = y'(0) = 1, so c4 = hae 
5ca 2s 2252 ..... (3n — 1)? 


254 0( 408 2:9 | .( ,9025 =(—1)" - 
c7 = Tad 1) 78.4.3 ^ 1) 7 50941 = (71) . Thus, the solution is 


225^. .... (3n — 12?" 
(3n + 1)! 


17 Review 
CONCEPT CHECK 
1. (a) ay" + by’ + cy = 0 where a, b, and c are constants. 
(b) ar? + br +e=0 
(c) If the auxiliary equation has two distinct real roots rı and r2, the solution is y = c1e™* + cge”?”. If the roots are real and 


equal, the solution is y = cie"^ + c2xe™ where r is the common root. If the roots are complex, we can write rı = a + i 


, and r2 = a — if, and the solution is y = e?* (c1 cos Bx + co sin fix). 


2. (a) An initial-value problem consists of finding a solution y of a second-order differential equation that also satisfies given 


conditions y(zo) = yo and y'(zo) = yi, where yo and yı are constants. 
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(b) A boundary-value problem consists of finding a solution y of a second-order differential equation that also satisfies given 
boundary conditions y(ao) = yo and y(z1) = y1- 
3. (a) ay" + by’ + cy = G(x) where a, b, and c are constants and G is a continuous function. 


(b) The complementary equation is the related homogeneous equation ay” + by’ + cy = 0. If we find the general solution ye 
of the complementary equation and yp is any particular solution of the original differential equation, then the general 


solution of the original differential equation is y(x) = yp(x) + yc(x). 
(c) See Examples 1—5 and the associated discussion in Section 17.2. 


(d) See the discussion on pages 1177-1179 [ ET 1153-1155]. 


4. Second-order linear differential equations can be used to describe the motion of a vibrating spring or to analyze an electric 


circuit; see the discussion in Section 17.3. 


5. See Example 1 and the preceding discussion in Section 17.4. 


TRUE-FALSE QUIZ 


1. True. See Theorem 17.1.3. 


3. True. cosh x and sinh g are linearly independent solutions of this linear homogeneous equation. 


EXERCISES 


1. The auxiliary equation is 4r? —1— 0 — (2r+1)(2r-1)=0 > r= +3. Then the general solution 


r/2 —r/2 


is y = c1e"^ + coe 


3. The auxiliary equation is r? --3 — 0 = r — 3i. Then the general solution is y = ci cos(v/3 x) + ea sin(V32). 


5. r? —4r+5=0 => r=2+i,s0 yc (x) = e” (cı cosx + cosinz). Try yp (£) = Ae? — y, —2Ae? 
and y} = 4Ae”*, Substitution into the differential equation gives 4Ae?* — 84e?* + 54e?" —e?* = A — 1 and 
the general solution is y(x) = e?” (cı cos x + co sin x) + e?*. 
T.r?—2r- 120 => r-—landge(z) = cre” + coe”. Try yp(z) = (Az + B)cosz + (Cz + D)sinz => 
yp = (C — Ax — B) sina + (A+ Cz + D) cosx and yp = (2C — B — Az) cos x + (—2A — D — C) sin x. Substitution 
gives (-C2Cz + 2C — 2A — 2D) cosz --(2Ar -2A--2B — 2C)sinz — zcosoz => A=0,B=C=D=-}. 


The general solution is y(z) = cie* + caxe* — $ coss — 4 (x + 1) sina. 


9. r?—-r—-6=0 => r=—2,r=3and y.(x) = cie ?* + eae?*. For y" — y' — 6y = 1, try yp, (£) = A. Then 


yp, (x) = yp, (x) = 0 and substitution into the differential equation gives A = —2. For y" — y' — 6y = e^?" try 
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—22 


Ypa (£) = Bxe~** [since y = Be~** satisfies the complementary equation]. Then yh, = (B — 2Bx)e~** and 


= (4Bz — 4B)e~**, and substitution gives -5Be~** = e~?* — B = —1. The general solution then is 


y(z) = e1e ^?" + coe** + yp, (z) + Ypa (z) = 16 77 + coe** — 1 — iren”, 


` 41. The auxiliary equation is r° + 6r = 0 and the general solution is y(x) = c: + c2e 9" = kı + koe 9 7—, But 


3 = y(1) = kı + ks and 12 = y'(1) = —6k?. Thus ka = —2, kı = 5 and the solution is y(x) = 5 — 2e-9 (7-9, 
13. The auxiliary equation is r? — 5r + 4 = 0 and the general solution is y(x) = cie" + cae". But 0 = y(0) = c + ca 
and 1 = y'(0) = c: + 4ca, so the solution is y(z) = $(e*^ — c*). 


15. r? --4r--29 — 0. = r= —2- 5i and the general solution is y = e^?" (cı cos 5x + c» sin 5x). But 1 = y(0) = cı and 


2r 


-1-y(r)— -—ee ?" = cı =e", so there is no solution. 


oo oo oc 
17. Let y(z) = Y, cnz”. Then y" (x) = X n(n — 1)ez"7? = Y (n+ 2)(n + 1)en422” and the differential equation 
n=0 


n=0 n=0 


becomes > [(n + 2)(n + 1)en..2 + (n + 1)en]z" = 0. Thus the recursion relation is ¢n42 = —Cn/(n + 2) 


n=0 
1 (-1)? 
for n = 0,1,2,.... But co = y(0) = 0, so con = 0 for n = 0,1,2,.... Also c: = y'(0) = 1, 8003 = — 3, C5 = 3.5" 
(1? _ (—1)82%3! : (-1)" 2" nl ; ied 
= = n Cay = LAC =0,1,2,.... - b 
€ — 375.7 Z seve On (n+ 1)! forn = 0,1,2 Thus the solution to the initial-value problem 
= (—1)" 2" n! indi 
is ule )- X ona” E nF ^ 


19. Here the initial-value problem is 2Q” + 40Q’ + 400Q = 12, Q (0) = 0.01, Q'(0) = 0. Then 
Q.(t) = e^9' (c, cos 10t + c2 sin 10£) and we try Q,(t) = A. Thus the general solution is 
Q(t) = e^? (ei cos 10t + c sin 10t) + S5. But 0.01 = Q'(0) = c; + 0.03 and 0 = Q"(0) = —10c; + 10cs, 
so c1 = —0.02 = c». Hence the charge is given by Q(t) = —0.02e- 1% (cos 10t + sin 10£) + 0.03. 


21. (a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as follows: 


mass of earth M 


—— M —- = =. If V. is the vol f i ich lies within a dist fth 
cda cmn T:R V, is the volume of the portion of the earth which lies within a distance r of the 
3 T 
center, then V, = $77? and M, = pV; = H Thus F, = UM - E 


(b) The particle is acted upon by a varying gravitational force during its motion. By Newton's Second Law of Motion, 


EP 
M 

P a Ey aon y, so y" (t) = —k^y (t) where k? = at At the surface, —mg = Fr = — — " 

g= T. Therefore k? = = 
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(c) The differential equation y” + k?y = 0 has auxiliary equation r? + k? = 0. (This is the r of Section 17.1, 

not the r measuring distance from the earth's center.) The roots of the auxiliary equation are tik, so by (11) in 

Section 17.1, the general solution of our differential equation for t is y(t) = ci cos kt + c2 sin kt. It follows that 

y (t) = —eiksin kt + cok cos kt. Now y (0) = Rand y'(0) = 0, so c; = R and cok = 0. Thus y(t) = Rcos kt and 

y (t) = —kRsin kt. This is simple harmonic motion (see Section 17.3) with amplitude R, frequency k, and phase angle 0. 

The period is T = 27 /k. R c 3960 mi = 3960 - 5280 ft and g = 32 ft/s?, so k = \/g/R c 1.24 x 107? s~ and 

T = 2n/k = 5079 s ~ 85 min. 
(d) y(t) 20 << coskt—0 & kt— $--«nforsomeintegern = y'(t) — —kRsin(Z +n) = -EkR. Thus the 

particle passes through the center of the earth with speed kR ~ 4.899 mi/s ~ 17,600 mi/h. 
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[.] APPENDIX 


Appendix H Complex Numbers 


1. (5 — 6i) + (3 + 2%) = (5 + 3) + (C6 + 2)i = 8 + (—4)i = 8 — 4i 


3. (2 +5i)(4 — i) = 2(4) + 2(—4) + (5i)(4) + (5i)(—i) = 8 — 2i + 20i — 5i? = 8 + 18i — 5(—1) 
i  =8+18i+5=13+18i 


1+4i 144i 3-2i 3—2i+12i-—8(—1) _11+10i_ 11, 10, 


$+ 3+2i 3—9 3? + 22 ~ 18 18 " i8 


1 1 =i 31-4 1-4 1d 
Led ind L 1-1-D w4 ~ 3 


1. 8=7-i=(-1)i=-i 

13. /—25 = /25i = bi 

15. 12 — 5i = 12 + 15i and |12 — 15i| = /122 + (-5)? = V144 + 25 = V169 = 13 
17, 74i = 0 —4i = 0 + 4i = 4i and |-4i| = Y + (—4? = VIO — 4 


19. 42? +9=0 & 4^--9 e P=- e s-£J-3-2/2i- ibi 


—2 + 1)(5 —2 +V- = i 
21. By the quadratic formula, zT? + 2z +5=0 & r= — te DEDE e DIT ——1-c23i. 


l -1+ /P -D00 -1v7 
23. By the quadratic formula, z? +z --2— 0 © p= 15V SO Ti ELN 


25. For z = —3 + 3i, r = /(—3)? + 3? = 3 V2 and tan 0 = 4=-1 = 6 — 3% (since z lies in the second quadrant). 


Therefore, —3 + 3i = 3 V2 (cos 3 + isin 22). 


27. For z = 3 + 4i, r = V3? + 4 =5andtand=4 = 6@=tan™*(4) (since z lies in the first quadrant). Therefore, 
3 + 4i = 5 [cos(tan^! $) + isin(tan ^ 4)]. 


29. For z = V3 +i, r = y (V3)? +12 = 2 and tang = +, > 0=% > z — 2(cos = -- isin £). 
For w = 1 + V3i,r—2andtanó = /3 => fe, = w= 2(cos £ +isin £). 
Therefore, zw = 2 - 2[cos(= + $) + isin( 4(cos = + isin £), 


¥)] = 
z/w = }[cos(Z — $) +isin(Z — 3)] Aubl z) + isin(-$), and 1 = 1 +0i = 1(cos0 + isin0) = 
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31. 


33. 


35. 


37. 


39. 


41. 


1/z = $[cos(0 — £) +isin(0 — 2)] = $[cos(—Z) + isin(—2)]. For 1/z; we could also use the formula that precedes 


Example 5 to obtain 1/z = 4 (cos  — isin 2). 

For z = 2 V3 — 2i, r = 4/ (23). + (-2)° = 4andtan@ = — =- > 6--$ = 

z = 4[cos(- £) - isin(—#)]. For w = —1 +i, r = V2,tanó = 4 --1 > @=% > 

w = V2 (cos # + isin 3). Therefore, zw = 4 V2 [cos(— + 32) -- isin(- £ + 32)] = 4 2 (cos 1 + isin 22), 
apo = lee = 37) +isin(—$ — 37)] = de [eos (=F) + isin(—28F)] = 2 (cos BF + isin ME), and 
1/z= ben) —ésin(—f)] = } (cos + isin). 

Forz=1+ir=V2andtand=4=1 > 06=% => z= /2(cos% +isin f). So by De Moivre’s Theorem, 


(1 t)? = [V2 (cos € + isin zy” = (21/220 (cos 29:5. + isin 22-*) = 21°(cos 5x + isin 5r) 
= 219[71 + 4(0)] = —27° = —1024 


For z = 2V3 + 2i, r = y (2 V3) +2? = VTS = 4 and tan 0 = 2 = +, => @=2 => z=4(cosẸ +isinZ). 


So by De Moivre’s Theorem, 


(2.8 + 2i) = [4(cos + isin Z)]®° = 4°(cos $£ + isin S) = 1024|- + i] = -512 V3 + 512%. 


1=1+0i = 1(cos0 + isinO). Using Equation 3 Witte = 1, n = 8, and 0 = 0, we have 


wy = 1/8 es (E28) eis ($3287) — cos E: +isin H, where k = 0,1,2,...,7. 


wo = 1(cos0 + isin 0) = 1, wi = 1 (cos Ẹ + isin Ẹ) = Yat Fri. 


w2 = l(cos Ẹ +isin 3) = i, ws = 1(cos # + isin nt) — —25 t+ si 
w4 = 1(cosm + isin) = —1, ws = 1(cos F + isin $) = —J5 — Spi, 
we = 1(cos 3F + isin 37) = —i, w = 1(cos E + isin 7E) = 4, — Ai 


i=0+i=1(cos% + isin 2). Using Equation 3 with r = 1, n = 3, and 6 = Z, we have 


£42k 742k 
wy = 1 js (£227) + isin(2**)), whete k = 0, 1, 2. 


wo = (cos € + isin Z) =P tii 


bar 


wi = (cos # + isin) = -+i 


w = (cos + isin %) = —i 


Using Euler's formula (6) with y = 3, we have e'7/? = cos $ + isin $ =0+1i=4. 
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43. Using Euler's formula (6) with y = P we have e/7/3 = cos £ * isin? = 1 + E i. 
45. Using Equation 7 with z = 2 and y = 7, we have e?+** = e?e = e?(cosm -- isinz) = e?(—1+0) = —e?. 


47. Take r — 1 and n — 3 in De Moivre's Theorem to get 
[1(cos 0 + isin 0)]? = 1? (cos 30 + isin 30) 
(cos 0 + isin 0)? = cos 30 + isin 30 
cos? 0 + 3(cos? 0)(i sin 0) + 3(cos 0) (i sin 0)? + (isin 0)? = cos30 + i sin 30 
cos? 0 + (3 cos? 0 sin 0)i — 3 cos 0 sin? 0 — (sin? 0)i = cos 30 + isin 30 
(cos? 0 — 3sin? 0 cos 0) + (3sin cos? 0 — sin? 0)i = cos 30 + isin 30 
Equating real and imaginary parts gives cos 30 = cos? 0 — 3sin?@ cosÓ and sin30 = 3sin 6 cos? 0 — sin? 8. 
49. F(x) = e'* = e(***)07 — eo ttt — e“? (cos ba + isin bz) = e"* cosbz + i(e^^sinbz) => 
F" (x) = (e** cos bz)’ + i(e** sin ba)’ 
= (ae** cos bx — be?* sin bx) + i(ac*” sin bz + be** cos bz) 
= ale** (cos bz + isin ba)] + bfe” (— sin bx + i cos bz)] 
= ae"™ + ble** (i? sin ba + i cos bz)] 


=ae™ + bi[e"* (cos ba + isin bx)] = ae"* + bie"? = (a + bi)e"* = re™ 


© 2012 Cengage Learning. All Rights Reserved. May not be scanned, copied, or duplicated, or posted to a publicly accessible website, in whole or in part. 
. www.elsolucionario.net 


